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Abstract: In this work we considered nonlinear dynamical system to study the dynamics of two-strain Tuberculosis
epidemic in Ethiopia. We proved that the solution of the considered dynamical system is positive and bounded. We found that
the considered dynamical system has disease free and endemic equilibrium points. We proved that the local and global stability
of disease free equilibrium point and endemic equilibrium point. We found the effective reproduction number of the dynamical
system. Also, the effective reproduction number of the dynamical system which experience drug sensitive strain and the
effective reproduction number of the dynamical system which experience multi drug resistance strain. Using real data collected
from different health sectors from Ethiopia we found that the numerical value of the effective reproduction number of the drug
sensitive tuberculosis is 1.03 and the effective reproduction number of the drug resistance tuberculosis is 4.78 and the effective
reproduction number of the dynamical system max{1.03, 4.78}=4.78. So that MDR strain is spreads strongly than DS strain.
Numerical simulation is also done to illustrate the influence of different parameters on the effective reproduction number.
Using sensitive analysis we identify the most influential parameter to change the behavior of the solution of the considered
dynamical system is the number of effective contacts of susceptible or vaccinated individuals make with an infectious
individual.

Keywords: Drug-sensitive Tuberculosis, Drug Resistance Tuberculosis, Effective Reproduction Number,
Sensitivity Analysis, Numerical Analysis

HIV and TB drug-resistant strains [1]. One of the biggest
health challenges facing the world is tied in to the dramatic
increases in the levels of drug resistance TB, particular in
hospital settings [1, 4]. In 2016, the World Health
Organization (WHO) reports roughly 9.4 million new cases
(incidence) per year, an active-TB prevalence of 14 million,

1. Introduction

Tuberculosis is among the most ancient diseases. German
Microbiologist Robert Koch discovered the causative
organism Mycobacterium tuberculosis on 24™ March 1882.
World Health Organization (WHO) declared tuberculosis as

global epidemic in 1993 [1, 2]. The lifetime risk of TB
reactivation for a person with documented Latent
Tuberculosis Infection (LTBI) is estimated to be 5%-10%,
with the majority developing TB disease within the first five
years after initial infection the risk of developing TB disease
following infection depends on several factors [1, 3]. There is
a huge TB-latent human; this increased its average
probability of re-activation due to the emergence and growth

and 1.6 to 1.9 million deaths per year, a number that includes
400,000 deaths coming from HIV positive individuals each
year. Most active-TB cases are concentrated in South East
Asia, African and Western Pacific regions [1, 5]. In Ethiopia
there were in average of 177 TB cases per 100,000 TB in
2016 [5, 6, 7, 8].

Currently, WHO recommends that, the countries use three
major categories of health interventions for TB prevention:
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treatment of LTBI; prevention of transmission of
Mycobacterium tuberculosis through infection control; and
vaccination of children with the Bacille Calmette-Guérin
(BCQG) vaccine. In 2016, 154 countries reported providing
BCG vaccination as a standard part of these Programmes, of
which 111 reported coverage above 90% [5]. Results of field
trials of the BCG vaccine have differed widely, some
indicating protection rates as high as 70% to 80%, others
indicating the vaccine was completely ineffective in
preventing TB [4].

Drug Susceptibility Sesting (DST) is very important to
provide information about which drugs a person is
resistant to. Treatment of tuberculosis disease is not
simple and Drug Susceptible Tuberculosis (DS-TB)
requires a multiple drug regimen taken for at least six
months. But the treatment will only be successful if the
drugs are taken exactly as required for the entire length of
time [5]. The currently recommended treatment for cases
of drug-susceptible TB must be faithfully carried out over
6-9 months regimen of four first-line drugs: isoniazid,
rifampicin, ethambutol and pyrazinamide and is a source
of concern due the fact that a number of TB-active
individuals do not complete treatment giving rise to the
emergence of drug resistance TB strains [1, 5]. Treatment
for rifampicin-resistant TB (RR-TB) and multidrug-
resistant tuberculosis (MDR-TB) is longer, and requires
more expensive and more toxic drugs [5].

Multi-drug-resistant (MDR) tuberculosis is a form of
tuberculosis caused by bacteria that do not respond to, at
least, isoniazid and rifampicin, which are the two most
powerful, standard anti-tuberculosis drugs [3, 9, 10].
According to the world health organization (WHO) global
TB report in 2017, it is estimated that there will be 490,000
new cases of Multi-Drug Resistant Tuberculosis (MDR-TB)
in 2016, in addition, 110,000 new patients who resistant to
rifampicin meet the treatment conditions of multi drug
resistance tuberculosis [5, 11]. A combination of poor
compliance and poor medical supervision or when the anti-
TB drugs are mismanaged (incomplete course of treatment)
or misused (wrong dose or time length to complete the
drugs) can result multi-drug resistance. However some
acquire MDR-TB by being infected with a multi-drug
resistant strain. MDR-TB is transmitted in the same way as
the normal drug sensitive strain [3, 11, 12]. Drug-resistant
TB has a higher mortality rate, among them, multi-drug
resistant tuberculosis (MDR-TB) is more prominent, and
has become another new serious problem [11]. Multi-drug-
resistant tuberculosis (MDR-TB) treatment regimens are
significantly longer, cause serious side effects and are very
expensive. The latest data reported to WHO show a
treatment success rate for multi-drug resistant tuberculosis
(MDR-TB) of 54%, globally, reflecting high rates of loss to
follow-up, unevaluated treatment outcomes and treatment
failure [5, 12] and TB treatment outcomes in Ethiopia have
been assessed only in small and fragmented observational
studies [13].

In this work we present a non-linear dynamical system to
study the spread and control of the dynamics of tuberculosis
in Ethiopia which describes the infectious disease of two

strains tuberculosis. The interventions: vaccination, screening
and treatments are incorporated in our model. Based on the
Ethiopia context we introduced the model assumptions,
construct flow chart of the model and develop the
corresponding dynamical system. We investigated disease
free equilibrium point, endemic equilibrium points and
effective reproduction number. We showed that their local
and global stability. Numerical simulations of the results are
done by real data collected from different health sectors in
Ethiopia. Finally we suggest our recommendation based on
the finding of our work which is MDR strain is spreads
strongly than DS strain.

2. The Initial Model

In the work [14], the total population N(t) was divided in
to eight classes: Susceptible S (t),; Vaccinated V (t), early
stage with high risk of developing active tuberculosis H,.(t)
and Later (Long) stage with low risk of developing active
disease L, (t), individuals who screened and treating at early
latent stage tuberculosis T(t), Infectious individuals with
tuberculosis I(t), treating infectious I (t) and Recovered
individuals R(t), recruitment of the population A with the
proportions 1 of which are vaccinated to protect them against
tuberculosis infection and the remaining proportion are

. . . 1 .
susceptible, force of infection rate 1 = cw (ﬁ) and w is the

probability that an individual is infected by one infectious
individual, and c is the contact rate. The proportion p of class
H, have got a chance of screened. The proportion € and
(1 — €) of individuals of the early latent/exposed individuals
for tuberculosis who do not get chance for screened will go
to L, and I respectively at the rate a. Individual leaves class
L, at the rate y in which, the proportion § goes to class I; the
proportion (1 — &§) recovers naturally and enter to recovered
class R. The proportion q of individuals in class I goes for
treatment in I and the remaining proportion (1 — q) enters
to class R at the rate p. Individuals leave the screened
class T and treating class I at the rates ¢, and ¢ respectively,
and go to recovered class. k is the reduction in susceptibility
of recovered individual. Natural death at the rate pu while
infectious individuals in I are die due to tuberculosis diseases
at the rate d.
The corresponding dynamical system of the figure 1 is

Z_‘:=¢A—(aa+9+u)v )
%:(1—¢)A+9V—(A+u)5 2
L= AS+0V+KR)— (a+WH, (3)
% =ae(1—p)H, — (y + WL, “4)
o = apH, — (¢ + WT )
&= yL, + a(1 - &)(1 = p)Hy — (p + p+ d)I (6)
ST = qpl — (9 + Wy Q)

dt
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@ =0T+ A=l + (1= O)yL, — (kA + DR (8)
With the total population at a given time t is N(t) =
S(E) + V(t) + Hy(t) + L. (¢) + I(t) + T(t) + R(¢).

We extend the model in [26] by introducing additional
assumptions as follows:

A KAR
uS WH, T TuT TuR
1-PA AS H, '
S SN H, ap iy T oT S| R
/\ N 4 A
ot 27
q = I
N AN \
9 ¢ ._l< ﬁ)& P Q\Q [
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?Lr l(u +d)I l "
(1 - 6)}'Lr
Figure 1. Flow chart of the dynamical system of tuberculosis.
and A, respectively where A; = cw; (jv—‘) ,i = s,rand w; is the
3. The extended Model probability that an individual is infected by one infectious
3.1. Model A i individual, and ¢ is the number of effective contacts.
. 1. Model Assumptions

In this study, we introduce a deterministic TB model by
disaggregating the mycobacterium tuberculosis in to two
strains (DS-TB, MDR-TB). The total population N(t) is
divided in to ten disjoint classes depending on the
epidemiological status of individuals such as: Susceptible
S(t) , who have never exposed to any strain of the
Mycobacterium tuberculosis, Vaccinated V(t), who have
taken BCG vaccine against mycobacterium tuberculosis, an
early stage infected with high risk of developing active drug
sensitive tuberculosis H,(t) and Later (Long) stage infected
with low risk of developing active drug sensitive tuberculosis
L, (t), Infectious individuals with drug sensitive tuberculosis
I;(t), Latently infected individuals with multi-drug resistant
tuberculosis E(t), Infectious individuals with multi-drug
resistant tuberculosis I,.(t), Screened Early latently infected
with drug sensitive tuberculosis Tg(t), Screened latently
infected with multi-drug resistant tuberculosis T,.(t) and
Recovered individuals R(t).

Assume that individuals are recruited into the population by
a constant rate A with the proportions ¥ of which are
vaccinated to protect them against tuberculosis infection.
Furthermore, that the vaccine has a waning effect over time

(after a time 3 vaccinated individuals become susceptible again)

and reduces due to expiration of duration of vaccine efficacy.
We assume that vaccinated individuals may infect with the rate
of inefficacy of vaccine oe [0, 1]. Susceptible population
increases due to the coming in of new births not vaccinated
against the infection and those who were vaccinated but lose
their immunity. When some susceptible individuals come into
contact with infectious individuals, they get infected and
progress to latently infected classes of drug susceptible and
multi-drug resistant tuberculosis at a force of infection rates A

The proportion p of the high risk latently drug susceptible
TB infected developed active TB and the remaining proportion
enters to long latent with drug sensitive TB at the rate @. The
proportion & and (1 —¢€) of individuals of the early
latent/exposed individuals for drug susceptible tuberculosis
who do not get chance for screened will go to Lg and [/
respectively at the rate a. Thus, the proportion p, (1 — p) and
(1 — &)(1 — p) of individuals in the class H, is transferred to
classes T, L, and I respectively at a rate a. Individual leaves
class Lg at the rate y in which, the proportion 1 goes to
class I and; the remaining proportion (1 —n) recovers
naturally and enter to recovered class R.

Individuals in H, and, Lgcan also be infected by MDR TB
(primary infection) if there is effective contact with
individuals in I, class. Individuals leave I class at the
rates pg that the proportion g of individuals in infectious
classes of drug susceptible tuberculosis progress to the
recovered class while the remaining (1 — q) proportion of
individuals with active drug sensitive TB may develop MDR
TB because of improper treatment.

The proportion v of the latently infected multi-drug resist
tuberculosis are screened for treatment and the remaining
proportion developed active drug resist tuberculosis and
leaves E class at the rate of §. Individual in I, class recovers
at the rate p, and goes to R class. Individuals leave the
screened classes T, and T, at the rates ¢, and ¢ respectively,
and go to recovered class, where ¢ > ¢.

Due to the nature of the disease, the infection will only kill
individuals whose TB progresses to the infectious stage.
Moreover, individuals in the recovered class are temporarily
recovered. Soon they revert back to the latently infected
classes Hg and E, after been re-infected by either drug
sensitive class and multi-drug resistant strain at the rate A
and kA, respectively, where k is the reduction in
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susceptibility due to prior endogenous infection of die due to TB diseases at the rate dg and d, respectively.
tuberculosis. We assume that each class conforms to natural ~ State variables and parameters in the dynamical system listed
death at the rate u while infectious individuals in I and I, are  in the following table.

Table 1. Symbols and there description for state variables and parameters.

Symbols Description

14 Vaccinated individuals against tuberculosis disease.

S Susceptible individuals for the disease

H Early latently infected with drug sensitive tuberculosis

o~
«

Long latently infected with drug sensitive tuberculosis

Infectious individuals with drug sensitive tuberculosis

Screened Early latently infected with drug sensitive tuberculosis

Latently infected with multi-drug resistant tuberculosis

Infectious individuals with multi-drug resistant tuberculosis

Screened Latently infected with multi-drug resistant tuberculosis

Recovered Individuals

Recruitment of population

Proportions new born vaccinated

Natural death rate

the rate of inefficacy of vaccine individuals

the rate of vaccine waning

Force of infection (s =DS strain, 7 =MDR strain)

Probability of acquiring TB infections per contact with one infectious individual (s =DS strain, 7 =MDR strain)
Number of effective contacts susceptible or vaccinated individuals makes with infectious individuals.
The rate of progression of individuals from early latently infected with DS-TB.

Death rate due to the disease (s = DS strain, r =MDR strain)

Proportion of latently infected DS- TB at early stage for treatment

Proportion of individuals who do not get chance for screened at Hg and will go to L class.
Rate of individuals move from T to R

Proportion of infectious individuals with DS-TB who enters to recovered class.
Progression rate from Long latently infected with DS-TB strain.

Progression rate from latency MDR-TB.

Rate of individuals move from T, to R

The portion of Ly enter in to /g

The portion of E enter in to I,

pi(i = s,1) The recovery rate infectious individuals (s =DS strain, 7 =MDR strain).

K Acquired immunity due to previous treatment.
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Based on the above assumptions we do have the following flow chart:

uT; xAsR
1=

a(1 —p)(1-e)H;
\\“‘\‘

us uH; UL
1 -y)A Ls S . LH, as(1 —p)H; L
v 7\

N

(1-v)éE

Figure 2. Flow diagram of the dynamical system (9)-(18).
Based on the assumptions and the above flow chart we develop the following nonlinear dynamical system.
S =pA— (0 +A) + 0+ WV ©)

= A= P)A+0V — (As + Ay +)S (10)
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L = 4(S + 0V + KR) — (a + A, + i)H,

dLs
= ae(l=p)Hs = (G +v + s

dlg
& ynLs + a(l — ‘9)(1 - p)Hs = (ps + u+dy);

drT

T apHg — (¢ + )T

S = 1 (S+ Hy+ L + 0V +KR) + (1 — Q)psls — (8 + 1)E

aly _

dt (1 - V)SE - (pr +u+ dr)lr

ary
dac

VOE — (¢ + T,
d
d—f = qpsls + prly + (L =)L + ¢T + T, — (k(As + 4,) + WR
With the total population at a given time ¢
N@®) =V(@)+SE)+ H(t) + L(t) + I,(8) + T () + E(t) + L.(¢) + T,.(t) + R(¢)
3.2. Positivity of Solutions of the Dynamical System (9) - (18)

Theorem-1:

(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

Let the initial data for the model (9)-(18) be V(0) > 0,5(0) > 0, H,(0) > 0,L¢(0) > 0,1,(0) > 0,7,(0) > 0,E(0) >
0,I.(0) > 0,T,.(0) > 0 and R(0) > 0. Then, the solutions V (t),S(t), Hg(t), Ls(t), I;(t), T,(t), E(t), I.(t), T, (t) and R(t) of

the model (9)-(18) will be remain positive for all time t > 0.
Proof:

Let £ = sup{t > 0:V(0) > 0,5(0) > 0,H,(0) > 0, L,(0) > 0,1,(0) > 0,T,(0) > 0,E(0) > 0,1,(0) > 0, T,(0) >

0 and R(0) > 0 }e[0, t].
From the dynamical system (9) — (18) of the system, we solve for the state variable:

t

V(t) =V(0)Q, + Qlf YAexp {,ut + 0t + IW(U(AS + Ar)(r))d‘r} dt >0
0 0
Where Q; = exp — {ut + 0t + fofa(ls + /’lr)('r)d'r} >0
S() = SO)Q + Q2 L —PIA+ V(D) L (L~ YA+ 0V (e)exp [ut + I’ + 1) (@))de] de > 0,

Where Q, = exp — [ut + fOE(AS + Ar)(r))dT] >0
H,(t) = Hy(0)Qs + Qs f [(AsS(E) + GAV () + KAR(0)) (& + uf + f A, (0)dD)]dt > 0
0 0
Where Q; = exp — [af + ut + fof/lr(‘r)d‘r] >0

t

t
Ls(t) = Ls(0)Q, + Q4f ag(1 — p)Hgexp [yf +ut + f Ar(‘r)dr] dt>0
0

0
Where Q, = exp — [yf-i— ut + foflr(‘r)d‘r] >0

t

1(0) = O + Qs [ 1L+ a(1 = (1 = pHlexplpsE + o+ uEl de > 0
0
Where Qs = exp — [pst + dit +ut] >0

To(t) = To(0)Q + Qs I ap Heexpl$E + uE] dt > 0, Where Qg = exp — [$F + uE] > 0
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E(t) = E(0)Q; + Q, fof[)lr(t)(S + Hg 4+ Lg+ oV + kR) + (1 — q)pslslexplot + ut] dt > 0,

where Q, = exp — [6t + ut] >0

I.(t) = I,(0)Qg + Qg ff[(l —Vv)SE lexplp,t + ut + d,t]ldt > 0
0
Where Qg = exp — [p,t + ut + d,t] >0
T, (t) = T.(0)Qq9 + Qq fOE[VSE]exp(qof + ut) > 0, Where Qg = exp — (@t +ut) >0
R(®) = R(0)Q1o + Quo [y [4psls + prly + ¥ (1 =)L + @T, + 0T, Jexp [ut + ¢ [ (A + 2)(2)dz] dt > 0,

Where Q;o = exp — [,ut + K fof(ls + Ar)(’[)dr] >0
Therefore all of the state variables of the dynamical system (9)-(18) are positive for all t > 0, given any positive initial
conditions.

3.3. Positively Invariant

Theorem-2:
The dynamical system (9) - (18) is positively invariant in the closed invariant set 1 = {(V,S, H,, L, I, T, E, I, T, R) €
10. A
RIO: N < #}.
Proof
Consider the biologically feasible region, () and observe that the rate of change of the total population obtained by adding all
the equations (9)-(18) of the model. ‘Z—IZ =A—uN — (dyIs + I,d,). For N > % we do have ‘Z—IZ < 0. Furthermore using a

standard comparison theorem ‘;—IZ < A — N it follows that [ % < [dte —%ln(/l — uN) <t + ¢ where c is a constant &

—uN = Ae ™ where A = e~ °* is a constant. And then applying the initial condition N(0) we do have A — uN(0) = A that is

N(0) < % Then from the inequality A —puN > Ae ™ and taking A=A —puN(0), we get N(t) < %— %e"” < % -

(% - N(0)> e ™. For time t > 0 we do have lim, ., N(t) < N(0)e #t — %e"“ + % < % (Since, N(0) < % ). Hence if

N(0) < %, as t — oo the population size N(t) — % which implies that 0 < N(t) < % Therefore all feasible solutions of the

dynamical system with initial conditions in = {(V, S H, L, T, I, E, I, T, R) € iR}ro: N < %} do remain in Q for all t > 0.

That is the set (1 is positively invariant.

3.4. Existence of Disease Free Equilibrium Point E® = (VO SOHSL L 1°T.  ELST,®°, RO)
The disease free equilibrium point of the dynamical system (9)-(18) is obtained by setting d—V = % = % = % = % =
dls _ dE _ dl, _ dT, _ dR

il el 0 and since there is no disease we do have I; = I, = 0. Then the dlsease free equilibrium of the

dynamical system (9)-(18) is,

0 _ (170 ¢c0 gy 0O 707050 -0 70 =0 pO YA (0+Q-P)wA
= ,S,HS,LS,IS,TS,E,IT,TT,,R).—(MB I 00000000)

3.5. Effective Reproduction Number R g5

We compute the effective reproduction number R, using next generation operator method. In the dynamical system (9) -
(18) the rate of appearance of new infections F and the transfer rate of individuals V at the disease free equilibrium point

0c0 07 070m0 0700 RO YA (0+0-PIwAa
(V , S H L I, T, E°, L., T, R ) (u+a ) 0,0,0,0,0,0,0, O)areglvenas

Cws o 0 0
[00 s (50 + gV0) 0 0 o ) . .
00 0 0 0 —as(l-p) (y+p) 0 0 0
7—“=|00 0 0 and v = —[x(]_—g)(]_ p) v (ps+p+d) 0 0
00 0 0 0 0 —(-qp, G+wW 0
loo 0 0= (S0 +aV?)| 0 0 0 ~(1-&pr+u+d,)
N
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And the inverse of the matrix V is:

V11 V21
V12 V22
V13 V23

V=

V31 V41 Vsq
V32 Vs Vs
U33 U3 VUs3
U34 Vgq Usy

|5

|r
[V14 V24

V15 V25 V3g Va5 Vs

Where

1 - ag(1-p)
(a+u) 127 (a+my+u)’
= .= _ (-@)pslynae(-p)+a(i-)A-p)(y+u)]

G+’ 23 T ) (pstutds) M T (atm) (v (ps+utds) S+ (prtutdy)

1 Yoy = (1-q@)ps — 1
(pstutds) 3% T (pstutd)(6+p) T (6+w)

V1 = Vgg = V3q = V3p = Uyq = Uy = U3 = VUgq = VUsp = Vs3 = Uy =0, Vg5 =

_ (ac@-pyn+ay+w)(1-£)(1-p))

v — ¥n
13 (a+m)(y+u) (pstu+ds)

> V22 33 =

_ -@)ps(ae(1-p)yn+a(1-)(1-p)(y+u))

vls - 2
(a+w)(y+w)(ps+utds)(pr+u+dy)
- yn(1-q)ps Ve = 1
257 () (pstutds) (pr+utdy) 0 T (prtp+dr)
1-v)6(1—-q) 1-v)6
Vas = A-v)6(1-a)ps . and v,5 = a-v :
(ps+u+ds)(6+m)(pr+ut+dy) (6+m)(pr+u+dy)

The spectral radius of FV ! is the required effective reproduction number R, and obtained as:
Rerr = max{R,;;(DS), R.rr(MDR)} Where,

(ae-p)yn+aly+w)(1-£)(1-p))
(a+w) v+ (ps+u+ds)

U¢u+(9+(1—¢)u))

Rer(DS) = cos (T

(1-v)é

_ opu+(0+A-PIw)
Resy(MDR) = cw, ( ) Grmprtitdy)

O+u

3.6. Local Stability Analysis of the Disease Free Equilibrium Point

Theorem-3:

WA (B+A-PwA . 18}
prv-Dmroren ,0,0,0,0,0,0,0, 0) of the dynamical system (9)-(18) is locally

asymptotically stable if R (DS) < 1 and R.rf(MDR) < 1; and E % is unstable otherwise.
Proof: The Jacobean matrix of the dynamical system (9)-(18) at any disease

0 _ (A E+a-pwA -
E _(u+9' o ,0,0,0,0,0,0,0,0) is

The disease free equilibrium point (

free equilibrium point

af1(E®)
OHg
3f2(E%
OHg
af3(E%
dHg
af4(E%)
OHg
afs(E%)
OHg
afs(E%)
dH;g
afy(E®)
OHg
af3(E®)
OHg
afs(E%)

9f1(E®) 9f1(E®) 0f1(E%) 0. QS1(EY) 0f1(E®) o]
oL ol oTs "’f;_E oL, oy %
0 0 0 E 0 0 R
0f2(E%) 0F2(E%) 0fa(EY) 0y 0F(E”) 0L(EY) ",
AL alg aTs - aly or, —o—
0f3(E%) 9f3(EY) 3f3(E®) 5 oy O3B Af3(E) 5. oy
aLg als ATy Al T, ————
3f4a(E®) 0fa(E®) 8fa(E®) Af(EY) af4(E®) 0f4(E®) Afs(E®)
aLs  dly 8Ty ~ap Oy 9Ty ~ ap
afs(E®) 9fs5(E®) 05(E®) af5(E®) f5(E®) 0f5(E®) afs(EY)
OLg dlg 0T OF ) oTy OR
fs(E®) 0f6(E?) 0fs(E®) fs(E®) 0f6(E®) 0fo(E®) dfs(E)
aLg s ATy dE Al ATy aR
Af;(E®) 9f7(E®) af;(E®) 9f7(E®) af,(E®) afy(E®) f7(E)
dLg dlg aTs OE al, Ty oR
fa(E®) 0fs(EY) afe(E®) QI8ED) g5 (%) afy(E®) Ve ED)
aLs alg oTs O o Ol o R .
fo(E%) fo(EY) afe(E®) 22ED 550 afy (8% %
JL al. aT. al. T,
0 0 s s s s T r 0
110(E%) 0110(E%) 51 (£9) 0,0 (B0 10 (E®)0 110 (EY) 0f10(E®)a 0 (£ 2L ED

R
[ o s oH;  aLs  dl;  oT, o, oy ]

af1(E%)

as
af2(E)
as
af3(E®)
as
af4(E®)
as
afs(E®)
as
afs(E?)
as
af,(E®)
as
afs(E®)
as
afo(E)
as

af1(E®)
1%
af2(E®)
v
af3(E®)
v
af4(E®)
v
afs(E®)
v
afs(E°)
v
af,(E®)
v
afs(E®)
v
afe(E®)
v

J(E®) =

df10(E®)
OE
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a; 0 0 0 a, 0 0 @ (o 0]
6 -0 0 a 0 03a 0 0
00 % 0 a, 0 0 0 0 O
0 0 ag ag 0 8 0 8 0 g
0 0 Q0 yn Q11 0 0
JED =15 g apo 0aro0 0 0 0
0 0 0 0 %3 0 a,s o 0O
0o 0O 0 0 Gig17 0 O
0o 0O 0 0 vs 0 ajg 0
[0 0 0 a99Ps ¢ 0 pr @ —pul

Where

a; = —(0 + ), a, = —acwV°/N°,

_ ocwV® _ cwsS® _ cwpS° _
as; = — NO , Ay = NO ,As = — NO 9a6__(a+#)5
cws(50+oV0)

a; = , g :ag(l_p)aa‘) = _(y+”)7

NO
Ao = 0_’(1 — S)(l — p), a;, = _(ps +u+ ds‘)’
a1 = —(@ + 1), a13 = (1 = q)ps, a4 = —(6 + 1),

er(50+0V0)

a15 = NO

, a6 = (1 —v)6,

a7 =—(pr +u+d;), a5 = —(@ + 1), a0 =y(1 — 7).

The corresponding characteristic equation is obtained by

a—-1 0 0 0 a, 0 0 as 0 0
6 —u—10 0 a, 0 0 as 0 0
0 0 Q-2 O a; 0 0 0 0 0
0 0 ag ag—A O 0 0 0 0 0
0 0 Q0 yn a,;—-4 0 0 0 0 0 -0
0 o a 0 0 ap—4 0 0 0 0o |~
0 0 0 0 a3 0 auu—A4 Qs 0 0
0 0 0 0 0 0 A N7 A0 0
0 o 0 0 0 0 V8 0 ag—A1 0
0 0 0 a9 s ¢ 0 Pr R

Or (A +w?(ay = A) (ar; = D(ag — DA = (a4 + a17)A + a14a17 — a15a16][-A° + (a6 + ag + a;1)2* — (agay +
Agayq + AgGy1 + A7a10)A + Agagasq +¥YNaA;a5 — A7010a9] =0

Thus, the roots of the characteristic equation are 1, = —, A, =—pU, Az=a,=—0+u), 1y =a,, =—(¢ +pn),
As =a;3=—(p+u) andlor A2 — (a4 + a;;)A+ a14a7 — a15a16 =0 or A3 — (ag + ag + a;1)A% + (agae + agay; +
AgQyy + a7a10)A + A6a9a11 — YNA;ag + A7A10a9 = 0

The Routh-Hurwitz conditions simplifies to b; > 0,b, > 0,c; > 0,c, > 0,c3 > 0 and ¢y¢;, > c3. That is, the necessary
conditions for Routh-Hurwitz, b, > 0 and ¢3 > 0 is true if R,sf(MDR) < 1 and R,sf(MDR) < 1 respectively. The sufficient
condition for the Routh-Hurwitz criteria is: ¢;c; —¢c3 = Bu+a+y+ps +d )@+ W)y +w) + (@ +w)(ps +u+ds) +
@+ s +u+d)l — (@+ i + w(ps + pu+dg)[1 — Repp(DS)] > 0. Thus ¢;¢, — 3 > 0 if and only is Rep(DS) < 1.
Therefore all of the eigenvalues of the Jacobean matrix have negative real parts when R,¢(DS) < 1 and R.ss(MDR) < 1.
Hence, the disease free equilibrium E°, of the model system (9)-(18) is locally asymptotical stable whenever R.;(DS) < 1
and R.rs(MDR) < 1 and unstable otherwise that is unstable if R,rf > 1.

3.7. Global Stability of Diseases Free Equilibrium Point

Theorem-4:

The diseases free equilibrium point (%%0 0,0,0,0,0,0,0) of the dynamical system (9) - (I8) is globally

asymptotically stable in Q if R.;¢(DS) < 1 and R.;f(MDR) < 1, and unstable otherwise.
Proof: We apply a matrix-theoretic method using the Perron eigenvector to prove the global stability of the disease-free
equilibrium as in [15]. The dynamical system (9)-(18), the drug sensitive TB disease compartment of is x; = (Hs, Lg, I; )T €R3
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and non-disease (drug sensitive TB) compartment y; eR”.

X; = (Fy = Vxy — fi(x1,¥1)

Where, the non-negative matrix F;, of the new drug sensitive TB infection terms, and the matrix V;, of the transition terms of
drug sensitive TB and f; (x;,v;) = (A,.H,, A, Ls, 0,)T

o o
a+p
-1 — 0 0 _aed-p)
Vith = cog| @O+ I
0 0 as(l—p)ynm(l—s)(1—p)(Y+u)J
(a+w)(y+m)(pst+u+ds)

ag(1-p)yn+a(1-&)(A-p)(y+1)

Hence, A;; = 41, = 0and 4,5 = are eigenvectors of V7 F;. Let, w;7 = (uy,u,, u3) be the left

(a+u)(y+;(4)(ps)+u+ds() ) (a0
eigenvector of V;1F, corresponding to 1,5 = 220—_pV1+alzad-p)rs
g 1 P £10 413 (@t +) s tiutds)
A O a—+#
Thus, w, TV IF, = cw,(uq, up,u3) 0 A —&a-»
(a+)(r+1)
. o 0 0 0
Where, A= — L0Pmta@ZoUEpOH) 3.0, T = (0,0,1) is the left eigenvector of V;"LF, corresponding to the eigenvalue
(et -+ (pg tutds)
1., = Xlpyn+a(l=e)A-p)(y+w)
13 (a+)(r+u) (ps+u+ds)

Lets’ define a function W, (Hg, L, I,) as:

1

- ag(1-p)yn+a(1-&)(1-p)(y+u)
Wy =w,"V, My = st Goraray I .

(a+w)(y+um)(pstutds)

¥n
stk
The derivative of W; with respect to time:
Wl = wlTvl_lxla [Since, X; = (F; — V)xq — f1(x1,¥1)]
= w1T[(Reff(DS) - 1)x1 - V1_1f1(x1:3’1)]-
= wlT(Reff(DS) - 1)x1 - Vl_lfl(xl'yl) .

Since ;" > 0,V;7" > 0 and f;(x;,,) = 0, W; < 0, if Rofr(DS) < 1.
The drug resistance TB disease compartment of the dynamical system (9)-(18) is x, = (E, I, )TeR? and non-disease (drug
resistance TB) compartment y,€eR8.

Xy = (F, = Vo)x, — f(x2,¥2)

Where, the non-negative matrix F,, of the new drug resistance TB infection terms, and the matrix V,, of the transition terms
of drug resistance TB and f,(x,,y,) = (0,0,)T.

Therefore,
1 0 1
e (8+1) 0 07 _ (5+1)
Vo F, = 5(1-v) 1 ] [0 co,| = Cwr 5(1-v)
(6+w)(pr+utdy)  (pr+u+dy) (6+m)(pr+ut+dy)
_ _ 5(1-v) . -1 T _ . -1
Hence, 4,; = 0 and 1,, = Brmorietd are eigenvectors of V; 'F,. Let, w," = (z4,2,,) be the left eigenvector of V; 'F,
. _ 5(1-v)
corresponding to 1,, = B otaids )
Therefore,w,” = (0, 1) left eigenvector of V; 1 F, corresponding to 1,, = W.
Lets’ define a function W, (E, I,.) as:
§(1-v) 1

W, = w, "V, 'x, = + I
2T 02 e S G ot tdy) (o tutdy)

The derivative W, with respect to time:

W, = w,"V,7%,, Since, X, = (F, — V,)x, — f2(x2,2)
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= w,"(R.;f(MDR) — 1)x, and Since w," > 0, then W, < 0, if R,;y(MDR) < 1
Now we can define a Lyapunov function W (Hy, L, I, E, I.) as:

W (Hy, Lg, I, E, I,) = AyHy + AyLg + A5l + ALE + Agl,

A-plyn+a(1-e)(A-p)y+uw) ¥n
h A, = ae —
WHETE, £ (@+w) (y+1) (ps+u+ds) 27y
1 s(1-v 1
Ay=——— Ay =—————and4ds = ———
3 (pstu+ds) 4 (6+w)(pr+u+dy) an 5 (pr+u+dy)
That is,
- - - S(1-v 1
W=W, +w, =%X0pym+ad-QA-pG+H) y o ¥ 1
! z (a+p)(y+1)(ps+u+ds) ST y+uTS 0 (pstutds) 5 (S+u)(prtutdy) (pr+u+dy) T
Differentiate W with respect to time:
W = d-pynta-8A-P)+W ;| ¥ 1 ; 5(1-v : 1
(a+m)(y+u)(ps+p+ds) ST ywn S (pstutdy) 5 (S+w)(prtut+dy) (pr+u+dy) 7"

Substituting the derivatives and simplify:

ir _ ae(1-p)yn+a(1-&)(A-p)¥+1) ¥n
W = (Rors(DS) — 1)1 + (Ror (MDR) — 1)1, — A, ( e DO, + LS).
Hence, W <0 , if Re(DS)<1 and Rgy(MDR)<1 . When W =0 , we must have that
(A-pyn+a(l-&)(1-p)(y+u) : .
(Ress(DS) — 1)I; + (Ross(MDR) — 1)1, = 4, ("“g (;Z;’(y‘iﬂ)(;er#de;/ Y H, + % Ls) . And W =0, at the disease free

equilibrium point. By LaSalle’s invariant principle, every solution to the model equations (9) — (18) with initial conditions in £,
tends to E® as t —oo. Hence, since the region  is positively-invariant, the disease free equilibrium point, E° is globally
asymptotically stable in Q if Rgrr < 1.

4. Existence of Endemic Equilibrium Point
4.1. The Drug Sensitive TB-strain Only Equilibrium

This is obtained by setting 4,= 0 and g = 1 (that treatment of active drug sensitive TB is 100% effective) in the dynamical
system (9)-(18). The drug sensitive TB only equilibrium in terms of the equilibrium value of the force of infection A" is given
as: £, = (V*,S* H,", L, .7, T,",0,0,0, R*) where

wA . _ Aa-9)oAs +6+-y)u]

oAs +0+u T (AsT+u)(oAsTH0+n)
ot = (y +w(ps + 1 +ds) T
* oymae(l-p)tal +wA-)A-p)°

* ae(1-p)(pstut+ds) *

" ynas(1-p)+a(y+p)(1-)(1-p) S’

V=

N

* ap(y+u)(ps+utds) X

T, = I
S (@+wlynas(1-p)+aly+w)(1-e)(1-p)] 5’

s + y(1-n)as(1-p)(ps+u+ds)
__ 1 S [ynae(1-p)+a(y+uw)(1-£)(1-p)] e
(reAs™+1) pap(y+u)(pstutds) S
(p+wlynae(1-p)+a(y+w)(1-)(1-p)]

R*

4.1.1. Local Stability of Drug Sensitive TB-strain Only Equilibrium Point, E
Theorem-5:
The drug sensitive TB only equilibrium E; of the dynamical system (9)-(14), (18) when g = 1 is locally asymptotically

stable if Ropr(DS) > 1> Ry (MDR) and R* < 2918

cwsku

Proof: The Jacobean matrix of the model system (9)-(14), (18) at equilibrium is given by:
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g1 0 0 0 by 0 0
/ 8 9 0 0 p,0 0 \
| om"m 93 0 z 0 km” |
JEY=] 0 o as(l-p) ge 00 0 |
0 o a(l—s)(l p) yn gs0 0
0 o 0 0ge O
0 o yd-n)prs ¢ g,
Where,
" o—(ou+0+u)ajazRefs(DS) " «
m = N ,91:—(0'771 +9+M)792=_(m +,U.),g3:—((X+,U.),g4=—(]/+[l),gsZ—(ps+[l+
gajazRefr(DS)
=— = —(km* Y ) R S * N
dS)’ g6 - (¢ + #)’ g7 - (Km + #)’ a; = A[U¢H+(9+(1—¢)H)]’ bl achV /N s

s + y(1-n)as(1-p)(ps+u+ds)
Ak )75 [ymas(1-p)+a(y+u)(1-£)(1-p)]
cwght pap(y+u)(ps+utds) >
(p+w)lynae(1-p)+a(y+w)(1-)(1-p)]

a2:

by = cwgV*/N*andz = = (S* + V" + Kk R")

The characteristic equation of J(E;) denoted by |J(E;) — AI| = 0, and given by:

gi—1 0 0 0 by 0 0
0 g.—4 0 0 b, 0 0
om* m* g3 -1 0 VA 0 km*
0 0 ag(1—p) gs— A 0 0 0 [=0
0 0 a(l—-&)(1-p) "M gs—4 0 0
0 0 ap 0 Ye -2 0
0 0 0 yaA-n p ¢ g,—2

Now we apply the Gershgorin circle theorem, [16] to determine the sign of the eigenvalues of the characteristic
equation [J(E;) — AI| = 0. The matrix J(E;) is a strictly column diagonally dominant matrix. And also all diagonal elements of
J(E;) are negative. Therefore, using the Gershgorin circle theorem, the radius of the disc less than the magnitude of

corresponding element if R* < A9t We can show that all eigenvalues of J(E;) has negative real part if R,;r(DS) > 1 >

wgk

Rerr(MDR) and R* <%’:#). Hence, the drug resistance TB only equilibrium E; is locally asymptotically stable if
« _ Alds+i)
Rofs(DS) > 1> R,;;(MDR) and R* < ﬁ

4.1.2. Global Stability of Drug Sensitive TB only Endemic Equilibrium Point, E4
Theorem-6:
The drug sensitive TB only equilibrium E; of Model (9)-(14), (18) is globally asymptotically stable if ¢ = 1, R.z;(DS) >
1> R.s(MDR).
Proof: We use a graph-theoretic method as in [15] to construct a Lyapunov function.
We define functions:
Dy=V -V =V'iIn D, =S—S -Snz,

D, = H, — Hy* — H"In ,,,D4 Ly—Lg*

Ds=T,—T, — Ts*ln%, Dg = Iy —Is" = I’ In =,

D, =R—R" —R'ln

Differentiating the functions D; for i = 1,..., 7 with respect to time, and using the inequality 1 —x + Inx < 0, forallx >0
and the values at the endemic equilibrium point E; that:

D’< A*[/ ( l l l —*——* IS)—_ G
SO n—+in + a
1 S ls 1% vV Is 15915
> *(S* ! Vs* ‘/) Clg I ( In I ! s* S I )
2 S V*S V* N* 15 S S I 21721 25H25
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D’<A*S*(ISS I _1 S)+ V*A"(lsv I ; V)+ R*A*(ISR I R)
3=t \Psr T T ) T s e T T ) T S R T T TR
+(S*+ oV + kR)A (—S—i+ lni— lnl—s)
S IS* HS* Hs* IS*

=103,G3; + a31G31 + A37G37 + a35G35

Dy <ac(l1- )H*<_£+ln_s_ Hi £)=a G
4= P L L HS THS 43043
’ * Is Is Hg Hg
Ds < ynL (—,S—*+lnls—* —+ )+a’(1—e)(1—p)H ( 54 __HS*+H_S*)
=:054G54 + A53G53
H Hy, Ty .
< (@ + T e f+ lnTs =: 43643
D} < pgls” (Is ln -+ ln )+y(1 — L (_3*4_ lni—l Ls* LLSs) +$T, (—%+ ln%— TT: +TTSS*) N

Kl R (=2 —1In Ril’—+ )
=1074G74 + A76G76 + A750G750 + Q755 G750 -
Where,

s = A3 = 0V*A, Ay = 0,05 = A3p = S*A", az; = kR*A", azs = (S* + aV* + kR*)A",
a4z = ae(1 —p)H", as, = ynls, ags = (¢ + WTy",
asz = a(l—&)(1 = p)H;", azy = psly’,

@Ty", azsp = kAg R* and all other a;; = 0.

a7 =y(1 —n)Ls", azsq =

The associated weighted digraph G (A) has seven vertices. Along each cycle:

IS—HS+%)=0and
S

Is Hs Is
GSS+GSS=(IS_*_HS*+lnH lns)+(—ls—*+lnls—* H
Is  Hs Hs |, Hs I I Ls | Ls
635+G43+GS4_(__H_5*+ln )+( lTlH—S*-l'H—S*)'F(——*'FlTL—*—lTLL—S*-F?):OAl’ldthe
other cycles ¥ G;; < 0, if ‘;,SS*, R* < < —S By Proposmon 1.3 of [15], there exists ¢c; > 0, i =1,...,7 such that

D = Y%, ¢;D; is a Lyapunov function for equatlons (9) (14),(18). The relations between c;’s can be derived from Theorems 3.3

and 3.4 of [15] such that:

az; > 0and d*(2) = 1 implies ¢; = ¢, —(aztl::”).

a,s > 0and d~(1) = 1 implies ¢; = ¢, (a21a32+a31(a21+a25)>.
aszzais
a4z > 0and d~(4) = 1 implies ¢, = ¢ ?
43

. . a37(az1+azs)
as; > 0and d*(7) = 1 implies ¢; = ¢, asz(a74+a7:i+a27ib+a7e)'

: : A76A37(az1+a
a6 > 0and d*(6) = 1 implies ¢ = ¢, (az21+0a25) !
azz(ags+ae3)(az4+azsq+azsp+aze)

Therefore, D = ¢;D; + ¢;D, + ¢c3D3 + ¢4 Dy + ¢5Ds + cgDg + ¢;D; is a Lyapunov function for (9)- (14), (18). Therefore
E, is globally asymptotically stable in the interior of Q when R¢;(DS) > 1 > R.rs(MDR)

4.2. The Drug Resistant TB Strain only Equilibrium Point, E,
This equilibrium solution is obtained by setting A, = 0 in equations (9)-(18) of the model. The drug resistant TB expressed

only in terms of the equilibrium value of the force of infection A,.” is given by
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E, =(V*S5*0,0,00,E"L"T. R
AA-P)od" +0+(1-Pu] o _ (ortut+dy) ; « s _ vE(prt+u+dy)
b = Grnamws I and

YA *
here, V* = —¥A g+ = Aoy : -
Where, oA +0+1’ A" +w)[oAr"+6+p] 1-v)é

R* = pr@+w)(1-v)3+9vd(pr+ut+dy) L*
(2" +p) (@ +p)(1-v)8 r

4.2.1. Local stability of the Drug Resistant TB Strain only Equilibrium Point, E,
Theorem-7:
The drug resistance TB only equilibrium E;, of Model (9), (10), (15)-(18) is locally asymptotically stable if R,rf(DS) <
« _ A(utdy)
1< Reff(MDR) and R* < corrn

Proof: The Jacobean matrix of the dynamical system (9),(10), (15)-(18) at equilibrium E, is given by:

£0 0 @0 0
0 f, O azoo\

_|0'n*n* f3 y OKn*l
JE)=| "0 o a=wsfio o |
0 0 1720) 0 fs 0/

0 0 0 Pro fe

_ bo(1+K)+K(6+1)—Rer(MDR)ey K[ez (ho+60+11)+0] w(0+p) [pr(p+1)(1-v)5+@Vv8(pr+utdy)]
h = = —-— = =
Where, n* oK(Royf(MDR)eres—1) AT purora-pwl * 2 carm(pr) (-8 - h
* * % ocwV*
—(on'+0+1). g =—("+ ). 3 ==+, fa=—(or +u+dp), fs ==(@+ 1), fo = —(xn" + ), a; = ———,
a, = — wrS andy = wr”(5*+aV*+KR)

The characterlstlc equation of the matrix J(E,) is given by [J(E;) — AI| = 0:
fi=2 0 0 a0
| 0 fz -1 0 a; 0 0

on* nt fz—=A Y 0

Now we apply the Gershgorin circle theorem, [16] to determine the sign of the eigenvalues of the characteristic

equation |J(E,) — AI| = 0. In the matrix J(E,), |c;| > Yo, cij, forj=1,..,6, and R* < A(Z)err) then J(E,) is a strictly
i%]j

column diagonally dominant matrix and also all diagonal elements of J(E,) are negative. Hence, all eigenvalues of J(E,) has

negative real part if R,rr(DS) < 1 < R.rr(MDR) and R* < AC(Z—Jr:;). Therefore, the drug resistance TB only equilibrium E, is

-
A(p+dy)
cwrkp

locally asymptotically stable if R,rr(DS) < 1 < R.rr(MDR) and R* <

4.2.2. Global Stability of Drug Resistant TB only Endemic Equilibrium Point

Theorem-8§:

The drug resistance TB only equilibrium E, of Model (9), (10), (15)-(18) is globally asymptotically stable if R,z (DS) <
1 < R.fr(MDR).

Proof: We use a graph-theoretic method as in [15] to construct a lyapunov function.

We define functions:

Q=V-V— V*ln%, Q, =S-S5 —S*ln%,

Q;=E—E — ElnE*,QA, - —Ir*lnll—r,,,

Q=T —T,' —Tln Qs =R—R —R'In—

Where E, = (V*,S* E*,T,.", I,", R* ) is the drug resistant TB only endemic equilibrium.
Differentiating the functions Q; for i = 1,..., 6 with respect to time, and using the inequality 1 — x + Inx < 0, for allx > 0
and the values at the endemic equilibrium point E, that:
V'LV

Q<< aV*2,” (II—T* —In—-—

vV Lv*

) b14Ql4

N 1% s st 14
QZ < 0V (—Z—Inw—ln?+?+;> =Zb21Q21-
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Q3S(I—r,,— ln -+ In )+/1T*S*(1:—S—I—C—lni)+ GAT*V*(IZ—V—I—Z—lnL) +KAr*R*(IZ—R—I—Z—ln£).
" E LSt I s* LV L v LR Iy R
= b34Q34 + b31Q31 + b3ZQ32 + b36Q36 .

«(E Ir E I
Qs < (=SB (F =5 = In 4 In%) =ihysQus .

Qs < VOE~ (%— - ln§+ ln%) =: b530s3 -

"

s _ gy I R_R (I _ _mE g R I
Q6 < p.l, (Ir* lnlr*+lnR* R*)+<pTT (Tr* )+K/1 R* ( lnR* lnlr* 2+R*+IT*).

=1b64Q64 *+ besalssa + PespQssp
Where, b14 = b32 = O-AT*V*, b21 = HV*,

b31 = AT*S*, b34_ = (AT*S* + O-AT*V* + KAT*R*),
bys = bgsp = KA,'R", byy = (1 — V)SE*, by = VBE", by = py1,", besq = ¢T,", and all other by; =

The associated weighted digraph G (Q) has six vertices. Along each cycle Gz, + Gu3 = (Il—r— i ln -+ In )+
(§ - IITT - lng +In IITT) = 0 and the other cycles ¥, G;; < 1f;/*,si,;* < 1and § < IIr—r* By Proposition 1.3 of [15], there

exists ¢; > 0, i =1,...,6 such that Q = ¥5_; c;Q; is a Lyapunov function for equations (9), (10), (15)—(18). The relations
between ¢;’s can be derived from Theorems 3.3 and 3.4 of [15] such that:
b,y > 0and d*(1) = 1 implies ¢, = clM b3, > 0and d*(2) = 1 implies ¢c; = ¢; Zﬂ.
b14 (b34+b31+b32+b36) b3 >
32 bs3 (bea+ besa+t besb)

c (besa+besa) b14 (P3a+b31+b32+b36) b36 bus > 0 and d~(4) = 1 implies
L bs3 b3z bs3 : (bea+ besa+ bs)sb)' 43
bi4b3s | b14(b34+b31+b33+b3e b3ebes
=y, bas (bM b3z + b32bs3 (bea+ besa+ b65b))'
Therefore, Q = 101 + Q5 + 303 + c,Q4 + c5Q5 + c6Qg is a Lyapunov function for (9), (10), (15)—(18). Therefore, E,

is globally asymptotically stable in the interior of 2 when R,;s(MDR) > 1.

bse > Oand d*(6) = 1 implies ¢g = ¢; . bs3 > 0and d~(5) = 1 implies ¢ =

4.3. Endemic Equilibrium Point where Both TB Strains Co-exist, E3

The endemic equilibrium where both TB strains co-exist is given as: E; = (V*,S*, H", L", I*, T,", E*, L.", T,", R*),

Where. V* = YA o _ M- +A)+0+0A-P)u] 1 x _ (A" +y+u)(ps+ptds) *
’ o(As"+A,")+0+1° (As™+4" +0)[o(As"+ 2, ) +0+p] > 775 ynae(1-p)+(A4" +y+u)a(1-e)(1-p) 5’
« _ as(-p)(A" +y+u)(ps+u+ds) M ap(Ar"+y+u)(ps+utds) x

= : , = - I",
S ynae(-p)+(A +y+u)a(1-e)a-p) S 7 S (p+w)[ynas(1-p)+(A"+y+u)a(1-&)(1-p)] **

E* = ' (S*+Hg" +Ls" +aV*+kR*)+(1-q)psls* T = v[(ortutd) '] . _ 1 {p ya-mae(1-p)(ps+u+ds)(Ar" +y+u)
(8+1) T (p+w)(-v) ’ (r(As™+24)+) (7% 7 ynae(-p)+(A"+y+p)a(1-)(1-p)
pap(ps+u+ds)(Ar" +y+u) } * 1 { (PV[(Pr‘HH'dr)]} .
(@+w[ynae(1-p)+(A"+y+p)a(1-£)(1-p)] (e(As"+27")+1) Pr (p+w(a-v) J T

4.3.1. Local Stability of Endemic Equilibrium Point where Both TB Strains Co-exist, E
Theorem-9:
The endemic equilibrium point where both TB strains co-exist E; of the dynamical system (9)-(18) is locally asymptotically

stable if Reyy (DS) > 1, Reyr(MDR) > 1 and R* < min {~rs) 2ELE0},

cospux ’ cwruk
Proof: The Jacobian matrix of the dynamical system (9)-(18) at endemic equilibrium where both TB strains co-exist E3 is
given by:

d, 00 0 e g o0 Mg o0

g d 0 0 e o o hog 0

oA A% 0 e 0 0 hy 0k

0 o he ds (? 0 0 h0 O

m dso 0 0 0

J(Es) = 8 82‘; 0 0d, © 80 0
oA A 0 AT hg 0 dp pg 8%*

.
0 0 o 0 0 0(1—v)6d 0
0 o 0 00 vé Od 0

0 orA=-maps® 0 p ¢ di

Where,
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di ==+ 4D +0+u),d, = - + 4,7 +p),ds = -4, +a+p),dy = -4 +y +u),
ds = —(ps +pt+ds),dg = (¢ +1),d; = =(6 + 1), dg = —(p, +pt + dr), dy = —(¢ + ),
dio = —(k(As +4,7) + W), e = —acwV* /N,

cw
e, = —CwsS*/N™, e; = Nf (S*+0V*+KkR"),
_ ocwyV* _ cwyS” _ CWy yy %
hy = =2y = O = Oy

hy, = — %Ls*, hs = CNi:(S* +0V*+H+L"+KkR"), hg =as(1 —p).h; = a(1—)(1 —p) and hg = 1 -9p,.

The characteristic equation will be:

d,—21 0 0 0 e 0 0 hy 0 0
6 d,—2 0 0 e 0 0 h, 0 0
gl A ds =4 0 e 0 0  hy 0 KA
0 0 ac(1—p) dy—2 0 0 0 h, 0 0
0 0 al—-g)1-p) ™M ds—2 0 0 0 0 0 -0
0 0 ap 0 0 d6 -1 0 0 0 0 -
oA A P At A=-q@ps 0 d;—A p, 0 xA7
0 0 0 0 0 0 1-v)§ga—2 O 0
0 0 0 y(—mn)  aps ¢ 0 p, 9 dip—2

Now we apply the Gershgorin circle theorem [16] to determine the sign of the eigenvalues of the characteristic
equation [J(E3) — AI| = 0. The matrix J(E3) is a strictly column diagonally dominant matrix. And also all diagonal elements of
J(E3) are negative. Hence, all eigenvalues of J(E3) has negative real part if Rorr(DS) > 1, Repp(MDR) > 1 and R* <
min {A(l‘—"'ds) A(ptdy)

PP — } Therefore, the endemic equilibrium point where both TB strains co-exist E3 is locally asymptotically

A(u+ds) A(!H'dr)}
cwspux ' corurx )

stable if Ry (DS) > 1, Rerr(MDR) > 1 and R* < min {

4.3.2. Global Stability of Endemic Equilibrium Point where Both TB Strains Co-exist, E

Theorem-10:

The endemic equilibrium point where both TB strains co-exist E3 of the system (9)-(18) is globally asymptotically stable if
Rerr(DS) > 1, Resr(MDR) > 1.

Proof: We use a graph-theoretic method as in [15] to construct a lyapunov function.
Define the functions:

By=V—V'—V'iIn_ B, =S-S5 —-SInz,

By = H, — H," — Hy*In—%, B, = Ly — L — L*In

H Ls
HS S*

L
Be=1I,—1"— IS*lnI’S—i, Bo=T,— T, — T, In-2,

* * E * * TT
B7=E—E —ElTLF, BS=Tr_Tr _Tr lnF

* * IT * * R
By =1l —1," = 1,"In-% Bjy = R—R" = R*In—

Where E; = (V*,S*, H,", L", T,", I,", E*, T,”, I.*, R* ) is the endemic equilibrium
Differentiating the function B;,i = 1, ...,10 with respect to time we get:

Br=(1-5)V. B = (1-5)8.Bs = (1= 55) e By = (1 =) L Bs = (1= 5) [, Bo = (1-2) 7o, By =
(1-2)&. By =(1_%)1;39=(1_%)T‘5,and3;0 =(1-5)r

Substituting their derivatives using the inequality 1 — x + Inx < 0, for all x > 0 and the endemic equilibrium point Eswe
have:
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5 * v* Ig xq [ Ir v* LV
Bl SO-V 2’5 ( lTl +ln——7+ls—*)+0'V 2’7" (I,-_*_ V_IT*V*) =:a15615+a18618.
B <9V*(5* 2o V)+SA ( = s S*+1)+5/1 ( s S*+IT)
2= 3 sty "15 TS L LT T LT
= A31Gy1 + Az5G25 + AzgG2g
By < A, s*( S*—I—*—ln%>+aV/1 (m = — L)+ KR'AS (RI 2 — )+ (S + oV + kRDA (22—
Hs Ay | A
S*—lnls)+l H' (=12 T)
=1a3,G3; + a31G3; + a3106310 + a3s5G3s + azglsg
5 * Ls Ls Hs Hs #r + (Ls Ls Ay Ar
B4Sa€(1_p)HS (_L_S*+lnL*_lnH_s*+Hs*)+/’{r LS (L_S*_ _lnL_s*ﬂ.r*-i_/lr*) =:a43G43+a4_BG4_8.
; wf Is Is Ls Is Is Hg . Hs
Bs < ynL; (_15_*+ln15_*_ K )+a(1—£)(1—p)H ( 15_*+ln15_*_ an*+Hs*)'
=:054Gs54 + A53G53
3 * HS HS TS TS*
Bs < (¢ + )T A Hs*_anTs =: (4363
B, <A, (S +aV*+ R*+H*+L*)(IT E l lr+l E)+A*S(IS I -1 )
7= or T s ThI\FT T T ) T s T T s
+/1V(1V Ier)+/1R<1R b )+/1H<1” TzHS)
? ve s Ttye) T 'R " I’H; L° HS
+/1*L*(IL us 1L5)+(1 )1(15 E ok )
T S Ir*LS* Ir* nLS* q pS S IS* E nls nE
=1Q78G7g + A75G7; + A71G71 + Q73673 + A74G74 + A710G710 + A75G75
. (E L E
Bg S(l_v)6E (E* IT*_lnE‘l‘lnlr_*) =:a87687
By < v5E*(£—l—ln£+lnl> =:a9,G
9 = E* TT* E* Tr* — 497497 .
By < 1*(15 lls+lR R)+ (1 )L*( R+lR s Ls)+ T*( R+lR lTS+Ts)
10 = pS S IS* nls* nR* R* Y 77 N R* nR* nLS* LS* ¢ S R* nR* nTS* TS*
+/1*R(R 2 lR1+1)+ <1r llr+lR R)+ T*(TT lTT+lR R)
s B\ N ) e (st e s ) Ao\ et I
+ KA R( mE R 1)
Kb "R T R TI

=10Q1050G105a + 2104G104 + 106G106 + A1056 G105 A108aG108a T A109G109 + A1085G108b-

Where,

Qs = azy = oV'A, agg = az; = oV'A,7,

ay1 =0V, a5 = Az, = S*As", apg = a7, = S74,,
As310 = KR* A", azs = (S* + oV* + kR*) A",
Azg = A73 = A H', ay = ae(1 = p)H,", aug = a75 = 4,7 Ly,
ass = ynLs’, as3 = a(1 - &)(1 = p)H;’,
ez = (¢ + Ty, az10 = kA 'R",a75 = (1 — Qpsls”, ag; = (1 = v)SE™, ag; = VOE™, ay9s5q = psls’,

a10a = ¥(1 = MLs", 106 = PT5", @105 = KAs R,

Q108q = Prlr’ Q109 = @T,", a10gp = KA, "R* and all other a;; = 0.
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Along each cycle of the associated weighted digraph G(B):

Gss + Gsz = (’—i— B i — ln'—i) +(-L+m-2y Hi) =0,
I*  Hg Hs Is Is I+ Hs* ' Hg
Gas + Gz + Gsy = (’—i— B fints — ln'—i) + (— b finds —in2s +H—i) + (—'—i+ Ins—ints + Li) =0,
I Hs Hs I Lg Lg Hs* ' Hs I I L | Lg
L* E I E E* Iy E I

By Proposition 1.3 of [15], there exists ¢; > 0, i = 1, ...,10 such that B = '}, ¢;B; is a Lyapunov function for equations
(9)-(18). The relations between c;’s can be derived from Theorems 3.3 and 3.4 of [15] such that:

a97 > 0, d+(7) = 1 imphes Cg = C7. a106 > 0, d+(6) = 1 implies ClO = C6

(a1054+a104+4106+a105p+ G108a+A109+a108b)

a106

€1a18+C20a28+C3038+C4a48+C7a78+C10(A108a+A108b)

ag; > 0,d™(8) = 1 implies ¢g =

Therefore, B = ¢;By + ¢;B; + ¢3B3 + ¢4,B, + c5Bs +
c¢Bg + +¢yB; + ¢c19B1g + 9By + +c19B1o is a Lyapunov
function for (9)- (18). Therefore, E; is globally
asymptotically stable in the interior of  when R,¢(DS) > 1
and Reff(MDR) > 1.

5. Numerical Simulations

We perform some numerical experimentation on the
tuberculosis model (9)-(18). This is done by using a set of
parameter values whose sources are mainly from Federal
Democratic Republic of Ethiopia Ministry of Health (EMH),
Ethiopia Demographics Profile (EDP), world health

5.1. Estimation of Parameters

agz

organization (WHO) reports and other related literatures as
well as estimation in order to have more realistic simulation
results. We take initial condition from the data of Ministry of
Health of Ethiopia [17]:
V(0) = 9436405, I,(0) = 42139 ,T,(0) = 83546 ,E(0) =
8098,1,.(0) = 774,T,(0) = 468 and R(0) = 3597. We
assumed that more than half of the population (62%) belongs
to susceptible class S(0) = 62355690 and that a big
percentage about 33% is infected with TB in latent stage that
is Hg(0) =3,000000, and Ly(0) = 30000000, . This is
justified from the fact that “about one third of the world’s
population has latent TB”, as it is indicated from the
webpage of the World Health Organization (WHO, 2017).

Table 2. Model parameter estimation.

Descriptions Symbols  Value Data Source
Recruitment of the population A 3845257 [18]
Proportions new born vaccinated 1] 0.49 [18], [17]
Natural death rate u 0.0077 [18]

the rate of inefficacy of vaccine individuals o 0.2 [19]

the rate of vaccine waning 7] 0.0667 [19]
Probability of acquiring TB infections per contact with one active drug sensitive TB W 0.2 [20]
Probability of acquiring TB infections per contact with one active MDR TB W, 0.3 [21]
Number of effective contacts susceptible or vaccinated individuals makes with infectious individuals per year. c 11 [22]
The rate of progression of individuals from early latently infected with drug sensitive TB. a 0.5 [19]
Death rate due to the drug sensitive strain disease dg 0.00025 [22, 23]
Death rate due to the MDR strain disease d, 0.105 [23, 24]
Proportion of Hg move to T p 0.2 [17]
The portion of Lg enter in to Ig n 0.5 [19]
Progression rate from L 4 0.1 [19]
Progression rate from latency multi-drug resistant tuberculosis. ) 0.55 [17]
Proportion of individuals who do not get chance for screened at Hg and will go to L; class. £ 0.9 [19]
The recovery rate infectious individuals drug sensitive strain, Ps 0.83 [17]
The recovery rate infectious individuals MDR strain. Or 0.498 [23,24]
Proportion of infectious individuals with DSTB who enters to R. q 0.18 [17]
The portion of E who screened for treatment v 0.065 [17]
Rate of individuals move from T, to R o) 0.94 [17]
Rate of individuals move from T, to R @ 0.88 [17]
Acquired immunity due to previous treatment. K 0.06 [25]

5.2. Numerical Simulation for the Reproduction Number

We discussed on the relation between effective

reproduction number and the parameters involved in it. Now
we consider the parameters that involve in both
Resr(DS) and R,.ff(MDR) and discuss on their impact on the
transmission of DS-TB and/or MDR-TB strains. Here five
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parameters are involve in common for both effective
reproduction numbers R (DS) and R.rr(MDR).

Let us consider the parameter, the number of effective
contacts ¢ as a variable and keeping all other parameters
constant and written the reproduction numbers as a function
of ¢, Repp(DS)(c) =0.0934c and R.r(MDR)(c) =
0.4348c . Consider the rate of inefficacy of vaccine
individuals o as a variable and keeping all other parameters
as constant, the reproduction numbers can be written as a
function of o : Repr(DS)(0) = 0 .05470 + 1.0164 and
Refr(MDR)(0) = 0.25490 + 4.7355

In the figure 3 the lines R.rr(DS)(c) = 0.0934c and
R.rr(MDR)(c) = 0.4348¢ intersect with R.rr(MDR) =
Repr(DS) = 1 intersect at the values of ¢ = 10.7 and ¢ = 2.3
respectively. Thus, R.rr(DS) <1 when the contact rate,
¢ < 10.7 and R.¢(DS) > 1 when ¢ > 10.7. For the value of
2.3<c¢<10.7 only MDR-TB spread in the society.
Whereas R.rr(MDR) <1 when the number of effective

Ross (MDR)(c) = 0.4348¢

Roz4(DS), Ress (MDR)

contacts, ¢ < 2.3 and R.sr(MDR) > 1 when ¢ > 2.3. This
implies the TB disease spreads in the community when
¢ > 2.3 and eliminate if ¢ < 2.3. Figure 4 shows that both
Rerp(DS)(0) and R.rr(MDR)(0) are above R.pr(DS) =
R.rr(MDR) = 1, thus for every values of o the both strains
of the TB disease spread in the society. Of course the
transmission of MDR-TB is higher than DS-TB.

Consider the rate of vaccine waning 6 as a variable and
keeping all other parameters as constant, the reproduction
number can be written as a function of 6: R.s(DS)(8) =

0.005+1.07126 and Reff(MDR)(Q) — 4.9824(6+0.0047)

. Consider
6+0.0077 6+0.0077

the proportions new born vaccinated 1 as a variable and
keeping all other parameters as constant, the reproduction
number can be written as a function of Y: R,r¢(DS)(y) =
1.0744 — 0.0895y and
0.4159y.

Re(MDR) (%)) = 4.9904 —

Ross(DS) = Rorr(MDR) = 1

Ror7(DS)(c) = 0.0934c

Figure 3. Graph of the reproduction number versus the number of effective contacts c.

Rys7(DS), R,s¢ (MDR)

R.z7(MDR)(0) = 0.25490 + 4.7355

Rers(DS)(0) =0.05470 + 1.0164

Rors(DS) = Rosy (MDR) = 1

a

Figure 4. The reproduction number versus the rate of inefficacy of vaccine.
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4.9824(6+0.0047)
r RersMDRY(8) =5 00077

Roz7(DS), Rys; (MDR)

0.005+1.07126
6+0.0077

Resr(DS)(6) =

Refs(DS) = Ross(MDR) = 1

Figure 5. Graph of the reproduction numbers Rgs;(DS) and R.rs(MDR)
versus the rate of vaccine waning 6.

Rez7(MDR)() = 4.9904 — 0.415%)

Roz7(DS), R,z (MDR)

Rer(DS) = Ryzy(MDR) = 1

Reyy (DS)() = 1.0744 — 0.0895

v

Figure 6. Graph of the reproduction numbers R,zr(DS) and Rorr(MDR)
versus Proportions new born vaccinated 1.

In figure 5 the curve R.rf(DS) = % and the line

Resr(DS) = 1 intersect at 6 = 0.038, then R.;r(DS) <1

when 6 < 0.038 and R.f;(DS) > 1 when 6 > 0.038. But

Resr(MDR)(0) = 49824(0+0.0047) .

the curve 9700077 above
Resr(MDR) = 1. This implies the MDR-TB spreads in the
community for every value of 8. And for the value of
6 < 0.038 the DS-TB does not spread in the society. In
figure 6 the curve R.rr(DS)(¥) and the line R.ff(DS) = 1
intersect at ¥ = 0.8, then R.¢¢(DS) < 1 when 1 > 0.8 and
Resr(DS) > 1 when ¢ < 0.8. And R.ss(MDR) > 1 for all
values of 1. This shows that the MDR-TB exist always, but
DS-TB spreads for ¢ < 0.8.

Consider the Proportion of latently infected drug sensitive
TB at early stage for treatment p as a variable and keeping all
other parameters as constant, the reproduction number can be
written as a function of p: R¢(DS)(p) = 1.2941(1 — p).
Again, consider the recovery rate infectious individuals DS-
TB strain disease pgy as a variable and keeping all other

parameters as constant, then the reproduction number can be
0.8537

written as a function of ps: R (DS)(ps) = 1000795

Rys4(DS)

Rorr(DS) =1

Rorr (DS)(p) = 1.2941(1 — p)

»

Figure 7. Graph of the reproduction number R.pr(DS) versus the
Proportion of latently infected DS TB at early stage for treatment p.

Ross(DS) =1

Rqs£(DS)

0.8537
ps+0.00795

Rorr(DS)(ps) =

ps

Figure 8. Graph of the reproduction number R,¢¢(DS) versus the parameter
Ps-

In figure 7 the curve R.sr(DS)(p) = 1.2941(1 — p) and
the line R,rr(DS) = 1 intersect at p = 0.22, Rs¢(DS) < 1
when p > 0.22 and R,f(DS) > 1 when p < 0.22. In figure

0.8537
8 the curve Reff(DS)(ps)zm and the

Rerr(DS) = 1 intersect at pg = 0.85, Rerr(DS) <1 when
ps > 0.85and R,r(DS) > 1 when p; < 0.85.

The reproduction number R,¢r(MDR) can also be given as
a function of the recovery rate infectious MDR-
TB individuals p,: keeping all other parameters as constant,
Ress (MDR)(p,) =~

pr+0.1127°
R¢rr(MDR) can also be given as a function of the portion of
E enter in to I, v: keeping all other parameters as constant,
Rerr(MDR)(v) = 5.1225(1 —v).

line

And the reproduction number

29181
Rers(MDR)(py) = pETYT

Ryyz(MDR)

Rosy(MDR) = 1

Pr

Figure 9. Graph of the reproduction number R.;r(MDR) versus the
parameter p,.
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Rorr (MDR)(V) = 5.1225(1 — v)

Reyy(MDR)

Rors(MDR) = 1

v

Figure 10. Graph of the reproduction number Rosr(MDR) versus the
parameterv.

In figure 9 the curve R.;f(MDR)(p,) = % and the

line R.rr(MDR) = 1 intersect at p, = 2.8, R.r(MDR) <1

when p, > 2.8and R.¢s(MDR) > 1 when p, < 2.8. In figure
10 the curve R.rr(MDR)(v) = 5.1225(1 —v) and the line
Rcrr(MDR) = 1 intersect at v = 0.8, R.;y(MDR) < 1 when
v > 0.8 and R.fr(MDR) > 1 when v < 0.8.

5.3. Sensitivity Analysis

We apply the normalized forward sensitivity index of the
effective reproduction number R.sr to a parameter is the
ratio of the relative change in the variable to the relative
change in the parameter [26].

If Resr(DS) > Rerr(MDR), then we have:

Resr = max{Ro;;(DS), Ros(MDR)} = R,f;(DS)

_ ((9+(1—1/1)u)+u0w) (ae@-plyn+aly+u)(1-£)(1-p))
= Ccwg

(u+6)

(a+)x(y+u) x(pstptds)

Therefore, we evaluate the nonzero sensitivity indices of R.¢¢(DS) with respect to the parameters as follows:

Repf(DS)  _Repp(DS) Repr(DS) — uy(o-1) Reff(DS) You Repp(DS) _ ds
M, = Mo =L, ( s_) O+u+up(o—1) o N G(Etst;wu(a—l) >0, M, = T ety 0,
Repp(DS) Pub(l-o) Refr _ Kk
M = GO rrp @] 0., i 0,
Regf(DS) ___p Reff(DS) _ ___Ps 0 HReff(DS) _ { (ae(1-p)n+a(1-e)(1-p))y _ ¥ } 0 HReff(DS) _
1 1-p < 0,1, ps+u+ds <o 14 (ae(i-pyn+aly+w)(1-e)(1-p))  (¥+w) >0
e(1-p)(yn-(r+w)) 0
(e1-pyn+y+w)(1-€)(1-p)) ’
Reff(DS) _ ney
H” (eyn+y+w)(1-9)) >
If Resr (MDR) > R,¢(DS), then we have
_ _ _ (obur0+-p)w)\ _ cwr(1-v)
Regs = max{Rerr(DS), Rosp (MDR)} = Ry (MDR) = (ZHEE00) —cordh

Therefore, we evaluated the nonzero sensitivity indices of R.sf (MDR) with respect to the parameters as follows:

Reff(MDR) _ Reff(MDR) _ Reff(MDR) _ uy(o-1)
M =M, =Ln T 0+ +ucy
[ Fess MPR) _ oy e r MR _ v,
°c [0+1-yP)u)+oyp] v 1-v
Reff(MDR) BYu(1-o) Refr(MDR) U
Il eff = 0, I1 = > 05
6 (u+0)[0+(1-P) p+uoip] s (6+1)
R (MDR) Or Reff(MDR) d,
n e’ =—-——7<0,1I =—-——"<0,
pr (pr+p+dy) dr (pr+u+dy)
Using the data in table 2 the resulting sensitivity indices of Sensitivity index Sensitivity index
. . Parameters Parameters
Resp(DS) and R.rf(MDR) to the different parameters which of Ry (DS) of R.;(MDR)
involve in the reproduction numbers R.rf(DS) and  Ps _g'gz Zf _g'%
. . . £ —0. —0.
R.ss(MDR) respectively are shown in table 3 with the order - 081 v 007
from most sensitive to the least: p —0.25 P —0.042
P —0.11 [ 0.038
Table 3. Sensitivity indices of Rorr(MDR) and Rosr(MDR) with respect to Y 0.058 [ 0.014
each parameter involved in R.rr(MDR) and Rosr(MDR) respectively. 0 0.038 o 0.011
a 0.015
Sensitivity index Sensitivity index
Parameters Parameters a 0.011
of R.;(DS) of R.;;(MDR) d. —0.0003

c 1 c 1

[O8 1 W, 1
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6. Discussion

In this work we considered non-linear dynamical system to
study the dynamics of a two strain Tuberculosis disease. The

effective reproduction number is:
_ 01/)#+(9+(1—1/1)M))
Regy = ¢ (5515 x
ws(ae(1-pyn+ay+w)(1-8)1-p))  wr1-V)§ }
max , . Then
{ (a+u)(y+u)(pstutds) S+ (pr+u+dr)

the numerical value of R.;; = max{1.03,4.78} = 4.78. In
the figure 3, R.f¢(DS) < 1 when the number of contact of
susceptible individuals with an infectious, ¢ < 10.7 and
Rerr(DS) > 1 when ¢ > 10.7. Moreover, R,sr(MDR) <1
when number of contact of susceptible individuals with an
infectious, ¢ < 2.3 and R.¢s(MDR) > 1 when ¢ > 2.3. Thus
the only MDR TB spreads in the society when the value
of 23 <c¢<10; both strains spread in the society if
¢ > 10.7 and both strains do not spread in the society
if ¢ <2.3. Figure 4 shows that both R.r(DS) > 1 and
R (MDR) > 1 for every values of g, therefore both strains
of the TB disease spread in the society what ever the value of
o is. Ofcourse the transmision of MDR-TB is higher than
DS-TB.

In figure 5 shows that R.ff(DS) < 1 when § < 0.038 and
Rerr(DS) > 1 when 6 > 0.038. But R.;s(MDR) > 1 for all
values of 6. This implies the MDR-TB spreads in the
community for every value of 8. And for the value of
0 < 0.038 the DS-TB does not spread in the society. That is,
if 8 < 0.038 the only MDRTB spreads in the community and
boths DSTB and MDRTB spreads in the community when
6 > 0.038. From figure 6 we observe that R.r(DS) < 1
when 1 > 0.8 and R.rr(DS) > 1 when 3 < 0.8 while,
Rers(MDR) > 1 for all values of 1. This shows that the
MDR-TB spreads in the society for all values of' iy, but DS-
TB spreads for i < 0.8. Implies both strain spreads in the
community if ¥ < 0.8 and only MDRTB spreads in the
community if i > 0.8. This indicates that giving BCG
vaccine has no significant impact in the control of MDRTB;
however we can reduce DSTB by BCG vaccine.

From figures (3-10) and the sensitivity index of effective
reproduction number (Table 3) we observe that the
parameters contact rate c, the rate of inefficacy of vaccine
individuals o, the rate of vaccine waning 0, the probability

of transmission w,; and w,, the rate of progression of
individuals from early latently infected with drug sensitive
TB a, the progression rate from Long latently infected DS-
TB strain y, the portion of Ly enter in to I;, n and the
progression rate from latency MDR-TB § have positive
contribution in the transmission of TB disease. While, the
proportions new born vaccinated 1, natural death rate p, the
proportion of individuals who do not get chance for
screened at Hg and will go to L class &, the Proportion of
latently infected drug sensitive TB at early stage for
treatment p, the recovery rates infectious individuals ps
and p,, the induced death rates d, and d,; and of the portion
of E enter in to [, , v have negative impact on the
transmission of TB disease.

From table 3 for the parameters of which the sensitivity
index of R.s(DS) and R.;s(MDR) has positive sign the
effective reproduction number increase as those
parameters increase and vise verse, while for those
parameters of which sensitivity index of R.sr(DS) or
Resf(MDR) has negative sign then the effective
reproduction number increase as the parameters decrease
and vise versa. The number of effective contact of
susceptible or vaccinated individual with an infectious
individual of both strains c, the probability of transmission
followed by the recovery rates infectious individuals are
the most influential parameters in the spread and control
of tuberculosis disease, this is because of that magnitude

P R R R R
of the sensitivity indices IT,'”, Hwesff, Hp:ff, Hwiff are,
R . .
Hp:f / are maximum compared to others. The result of this
study indicates that reducing the number of effective

contact and increasing recovery rate have great role to
control tuberculosis disease.

7. Conclusion

In this study we have presented and analyzed the two
strain TB model with interventions: vaccination of newly
born babies, screening of latently infected and treatments of
infectious individuals for both strains of tuberculosis (drug
sensitive and multi-drug resistance tuberculosis). We found
that

(1-v)8

Reyy(DS) = ces ( 0+u (@+W) (Y +1) (ps+u+ds)

the effective reproduction numbers of drug sensitive and
multi-drug resistance tuberculosis respectively. And, thus
Refr = max{Reff (DS), Reff(MDR)} is the effective
reproduction number of the system (9)-(18). We have
discussed on the existence of disease free equilibrium point,
endemic equilibrium (drug-sensitive TB only endemic
equilibrium, drug-resistance TB only endemic equilibrium
and endemic equilibrium when both strains exist) points and
presented the conditions that the local and global stability of
those equilibrium points. We evaluated the numerical value
of the reproduction numbers. Consequently, R.ff(DS) =
1.03 and R.¢r(MDR) = 4.78, which show that the disease of

UW+(9+(1—¢)M)) (axe(1-p)yn+aly+w)(1-£)(1-p)) and R,;(MDR) = cw, (0¢u+(9+(1—¢)u))

O+pu (6+w)(pr+u+dy)

both strain tuberculosis spread in the community and
MDRTB spreads vastly in the society. The sensitivity
analysis shows that the number of effective contact of
susceptible or vaccinated individual with an infectious
individual of both strains is the most influential parameter to
change the reproduction number respectively.

8. Recommendation

In order to decrease the spread of both strains in the
society, we recommend that the number of contact of
susceptible individuals, ¢ should be less than two. The
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second influential parameter to reduce the transmission of
tuberculosis in Ethiopia is the recovery rate infectious
individuals, p,-. In order to control the spreads of MDR-TB it
needs to raise the value of p, over 2.8. The result of this
study indicates that reducing the number of contact of
susceptible or vaccinated individuals with an infectious and
increasing recovery rate have great role to control
tuberculosis disease.
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