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Abstract: According to the Nevanlinna theory, many researches have undertaken the behaviors of meromorphic solutions of
complex ordinary differential equations (ODEs). Most of these researches have concentrated on the value distribution and growth
of meromorphic solutions of ODEs. However, the existence of a meromorphic general solution is often used as a way to identify
equations that are integrable. Especially, the existence of global meromorphic solutions of differential equation f "y Al2)f=0
with entire coefficient can be settled, resulting in the characterization of Schwarzian derivatives. This is concerning with the

linearly independent solutions of linear differential equations f +

h(z) f = 0. The purpose of this present paper is to find

(z2—20)2

explicit solutions of differential equation in terms of finite combinations of known functions, that is, we use local series methods

1" h(z)

and reduction of order to solve all linearly independent solutions of some third-order ODEs f + Goz)® — = 0 with entire

coefficient h(z) in the neighborhood of zy.
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1. Introduction

Ordinary differential equations(ODEs) in the complex
domain is an area of mathematics admitting several ways
of approach, which basic results can be found in a large
number of text-books of differential equations, see, e.g. [12,
13, 16]. At present, many researches focus our interest on
Nevanlinna theory, and have undertaken the value distribution
of meromorphic solutions of ODEs, see, e.g. [2-8, 11,13-15,
17-18].

However, finding explicit solutions of ODEs in terms of
finite combinations of known functions is more difficult.
However, it was observed in the late nineteenth and early
twentieth centuries that ODEs whose general solutions are
meromorphic appear to be integrable in that they can be solved
explicitly or they are the compatibility conditions of certain
types of linear problems [1]. The condition that the general
solution is meromorphic can be replaced by the condition that
the ODE possesses the Painlvé property, that is, all solutions
are single-valued about all movable singularities.

Finite order functions have special properties and so they
have been the subject of intense study [10]. The major result
concerning the order of growth of meromorphic solutions of
first order ODEs is the following theorem due to Gol’dberg.

Theorem 1.1. [6] All meromorphic solutions of the first
order ODE

Qz, f, f) =0, (1)

where (2 is polynomial in all its arguments, are of finite order.

A generalization of Gol’dberg’s result to second order
algebraic equations have been conjectured by Bank [2].
Hayman [9] described a further generalization of Bank’s
conjecture to nth-order ODEs. If f(z) is a meromorphic
solution of

Q(Zafaf/7"'7f(n)):07 (2)

where () is polynomial in z, f, f,7 -, f™) then we have

T(r, f) < aexp,_1(brc), 0<r < +oo, 3)
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where a, b and c are constants and exp; (z) is defined by

expy(z) =z, expy(x) =e€”,
eXPj(x) = exp{expjfl(x)}.

In this paper, we will focus our interest on finding
explicit solutions of differential equation in terms of
finite combinations of known functions, that is, we use
local series methods and reduction of order to solve all
linearly independent solutions of some third-order differential
equations.

The remainder of the paper is organized as follows. In
Section 2, we recalled some results on the existence of global
meromorphic solutions of second-order ODE

an h(z)

(z — 20)?

which resulted in the characterzation of Schwarzian
derivatives. In Section 3, the explicit solutions of differential
equation in terms of finite combinations of known functions to
solve some third-order ODEs

1 h(z)
Fo+ (z — 20)3

with entire coefficient h(z) in the neighborhood of zy have
been arrived.

f f=0,

=0

1—-m 0
b1 4 — 2m
b b
D(z) = 2 '
br—o by—
bm—1 by

Moreover, these continuations g of local quotients all satisfy,

in G,
1" ! 1 " 2
g g
Sg=|= | —=| = | =2A(2).

Corollary 2.1.[12] Let G C C be a simple connected
domain such that A(z) is meromorphic in G. The differential
equation (4) admits two linearly independent meromorphic
solutions in G if and only if at all poles zg of A(z), the Laurent
expansion of A(z) is of the form (5), satisfying (6) with an odd
integer m > 3 and (7).

In order to prove Theorem 2.1, Herold first gave out explicit
solutions of equation

;b
f +mf—0, ®)

where h(z) is analysis in |z — zg| < R, R > 0. Obviously,
(8) is just a simplified form of (4) and satisfies (5) and some
special conditions. He decared

(m—1)2 _ (m—1)m bm.,l

2. Explicit Solutions of Second Order
Differential Equation

When considering the formal form of second order
differential equation

f AR f=0, (4)

where A(z) is meromorphic, we need first to find out whether
its meromorphic solutions exist or not. The existence of global
meromorphic solutions of (4) can be settled, resulting in the
characterzation of Schwarzian derivatives, see Theorem 2.1
and Corllary 2.2 obtained by Herold[12].

Theorem 2.1.[12] Let G C C be a simply connected
domain, such that A(z) is meromorphic in G. The quotient
of any two local solutions of (4) is meromorphic and admits
a meromorphic continuation into the whole G if and only if at
all poles of A(z), the Laurent expansion of A(z) around z( has
the form

Az) = G bOZO)Q + - flzo +by+ .., (5)
where
4by = 1 —m?, mis integer and m > 2, (6)
and
0 by
0 b
9 bf” =0. (7)

b1 b,

Theorem 2.2. [12] Suppose h(z) is analytic in |z — 2| < R,
and consider the differential equation (8) in the disc |z — zo| <
R. Let p1, p2 be the roots of

p(p—1) + h(z0) =0,

assuming that p; — po € Z\{0}. Denote by D = D(r) the slit
disc
D= {z]|z — zo| <r}\{20 + [0 <t <r}.

Then (8) admits, in some slit disc D = D(r),r < R, two
linearly independent solutions f1, fs of the following form

oo}

fi=(z=2)"> ai(z—20)",a0 # 0,
- - ©)
fo=kf1(2)log(z — 2z0) + (2 — 20)"? Z bj(z — z0),
=0

where either k = Qor k = 1.
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3. General Solutions of Third Order
Differential Equation

In this section, we discuss about linearly independent
solutions of the following third order differential equation.

1" h
L)

1+ et o (10)

where h(z) is analytic |z — zp| < R. We want to find explicit
solutions of linear differential equation (10) in terms of finite
combinations of known functions, and obtain

Theorem 3.1. Suppose h(z) is analytic |z — 29| < R, and
consider the differential equation (10) in the disc |z — zo| < R.
Let p1, p2, p3 be the roots of

p(p—1)(p—2) + h(zo) =0,

assuming that p; —p; € Z\{0},1 < i < j < 3and h(z) # 0.
Then (10) admits, in some slit disc D = D(r),r < R, three
linearly independent solutions f1, fa, f3 of one of forms:

fi=(2—2)" ZQ(Z - 20)",
i=0
fo= (z—zo)chf(z—zO)i, (11)
i=0
fs= (220" ¢*(z = 20),
i=0
and -
fi=1(2—2)" ZCZ(Z —20)",
i=0
fo=(2=20)) i (2= 2)",
=0 (12)
f3 = & f1log(z — 20)
+7kf1/ (;j) log(z — z0)dz
+ (Z _ 2;())—172—[)1-"-1(1)(Z)7

where ®(z) is analytic in D.

The idea of the proof is to submit the Laurent series of f(z)
and h(z) to (10) and to compare with their coefficients. By
this way, we can conclude the indicial equation p(p — 1)(p —
2)+ h(zo) = 0. Theorem 3.1 shows the finite combinations of
known functions f1, f2 and f3 when h(zg) # 0. If h(z¢) = 0,
we further obtain

Theorem 3.2. Suppose h(z) is analytic |z — 29| < R, and
consider the differential equation (10) in the disc |z — zp| < R.
Let p1, p2, p3 be the roots of

p(p—1)(p—2) + h(z0) =0,

assuming that p;, — p; € Z\{0},1 < i < j < 3, and
h(z0) = 0. Then except the forms of (11),(12), (10) also

admits , in some slit disc D = D(r),r < R, three linearly
independent solutions f, f2, f3 of one of forms:

A== 20)? Xz — 20),
f2 = f1 fgle = klfl log(z — Zo)

+ (2 — 20) " 1o3(2), (13)
fs = f1 [ gadz = ko f1log(z — )
+ (2 — 20)1 Ty (2).
J1 :(2720)221 0 ci(z *Zo)ia
fo =cifilog(z — z0) + (2 — 20)" 191 (2), (14)
fs =dafilog(z — 20) + (2 — 20)" 21(2).
fi = Z?io Ci(Z - Zo)i,
fo = f1[gidz = (2 — 20) T o5(2), (15)
fs = [f1[g2dz = (2 — 20)" T (2).
fi =(z—20) 2 Z0ci(z—2),
f2 = (z—20)"or(2), (16)
fs =& f1 [ @(2)log(z — 20) + <1 f1log(z — 20)
+(2 = 20)" g8 (2)-
fi =30z~ 20)",
fo = (2= 20)" " 2¢g(2), (17)
fs = &afi (= — )B(2) log(= — 20)dz
+(z — 20)Pr L0 (2).
fi =(z=20) 220 ci(z — =),
o = (2= 20" 2¢11(2),
f3 =&f1 [(z— 20)®(2) log(z — 20)dz (18)
+¢3f1log(z — 20)
+(z — 20)P* " 2¢12(2).

where ®(z) and ¢;(z),j = 1,2,--- ,12 are analytic.

We now give some Lemmas to prove theorems.

The general solutions of differential equation come from
the finite combinations of known functions. The number and
forms of known functions can detect the forms of solutions. If
two known functions are determinate, we have

Lemma 3.1. Suppose that (10) possesses two linearly
meromorphic solutions fi = (z — 29)* > .o ai(z — zo)" and
fo= (2 = 20)P2 D02 bi(z — 20)", satisfying that py # po.

Then another solution of (10) is of the form

f3 =& frlog(z — 20) + e f1 /(%)’log(z — 20)dz 19
+ (Z _ ZO)—M—Pl-‘rlq)(z)7

where ®(z) is analytic.
Proof. Assume that f = f1F is a solution of (10). Then

"= fF+ hF
= HF+20F + [,
f/// — f{”F—i—Sf{lF/ +3f{FN +f1FIN.
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Substituting the above equations into (10), we obtain

19" +3f19 +3fg=0, (20)

where g = F”.
In order to get f3, we need to solve the equation (20). Since

/
f2 is also a solution of (10),we can calculate that g; = (%)

is one solution of (20).
Assume again that ¢ = ¢, G is one solution of (20). Then
we have

9 =9G+ad,
g =g!G+2¢,G' + q1G".

Substituting the above equations into (20), we obtain

(2f191 +3f191)W = — frgs W', (21)
where W = G'.
Solve the equation (21) and we have W = cg; 2 fr 3

Substituting W into ¢ = ¢1G, then go = ¢ [Wdz =

a [ cgfszgdz is a solution of (20). What’s more, let f3 =

f1 | g2dz and then f5 is the solution of (10) that is arrived.
We now calculate the explicit form of f3. Actually

72
o= [(jﬁ) ] = (= z0) T 2),

G = C/Qfof3dZ = v log(z — 20)
+ (z _ ZO)_2/’2_,01+3(I)2(Z)7

g2 = 1G = yrg1 log(z — z0) + (2 — 20)792’2”1“(1)3(2).

Hence
fza=h /gde = &if1log(z — 20)
+ Y1 /91 log(z — 29)dz + (2 — zo)_p2_”1+3<1>(z),

where @1 (z), Po2(2), P3(z), P(z) are analytic.

However, if just one known function is determinate, we have

Lemma 3.2. Suppose that (10) just possesses one solution
Ji=(2—20)" > i2, ai(z — z0)". Then all other solutions of
(10) admits one of the following forms: (13)—(18).

Proof. Using the same method as in Lemma 3.3, we still
need to solve equation (20), while in this case g(z) is unknown.
We need to find out a set of linearly independent solutions
g1 and go. Then let fo = f1 [gidz, f3 = f1 [ gedz and
such fo,f3 are the solutions of (10). Assume that g(z) =
(z — 20)% 3202y ci(2 — 20)". In the following, we will split
our proofs into six cases.

Case 1. Suppose that p; # 0,1 and k # 0, 1. Then

fi =ao(z — 20)" +a1(z — 20)" T + ...,
fi=aop(z = 20)" "+ ai(p+1)(z — 20)" + ...y
f = aop(p = 1)(z = 20)" 7 +ar(p+ )p(z — 20)" " + .,

g=co(z — zo)’C +ci(z — zo)k‘H + oy
g =cok(z—20) "+ ea(k+1)(z—20)" + ..,
g =cok(k—1)(z—20)" 24+ c1(k+Dk(z—20)" " + ...

Substitute the above equations into (20) and compare the
coefficients of the lowest term (z — 2)?1T#~2_ we obtain

aocok(k — 1) + 3a0plcok + 3a0p1(p1 — 1)00 =0.

It is necessary to notice that A = —3(p; — 1)2 +4 > 0 and
p1 € Z,hence py =2,k = —2o0r k= —3.
When p; =2,k = —2,forany n € Z,
fi=aolz—20)*+ ... ¥ an(z —20)" " + ...,
f1=2a0(z—20) + ... + (n+2)an(z — zg)"+1 + sy
fil=2a0+..+(m+2)(n+Dan(z—20)" + ...,
g1 =co(z — 20)72 + ot ca(z— zo)"*2 + .,
gy =—2c0(z—20) P4+ ..+ (n—en(z—20)" 7 + ...,
g, =6co(z—20) 4 ..+ (n—=2)(n—3)en(z —20)" "+ ..

Substitute the above equations into (20) and consider the
coefficients of the lowest term (z — z0)" ™2, we have

[ap(n —2)(n — 3)cp + ... + 6anco]
+ 3[2a0(n — 2)cy, + ... + (N + 2)an(—2¢0)]
+ 3[2a0cn + ... + (n 4+ 2)(n — 1)anco] = 0,

and then
3@100
L= —
1 2a0 )
1la1c1 + 18ascy
o =——""—
6(10
> Ki(n)aica—
Cp = )
n(n + 1)ag
where

Kin)=n—-i—-2)(n—i—3)+3(i+2)(n—1i—2)
+3(i+2)(@+1) < 7(n+2)>

We now affirm that the formal power series g1 = (z —
20) "2 Y oo ci(z — zp)" converges. If we can prove that for
some 7 € (0,R) and some M > 0,|c;|r® < M holds for
i = 0,1,2,..., we have limsup|e]|i < 1 and therefore
g1(z) converges. Actually, suppose that there exists some
r > 0,M > 0 such that |¢;|r* < M fori = 0,1,....,n — 1.
Since (2 — 20)* >_i, ai(z — zo)" converges and vanishes
at z = 2z, decreasing r if needed, we have for each n,

Yoo lailrt < 7(?&?2‘;3'. Then for i = n,

S | Killai | | ep_g | 7"

cplr™ <
jenlr” < n(n+1)|ap |

<M.
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Hence g1 = (2 — 20) "2 Y ;00 Ci(2 — 20)" converges and is
one solution of (20). Using the same method we can prove that
when p1 =2,k = =3, 92 = (2 — 20) > Yo di(z — 2)" is

also a solution of (20). Therefore, we obtain the other solutions
of (10) as follows:

fe=h /gle = c1f1log(z — z0) + (2 — 20)” " 1 (2),

fa=h /ggdz = daf1log(z — 20) + (2 — 20)" 21 (2).

Case 2. Suppose that p; # 0,1 and & = 0. Then by
comparing the coefficients of the term (z — 2)?1~2 in (20) we
obtain

aopl(pl - I)CO =0.

Therefore p; = 0 or p; = 1, a contradiction.

Case 3. Suppose that p; # 0,1 and & = 1. Then by
comparing the coefficients of the term (z — z)?1~1 in (20) we
obtain

3appico + 3aop1 (01 — 1)(30 =0.

Therefore p; = 0, a contradiction.

Case 4. Suppose that p; = 0 and & # 0,1. Then by
comparing the coefficients of the term (z — 2)*~2 in (20) we
obtain

G,QCOk(ki — 1) =0.

f=(z—20)) ai(z—2x),
=0

Therefore £ = 0 or K = 1, a contradiction.
Case 5. Suppose that p; = 1 and £ # 0,1. Then by
comparing the coefficients of the term (z — z9)*~! in (20),

we obtain
aocok(k - 1) + 3(1000]43 =0.

Therefore ¥k = —2. In this case g7 = (z —
20) 232 si(z — z0)" is a solution of (20). By Lemma 3.3,
another solution of (20) is

g2 =q01G =g /91_2f1_3d2 = O3(2).

Hence, we have three linearly dependent solutions of (10) as
follows:

fo=fi /g1d2 = k1 f1log(z — 20) + (2 — 20)" 1 3(2),

fs= h / gadz = (2 — 20)" L (2).

Case 6. Suppose that o; = 0 and k = 0. Then by comparing the coefficient of the term (z — zp)™ in (20), we obtain the form

of common term

Cy =

B 3(1161 + 3(1201
2a0
8aico + 12asc1 + 18ascy

i

C3 =

ceey

7

6a0

Cp =

Here cg, c; is determined arbitrarily.

Z?:l Ki(n)cia’rL—i
n(n—1)ay

Using the same method as in Case 1, we can prove that the formal power series g1 = > .- ¢;(z — z)® converge. By Lemma

3.3,

92 =90G=q /91_2f1_3d2 =Y &ilz—20)".
=0
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Hence

fa=Ff /gldz = (2 — 20)" " ¢5(2),
fs=h /gde = (2 — 20)"" g6 (2).

Similarly,
forpy =1,k =0,

f2= (2 — 20)"" 7 (2),

fs=&h / ®(z)log(z — 20) + s1.f1log(z — 20) + (2 — 20)” ' ¢s(2).

forpy =0,k =1,

fa= (2= 20)" P (2),

fa=&h / (2 — 20)®(2) log(z — 20)dz + (= — 20)" Hbro(2).

forpy =1,k=1,

— 20)" P ¢11(2),

f2=(z

f3=¢&f /(Z — 20)®(2)log(z — 20)dz + 3. f1log(z — 20) + (2 — 20)”* 2¢12(2).

Remark 3.1. It is necessary to realize that, in Lemma 3.4, all
cases of solutions satisfy additional condition h(z) = 0.

Based on the above lemmas, we can prove Theorem 3.1 and
3.2.

Proof. of Theorem 3.1. Suppose that

o0
f( Z—ZopZCzZ—Zo »
=0

and -
=Y Bi(z— )’
i=0
Then we conclude that

f"(2) = coplp — 1) (p —
+e1(p+1)plp -

2)(z — 29)P 73
(z—20)""2 + ...

Substituting the above into (10), we obtain

COSOU(p) = 0)

crpo(p+1) + copr(p) =0,

cnpo(p+n) +cno101(p) + ... + cron—1(p)
+ CO‘Pn(p) = O,

(22)

where

wo(p) = plp — 1)(p —2) + h(z0),
vi(p) = Bi

As p1, pa, p3 are distinct roots of p(p—1)(p—2)+h(z) = 0,
without loss of generalization, we may assume that p; > py >
P3-

When p = py, for any k € Z, po(p1 + k) # 0, then

_Ck_lﬁl + ..+ co Pk
wolpr+k)

Ck

Besides we need to prove that the formal power series f; =
(z — 20)P* i ci(z — 2{) converges. Actually assume that
les|rt < M fori = 0,1,...,m — 1, and we need to prove that
such inequality still holds for ¢ = n.By (22) we have

n
|<,Oo(,0 + n)ch| < Z ‘Cn—iHﬁi"
i=1
By simple calculation we have
po(p+n) = wolp+n) —wo(p)

=(p+n)p+n—-1)(p+n-2)
+Bo—plp—1)(p—2) — Bo.

Hence |po(p + n)| > en®.
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Therefore

n
lpo(p+ n)llenlr™ <D lenilr™ |8l
i=1

<MD i=1"Bi|r" < Mck.

Then Mok
<M

cn3

|cn7“"| <

When p = po, there exists k; = p; — p2 such that
wo(p2 + k1) =0.If
Chy 1P+ oo 5 Bry, =0, (23)
then we may determine ¢, arbitrarily and for k # k1,

_02_1[31 + .+ 5Bk
wo(p2 + k)

c =

Therefore fo = (2 — 20)P* Yoo ¢ (2 — 2§) converges as a
solution of (10). However if (23) doesn’t hold, we cannot find
out the form of f5 in this way.

When p = ps, there exists ko = ps — p3 and k3 = p1 — p3
such that @o(p2 + ki) = 0,9 =2,3. If

0227151 +...+c(*),6’k2 =0 24)
as well as

Cha1B1+ o+ g Bry =0 (25)

holds, we may determine ¢} and c; arbitrarily and for k #
k27 k3’
oo ChiaBit 46 B

C fry
» vo(ps + k)

Therefore f3 = (2 — 20)7* Y o ;¥ (2 — 2§) converges as a
solution of (10). However if either (24) or (25) does not hold,
we cannot find out the form of f3 in this way. Thus, we need
split our proofs into three cases.

Case i. When (23),(24) and (25) hold, we can immediately
find out the form of fy, fa, f3 as (11).

Case ii. When (23) holds, either (24) or (25) doesn’t hold,
then f, fo are known solutions of (10) and by Lemma 3.3 we
can find out the form of f1, fs, f3 as (12).

Case iii. When none of (23), (24), (25) holds, then f; is the
only known solution of (10). In this case, h(zp) # 0, so that
p1 # 0,1,2 . By Lemma 3.4, we know that in this case we
cannot find out suitable form of f1, fs, f3.

Proof. of Theorem 3.2. Using the smilar method as in
Theorem 3.1, except Case i and Case ii hold, we further deduce
from Lemm 3.4 that one of the forms of f1, fs, f3 as (13)—(18)
holds. In this case, h(zp) = 0, none of (23) , (24),(25) holds,
and f; is the only known solution of (10).

For a special case, we also obtain

Theorem 3.3. Suppose h(z) is analytic |z — 29| < R, and
consider the differential equation (10) in the disc |z — 29| < R.

Let p1, p2, p3 be the roots of

p(p = 1)(p = 2) + h(z0) =0,

assuming that p; = po while ps # ps, p; € Z,i = 1,2,3 and
h(zo) # 0.

Then (10)admits three linearly independent solutions
f1, f2, f3 of the following forms

ai(z — zo)i

fi=(z—2)"

v

<
Il
=]

fo= (2 —20)” bi(z — 20)"

-

-
Il
o

f3 =& frlog(z — 20) + e f1 / (j:j) log(z — 2z9)dz

+ (z _ ZO)—Ps—P1+1(I)(z)

Proof. Assume that p; > p3. Similarly as in the proof of
Theorem 3.1, fi = (2 — 20)"* > io( @i(z — 2p)" is a solution
of (10).

Let k = p3 — p1, thenif ¢, p1 + ... + coBr = 0, we have

f2= (2 —2)” sz(z — z)".
i=0

By Lemma 3.3, we have

f3 = &kf1log(z — 20) + i fa / (jﬁj) log(z — 20)dz
+ (2 —20) P HD(2).

If ¢ 51 + ... + coBr # 0, which means that we cannot find
out the form of f; in this way. As h(zp) # 0, by Lemma 3.4,
we cannot find the solutions of (10).

Remark 3.2. Suppose h(z) is analytic |z — 29| < R, and
consider the differential equation (10) in the disc |z — 2p| < R.
Let p1, p2, p3 be the roots of

p(p—=1)(p—2) +h(z0) =0

assuming that p; = pa2 = p3 € Z. Though h(zp) # 0 in this
case, we cannot calculate out the explicit forms of solutions of
(10) by Lemma 3.3 and 3.4.

4. Conclusion and Further Discussion

It is well known that every holomorphic function on a
simply connected domain in the complex plane can be realized
as the Schwarzian derivative of a function that is meromorphic
on a given domain. Furthermore, This function is essentially
unique by a Mobius transformation. Thus, various results
about solutions to second order differential equations with
meromorphic coefficients are related to this theme.

In this paper, our main result are concerned with a very
particular type of a third order differential equation (10). We
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use local series methods and reduction of order to solve all
linearly independent solutions of some third-order ODEs (10).
Thus, the explicit solutions of differential equation (10) in
terms of finite combinations of known functions.

Throughout our paper, our results are raised from a very
natural question. Some profound questions should be further
discussed. Second order ODE of (8) has connection to
Teichmuller theory. But, when n is greater than or equal to 3,
we do not know whether there is connections with Teichmuller
theory or not. Similar results hold if we take an n-th order
differential equations of the same type to (10). It is more
complicated for us to detect all linearly independent solutions
of some n-order ODEs by using local series methods and
reduction of order. We need to use computer technology on
a large scale.
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