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Abstract: In this paper, we study the long-time behavior of solutions for a class of initial boundary value problems of higher
order Kirchhoff —type equations, and make appropriate assumptions about the Kirchhoff stress term. We use the uniform prior
estimation and Galerkin method to prove the existence and uniqueness of the solution of the equation, when the order m and the
order q meet certain conditions. Then, we use the prior estimation to get the bounded absorption set, it is further proved that using
the Rellich-Kondrachov compact embedding theorem, the solution semigroup generated by the equation has a family of global
attractor. Then the equation is linearized and rewritten into a first-order variational equation, and it is proved that the solution
semigroup is Frechet differentiable. Finally, it proves that the Hausdorff dimension and Fractal dimension of a family of global
attractors are finite.
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In 1883, Gustav Robert Kirchhoff [1], a German physicist,
first introduced the following equation when he studied the
transverse vibration of stretched strings

1. Introduction

In this paper, we considers the initial-boundary value
problem of the following higher-order nonlinear

2
Kirchhoff-type equations 0u

Eh (L du, , | 0%u
Wl -1p +—I By act Tl =0, 0<x<L, 120,
o { 20 ) }ax2
q
AV, + 2m m A", —
, *a()(=0)"u, +4 u+N(”D u(t)”q)( A u =100, (1) Where h is the cross-sectional area of the string, E is young

coefficient, £, is the initial axial tension, L is the length of

Py .
9¥ o, i=1,2,(2m~1,x00Q, >0, (2) e string. P
o' u =u(x,t) is the lateral displacement in the spatial axial

w(x.0) =0, is the mass density of the string, and

coordinate. Over the past a hundred years, with the
development of science and technology, Kirchhoff equation
has been paid more and more attention by scholars. The
application field of Kirchhoff equation is also expanding, and
its expression is constantly extended. A series of mathematical
theories and research results have been obtained, such as the
existence and uniqueness of global solution, the decay of
solution, the existence of random attractor, and the index
Numerical attractor, global attractor and its dimension
estimation, inertial manifold, etc [2-6].

u(x,0) = uy(x),u,(x,0) =u,(x),xOQ O R".  (3)

Where Q

smooth boundary 0Q, mON™,0Q is the homogeneous
Dirichlet boundary of Q, v is an outer normal vector of

is a bounded domain in R"(n=1) with

0Q, a(r) is a general function of t, and 1 (x) is an external

force term. The assumptions about a(s) and N(”Dmu(t)”Z)

will be given later.



American Journal of Applied Mathematics 2020; 8(6): 300-310 301

When m = 1, q = 2, the stress term is (1 +||Du(t)||§) ,and a

nonlinear nonlocal source term is added to equation (1),
Mitsuhiro Nakao [7] studied the existence of attractors and
some absorption properties in the local sense for this class of
Kirchhoff type quasilinear wave equation with standard
dissipation term u, . Then, Zaiyun Zhang [8] and others
studied the initial boundary value problem of nonlinear
dissipative Kirchhoff equation when m = 0, q = 2, a(s) = 3,

N(s)=M (”u(t)"z) , the initial boundary value problem of

nonlinear dissipative Kirchhoff equation is as follows
2
e + M (Ju] )+ Bu, + g(w) = f(x),

In Hilbert spaces Hy(Q)xL*(Q) and D(A)xHy(Q) ,
they estimate the dimensions of global attractors by using
rescaling technique and linearized variational method. The
upper bounds of Hausdorff dimension and Fractal dimension
are obtained.

Furthermore, when m = 1, q = 2, stress term N(s)=¢( DHHZ)

and strong dissipation term a(¢) = J(HDqu) , chueshov Igor [9]

studied the well posedness and long-time behavior of the
solution of the initial boundary value problem of the equation

t, = (| Dul Ydu, = $(|Du[ Y + g () = (),

By assuming the Kirchhoff term, he proved the existence
and uniqueness of weak solution and the existence of a finite
dimensional global attractor in the natural energy space with
partial strong topology, and further proved that the attractor is
strong under non supercritical conditions.

Recently, on the basis of chueshov Igor [9], Guoguang Lin
[10] and others studied the long-term behavior of the initial
boundary value problem for a class of nonlinear strongly
damped higher order Kirchhoff type equation with

2 2
m=1,g=2,a(t)=1 and N(“Dmu(t)”z) = (“Dmu(t)“z)q

2q
ty + (0", + [0 ()"t g ) = f (),

They obtain the existence and uniqueness of the solution
and the global attractor, and consider the dimension of the
global attractor and the upper bound estimation of the
dimension. For more related research results on the Kirchhoff
equation, please refer to [11-15].

In this paper, based on the long-time behavior of solutions
of some nonlinear Kirchhoff type equations with initial
boundary value problems, a class of higher order Kirchhoff

type equations with the highest order term A*"u (m onN +) is

studied. Because of the uncertainty of m in Kirchhoff stress

term N(HDmu(t)Hq) and ¢ in Banach space L! (Q) , there
q

will be a bottleneck when using uniform prior estimation and
Galerkin finite element method to prove the existence and

uniqueness of the global solution of the equation, so it is
impossible to continue the follow-up work. We get a relation

between m and q in Banach space L7 (Q) by the theory of

Sobolev space. Therefore, we overcome this problem
successfully and get more extensive research methods and
theoretical results.

2. Preliminaries

For brevity, we used the follow abbreviation:

H=1(Q), D=0, =i #e'(Q = H" QN Hy(Q),
Hy" ™M Q) = " QN H(Q) . By = H"™ (Q)x H; (Q),
Let A4, be a family of global attractors from E, to E,,and
By, be E, , with
k=0,1,2,3,---,2m and C;(i=12,3,---) denotes positive
constant. The notation (EDI,”[n] for the H inner product and

a bounded absorbing set in

. 2
norm, that is (u,v) :J- u(x)v(x)dx , (u,u) :"u” .
Q
Now we state some assumptions and result. Suppose the
functions a(f) and N(HDmu(t)Hq) in the equation satisfy the
q

following conditions.
(Al)a(r)0C?[0,00) and [ 20, such that

d | mek | >
2tespysa(t)s ph, 1= a [g“D u”2>0
T

(A2) N(s)OC?[0,00) and [s=0, such that

d 2
s Aol =
1+£<9)<N(s)<9,0= dt 2
q ;HDmH{uH <0
t
Where
0 < &< min m_l,é, 2% ’i’mﬂ, 29y
2 H N +2uy Ho 2 PR
L< <L 0> 2
(A3) n+2m_q_n_2m 5
K Sg<o, n<2m
n+2m

3. The Existence of a Family of Global
Attractors

Lemma 1 Suppose that the (A1)—(42) are satisfied, and
I(x)0H,
problem (1) - (3) has a global solution (u,v) satisfies

(uy,u;)JE, . Then the initial boundary value
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o . p2mk 2 2 2
) B N R e g e
v L (0,+00; Hy (Q) N2 (0,T; H*(Q)) , and

Thus, there exists a non-negative constant R, and

||(u,v)||125,c = HDZ'"JrkuH2 +“Dkv“2 < 3 (0)e™ +%(1 —e W ) , 4, =t (Q) >0, such that

2 2 2
THDch “2d 0+ cd ||(u,v)||Ek =”D2’"+ku“ +HDkV” SR} (1>1).
V|| dt < +J. t,
IUOJ.O »1(0) o

Proof. Let (—A)k V= (—A)k u, + £(—A)k u , by taking the inner
. k
where v =u, +éu, ); =min {klﬂgzﬂzg} > productin H of Equation (1) with (—A)k v, we obtain

(u, +a(t)(=D)"u, + A"y + N(”Dmu (t)“z W-D)"u, (—A)k v) = (I(x), (_A)k V). 4)

By using Holder Inequality, Young inequality and Poincaré inequality, the following are obtained by dealing with the
following items in formula (4)

2 2e+¢€ 2 g 2
T e L = ®)
By assuming (A1) and using Young inequality and Poincaré inequality to deal with the strong damping term, we can obtain

(a0 1, (-0 ) 2 %uwv\r -S|, ©

(B2, (-0 v) = (B2, (~0) (u, + Eu)) = “1)2"’”‘ “ + 5“1)2'””‘ H 7)
It can be obtained from hypothesis (A2)
R L I ®)
Using Schwarz inequality and Young inequality to deal with the external force term, we obtain

(1(x), (-0)* v) = (DFI(x), D*v) < ?HD"[@)‘F +£—22”DkVH2 <( +§“Dkv“2.

©
Substituting (5) - (9) into (4), we receive
oA oo ooy A 2e 2y o] w2efoenf
+o( 2% _‘92?”1 il ol + o < (10)
According to hypothesis (A1), we have where

k, :”‘)T"lm—zg—z‘»z2 >0, k, =280, —& A" -2 20. (0) :HDkVHZ +“D2m+ku“2 +5“Dm+kuuz_ (12)

. k . . . .
Let y; =min { ki, ?2 2 g} , then we get By using Gronwall inequality, we obtain

) OO+ 1-eH), ()
m+ 2 y
Eyl(t)+}/1yl(t)+ﬂ0“D kVH <G, (1D :
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T m+k 2 T
yoj'o HD v“ dtSy1(0)+.[0 cdt,  (14)
So, we have

ol = ot
k

2
< 3(0)e” M +ﬂ(1—e_y1l) , (15)
N

and

— 2 G
Jim el <= RE @24

(16)

Thus, there exist a non-negative constant R,? and
t, =t, (Q) >0, such that

||(u,v)||125k :“Dz’””‘uuz +HDkV“2 <R? (t>1). (17)

Lemma 1 is proved
Theorem 1 Under the hypotheses of Lemma 1, and

I(x)UH, (uy,u)UE, . So the initial boundary value
m m m q m .
(3 0) + @(0)(-0)"0, 1)+ 7", 1)+ N (D" O Y0, (0)w)) = (2 w) (1S 7 <.5).
Where, (18) meet the initial conditions u (0)=1u,, ,

Ug (0) = U -

When s — 400, we canobtain (uy,,u;;) — (4g,u;) in E;,
According to the basic theory of solutions of ordinary
differential equations, we know that the approximate solution
u (t) existson (0,t,). Step 2: prior estimation

In order to prove the existence of weak solution in space

E, (k=0,1,2,3,---,2m) , we multiply g} (1)+&g;(¢) at

bothsides

Vi (1) = ug, (0) + Euy (1) .

When £ =0,1,2,3,---,2m , we get a priori estimate of

of equation (18) and sum of ; , Set

solution in space £,

2 _ || y2m+k, |P P o p2
”(uS’vs)"Ek _HD U +|D Vs ES Rk 4

(19)

Lo J'OTHD"’”‘v”Zdt < y,(0) + J'OT Cdt . (20)

(i (1) + )01, 1)+ 87" (1) + N (D", O Y"1 ) = L0y,

problem (1) - (3) has a solution
() DL ([0, +00): Ey) .

Proof. Existence: the existence of global solution is proved

unique  global

by Galerkin method
Step 1: construct approximate solution
Let (-8)""w, =A™ w,, 2=0,1,2,3,-----,m, where A,

is the eigenvalue of -A with homogeneous Dirichlet

boundary on Q, w; is the eigenfunction determined by the

corresponding eigenvalue A ;. all the eigenfunctions {w/} .
i j=

constitute the standard orthogonal basis of HZ™(Q)NH(Q).

N

Set u, =u ()= Z gjs(H)w; be the approximate solution
J=l

of the initial boundary value problem (1) - (3), where g (¢)

is determined by the following system of differential
equations

(18)

It can be seen that the priori estimates of the solution of
lemma 1 in formula (19) and (20) hold respectively. It is

known that (u,,v,) is bounded in L*([0,+0);E,) by
formula (19) and can be obtained v, 0 *(0,7; Hi"**(Q)) by

formula (20).
Step 3: limit process
In space E, (k=0,1,2,3,---,2m) , the subsequence {ul}

is selected from sequence {uS} , so that (u;,v;) - (u,v)

converges weakly * in L([0,+0);E,). In addition, from

formula (20), we can get bounded in

(0,73 Hy'™ (Q).
If we know that E, is closely embedded in E, by

rellich-kondrachov compact embedding theorem, then
(u;,v;) - (u,v) converges strongly almost everywhere in

that u;, is

E,. Thus, we can make s=/ and take the limit in equation

(18). For fixed j,and /=2, we can get from formula (18).

2

Because u, — u weakly * converges in L ([0, +c0); H 2k Q) N Hy(Q)), then

B weakly* converges in C

(O, (=B)* w;) — (@(1),A w;) weakly* converges in L”[0,+0),

G (0, (D) w;) — (u, (), A w;) weakly* converges in L”[0,+c0) .
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Therefore, (u;,(¢),(-0)" wj):%(uh(t),(—A)k w;) - (u, (£),Afw;) converges in D'[0,+w), D'[0,+) is the conjugate

space of D[0,+c0) infinitely differentiable space

(&™y (1), (-D)* w;) - (A*"u (t),/]‘;‘wj) weakly* converges in L7[0, +) .

As a result,

k 2m+k

a(t)(~)" u,, (), (D) w;) - a(t)[((—A)E v(0),A; 2 W/)—E((—A) 2 u(?),A; 2 w;)]weakly* converges in L”[0,+00) .

Futher,

V(D0 Y- 0. (-2 ) (N(\\D"’u(r)\\f])(—mm;u(rmj

In particular, u,, — u, weakly convergesin E,; u, — u; weakly convergesin E, .

Forany j and / - 4o, we can get

(1, (1) + a(O)(~0)" u, (1) + B>"u(t) + N(HD’”u(t)HZ (0" u(0), (-0 w,) = (10, (-B) w,) (1< j<5).

Because of the arbitrariness of w;, we have forany B v[J HF QN H(l) (Q)

Therefore, the existence is proved.
Next, we prove the uniqueness of the solution.

Let u*, V" be two solutions of the system of equations, let w = u =y ,then w satisfies

By using the inner productin H of equation (1) with w, + £w, we obtain

k 2m+k m+k m+k
()", (1), (=) w)) = ((-08)2 v (), (=) 2 w)=((-8) > w(®),(-B) > w;) ,  then
m+k m+k
q q mek mik
D" O M1y 0. -0 ) = N Dy O ) 2 0., ) , then
mtk
2 w;) weakly* converges in L”[0,+00) .
(1, (1) + (00" 0, 1)+ 67+ N D"u(0) Y0 u(0).0) = U .)
wy +a(00)" w,+ 67w+ V(D" O )y =N (D™ @ )y =, (22)
w(0)=0, w'(0)=0,x0QOR". (23)
(o +a)-8)" v, + 87w+ (D" O Y- =D O Wy o e =0, 29)

By using Holder inequality, Young inequality and
Poincaré inequality, the following are obtained by dealing
with the following items in formula (22)

1d d
(W W, + W) :EEMW,”2 +£Z(wt,w)—£"wt”2. (25)

(D> w,w, +&w) = %%”(—A)”’ w“z + £“(—A)'" w“z . (26)

According to the hypothesis (Al) - (A2), Poincaré
inequality and differential mean value theorem, we can obtain

(a(O)(=D)"w,,w, +ew) 2 &d

4 o uforn

(N(“D'”u* (t)“: )(=0)"u" - N(HD’”v* (t)“: YD)V w, +w)

= V(D™ @ Y-my"u” =N (D™ Of Jr )
(O Yy =N (D" @ ) ew
=1 +el,.

(28)

By using Sobolev embedding theorem, we can obtain that,
Hy'(Q) O L7(Q) , then there is a constant K >0, such that

where

NI o [EET2N  2mg=ng+2n
D™ (i) Lq(Q)sK“(—A)mu O = e

29
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2
eaoof -Slearf -Sonf o
Sq<o, n<2m. Combined with formula (24) - (31), it is concluded that
n+2m
d 2 w2 m |12 2
Therefore, E(HWtH +H(_A) W‘ +(£'“+5)‘ D W‘ +280w,, w)) < 26w |
I =(N “Dmu*(t)uq)(—A)'" i —N(”Dmv* (t)”q Y=8)"v",w,) C 2 2
1=V ; ; W +(j+ £C, —25)”(—A)’" w“ +(eC2 —25@)”1)%‘ . (32)
b
Zéi‘D"’w = N'({l)\(quD'”u* @ |om (e) q_i_l)HD”le HDmv*HHme,H Further, due to
2 dt = q q q ’
1 2 A" P
=24l - 4%0 (S A L D Oz =zl -=-fomf . 69

so,
Similarly, there are

Lol el + s oo

‘2 +2&(w,,w)) < 3£||Wt ||2 +(2CTZO +£Cy - 2£)||(—A)'" w"2 +8(C3 -24 + /11"”)||Dm||2 +2&(w;,w). (34)

2 -m
£ =20, + A
Let ), = max {35,& +£C, —2¢, (G 24 +A47)

,1 ¢+, such that
244 (e +0)

d
ZYz(f)Syzyz(f)a (35)

where

‘2 +26(w,, W), (36)

(1) = "Wt "2 + “(‘A)m WHZ +(gu+ 5)“me
By Gronwall inequality, we get

1, (1) < y,(0)” =0, (37)

Thus »,(t) =0, ie. u =v", so the uniqueness is proved.
Theorem 2 According to lemma 1 and theorem 1, then the initial boundary value problem (1) - (3) has a family of global
attractors

Ay =By, )= n O S(t)By,(k=1,2,3,---,2m),
720121

2 2
where By, ={(u,v) U E; :”(u,v)”; :“Dzmku” +“Dkv“ <R} +R§] is a bounded absorbing set in E; and satisfies the

following conditions:
1) S@®A, =4,,t>0;
(ii) lim dist(S(t) B, 4,) =0 (0B, U E;) B, isabounded set;
t >0

where dist(S(t)B,, A, )= sup igf ||S(t)x—y||E , S(¢) is the solution semigroup generated by the initial boundary value
x0B, Y 4y k

problem (1) - (3).
Proof. It is necessary to verify the conditions (I), (IT) and (IIT) for the existence of attractors in reference [2]. Under the
condition of Theorem 1, there exists a solution semigroup S(¢):E, — E, of the initial boundary value problem (1) - (3).

From lemma 1, we can obtain that OB, O E, is a bounded set that includes in the ball {||(u,v)|| S Rk} .
k
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50, =l i 0 < * il + O

where 20, (uy,v) 0By, this shows that {S()} (t=0) is

uniformly bounded in E,

Furthermore, for any (u,,v,) O E, , when ¢ 2 max{tl,tk} ,

we have
||S(t)(”0"’0)"125k = "”";gm*k(g) +||V||§1(’;(Q) <SR +R;,(39)

Therefore,
By, :[(u,v) 0E, ;||(u,v)||2Ek :||D2m+ku||2 +||Dkv||2 <R} +R§}

is a bounded absorbing set in semigroup S(¢).
According to the rellich kondrachov compact embedding
theorem, if Ej is compactly embedded in E,, then the

bounded set in £, is the compact set in E;. Therefore, the
solution semigroup S(¢) is a completely continuous operator,

thus the global attractor family 4, of solution semigroup
S(t) is obtained. Where A4, =By, )= U S(#)By,
=021
The prove is completed.

4. Dimension Estimation

In this part, we first linearize the equation into a first-order
variational equation and prove that the solution semigroup
s(t) is Fréchet differentiable on FE, . Furthermore, we
prove the decay of the volume element of the linearization
problem. Finally, we estimate the upper bound of the
Hausdorff dimension and fractal dimension of 4,

The initial boundary value problem (1) - (3) is
linearized and rewritten into a first order variational
equation

w,teEw=6, (40)

G —£0+ X w+ D" w+a(t)(-Db)" 8- ga(t)(-D)" w+ N(

D”’u(t)HZ)(—A)”’w

+N'(HDmu(t)“Z)(HDmu(t)“Z)'D’”W(—A)’”u =0, (41

h= [N(HD’" E(r)”z) - N(”Dmu(t)uz (=D)"u - N'(”Dmu(t)”z )(”Dmu(I)HZ Y D" w(=A)"u .

(38)
(w,0)|, =&, x0Q, (42)
w6, )| aq = (0) w(x,0)|aq =0, (43)

6(x,0)| 50 = (-BY 6(x,1)|oq =0,i =1,2,I2m ~1, £ >0. (44)

Where &=(&nDE, ,  @v)=St)(uy,vy) is the
solution of the initial boundary value problem (1) - (3).

Given (uqy,v,)U 4, , then we can get S()(u,,v,)UE, . It
is proved that there exists a unique solution to the linearized
initial boundary value problem (40) - (44) forany ({,7)UE, .

Lemma 2 If S(t):E, — E,, the Frechet differential on
Ny = (uy,v,) 1is a linear operator F :(&,77) - (w,8), for any
t>0,R>0 , the mapping S(¢):E, - E, is Fréchet
differentiable on E, , where (w,8) is the solution of the
linearized initial boundary value problem (40) - (44).

Proof. Set 7y = (ug.vo) DE, , 1y = (uy +& v, +7)DE,

and ||,70||Ek <R, Hq_OHEk <R.
We define 7, =S, = u,v), 7, =S, = u,v),

where the semigroup S(z) is Lipschitz continuous on the
bounded set of E,, i.e.

—I? ct 2
|som -som| se @l . @)
Let (¥, p) =/71—/71 -U =(;—u —w,\_/—v—H) , then
Y rey =g, (46)

a-ep+ ey oy + (Do -0y =k (47)

YO0)=@0)=0, (48)

where

(49)

By using the inner productin E, of Equation (47) with @, we obtain

2 2 2 2 2 2
et e ool o tyyze |ptaf vaelor iy <26t
t

N D" YD . D oy + 2| - (-0)' ).

(50)

Now we deal with &, let f =D"u(r), ? =D" ;(t) , and deal with equation (49) with the help of differential mean value
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h=N'(a Dl D" @ =wy=0)"u =N IDA ALY D" = u)(-2)"u

N (DA )" D"

=h+hy,

Whete g =(1=) 7 +sf » s0O.D, b =V rADAAB" 0"

hy = N'(le D) D™ e =)(=)"u = N A DAL " =) (=)

Further, let g'(¢) = N'("cl”Z )("cl”Z ), then

Iy =[(2'(6) = &' D" u+ &' (f)(~D)" (u —u)]D™ (u 1)

= g"(6)(1=s)(D" (= u))> (=)™ u + g'(f )(=D)" (u —u)D™ (u —u) ,

where ¢, =85 +(1-6)f, 80(0,1).

Therefore,

where

|, (=8Y @) =| (= + 1), (-0 @) < |, (-0 @) + |y, (-2 )],

(=00 = o I A 2 D" ()

>4

Sl

|, (=) ) = (g (€)1 = )(D™ (=) (=) "1+ &' ()(L)" (u =)D" (=1, (1) @)

sch—Awu D"y

0

< %“Dzmkw

[0y u” @-uy’ o) gix

<|g"()|, +|g'(),

sCJﬁﬁ#kLJ[ﬂm%;Uf%;—unz+Lﬂm;Dka%;—u»2fdﬂ;
ﬂﬂ@%ﬁLu#WWZﬂmwd—w+pmé—mDﬂDwﬁﬂmfw;

S4(3“Dk#kj;(Db“*;f(Dm(;—uD4dx+j;(D2m;f(Dm”K;—u»4dﬂ;

+4Gy [0 (| (7" =) (0" =)+ | (D" i) (0 - a2

4|t efor o-w o] ot -, [

l

w6 [P o -] o] e[ |

D" (=)

[0y @=wp" @-u o) @i
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(52)

(53)

(54)
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sscfor oo wsca oo iof

< %“Dk d +2ck + )0 - (55)

Combined with formula (53) - (55), it is concluded that

Cs + Gy +Cy

‘(_h,(—A)k qo)‘ < C6T/]lm“D2m+ka2 . :

HD"A‘Z +2(C +C2 )”DZ"’”‘ (u- u)”4 . (56)
Furthermore, substituting formula (56) into equation (50), the result is as follows
Gl o] oty s @ ecore vagsanfotef -2 o]
+a + A 20 [0 +ach + o - (57)

Let y; =max{d] +Cq+Cy +Cy +26,-26,0 + C A" =26, 4(C + L)}, we can get

ot w2 ol sty snlod <o fotof ol o)),
From Gronwall inequality and Lipschitz property of (45), we can obtain

“Dk4‘2 +HD2m+kw”2 < QUACN "(55,7)”4@ ’ (58)

So, when ||(f,/7)||E -0 Fréchet differentiable, then the linearized first order
k

variational equation (41) can be rewritten as
2

”S(t)ﬂo =8, — FS()(E,1)

P+NA@)P=0, (39)

2 Slat G AR
[&ml, P=F(9), (60)

The prove is completed.
Theorem 3 Under the assumptions and conditions of  where

theorem 2, then a family of global attractors 4, of initial el -/
boundary value problem (1) - (3) has Hausdorff dimension and A(S) = m 9
fractal dimension, and @)= (N(|42u| Y- ga() A" + A" +E21+D  a(t)A" -l

q

1 6
dy (Ak)<§n’ dr (Ak)<§n’ I is an identity operator, -A=4 , P=(w,0) OE, ,

O=w, +ew.

Proof. Let 9=R.¢=(u,v)', é=@u) , v=u, +&u, For a fixed (uy,vy)UE,, let B,Bs,....5, be n elements
then R, :i{u,u;j — {u,u, +&uj is an isomorphic mapping. If  p E,, and w;(¢),w,(?),...,w,(¢) be n solutions of linear
A,(i=1,2,---,2m) is the global attractor of {S(t)} ,then 4.,  equation (59), whose initial value is
is the global attractor of {Sg(t)} , and they have the same "1 (0) = B, (0) = fBy,...ow, (0) = 5, .
dimension. Therefore,

From lemma 2, we can get that S(¢):E, — E, is

d 2 _
E"Wi (ONw, (ON... Aw, (t)"AEk —2trF,(3(1) 1D, (D|| BABN. ../\ﬁn||AEk =0. (61)
Furthermore, from the uniform Gronwall inequality, we can obtain

[ (OAW, (OA.... Aw, (t)"iEk =|BABN...\B,| AE, exp(jot rF,(3(1)) [, (1)dT), (62)
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where A is the outer product, # is the trace, Q,(r) 1is an orthogonal projection from space £, to
span{ wi (8), Wy (£),..., W, (t)} .
T
For a given time 7T , let a)j(T)Z(Ej(T),qj(T)) (j=L2,...n) be the standard orthogonal basis of spance

span{ wi (8), Wy (£),..., W, (t)} .

We define the inner product of E, as
(&m.(2.7))=(("* &, ) +(D*n.0'7)). (63)
To sum up, it can be concluded that

N N
oF, (9(0) 1, (1) = X (E GO R, (N, (0).0,1), =2 (F(90) @ 0).0,), (64)

J=l J=

—_

where
(£ (#m) e 0.0,1), ==-(ADw.@))

/]_

s-eforte [ @ -amdom e [ <otn [ —pte |

2 2 2 2 2 C%) 2
e R e R e R e e v

BT et o o S ot oo

<=Co(jpig [ el [ oo | )

o _ _ o2 2m _ 2_C14/11_m_k n
where Cls—mm{(f/lo O)—&NT",—€ — (- TrE(z?(T))@n(T)s—nC;S +FZ/\,~‘H. (69)

J=
r= max{Zs,d} .

Let
T
Owing to the @;(1)=(&;(0).7;(1)) .j=12...n is the 1
standard orthonormal basis of span{w1 ®),wy (1),...,w, (t)} , In (t) = ;SZE HSEIE’ CFS(MH) 0, (n)dr), (70)
k'l k
S0 o ku”, i
2m+k £ |? K, P
[p2& |+, | =1, (66) and
n nC, i 4y :tlilgqn(t), (71)
2 (FoO@mem), <=k |o, [.6n
j=1 2
' $0
For almost all ¢, there are nC "
) Gy S=——F+r ¥ A B (72)
> [0, < = A (68) s
J=1 j=l

Therefore, the Lyapunov exponent Aj,K,,...,K,(n>1) of

where a ZZL and a0[0,1], A, is the eigenvalue of 4" By is uniformly bounded, and
- .

n =

and A <A, <---<A, thus K +Ky+.. K <—nCJ+ri A 13)
=1
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such that
nC, noa no . nGC
(qj‘)+—_ L +VZ/\j ISI’Z/\/ 15_15, (74)
Jj=l1 Jj=1 : 12
nCs 2r oo 5
Ss—=|1-—> A, <-—=nCy. (75
o 2 { nCs El / 12778 (79)
Further, we can get
max ) Sl. (76)
1<j<n |qm| 5
1 6 .
Therefore,  dy (Ak)<§n, dp (Ak)<§n , le. the

Hausdorff dimension and Fractal dimension of a family of
global attractors are finite.

5. Conclusions

On this paper, we studies the existence and uniqueness of
the solution of the equation, when the order m and the order

q of the Banach space L"(Q) meet certain conditions

(Lemma 1 and Theorem 1). Then, we obtain the solution
semigroup s(r) generated by the equation has a family of

2m+k

global attractor 4, in space Ej, =(# @n H(l)(Q))ng Q)

(Theorem 2). Finally, we get the Hausdorff dimension and
Fractal dimension of a family of global attractors 4, are

finite (Lemma 2 and Theorem 3).
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