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Abstract: The main scope of this paper is to focus the approximate controllability of second order (q€(1,2]) fractional
impulsive stochastic differential system with nonlocal, state-dependent delay and Poisson umps in Hilbert spaces. The existence
of mild solutions is derived by using Schauder fixed point theorem. Sufficient conditions for the approximate controllability are
established by under the assumptions that the corresponding linear system is approximately controllable and it is checked by
using Lebesgue dominated convergence theorem. The main results are completly based on the results that the existence and
approximate controllability of the fractional stochastic system of order 1<q<2 and are derived by using stochastic analysis theory,
fixed point technique, g-order cosine family {C,(?)} o, new set of novel sufficient conditions and methods adopted directly from
deterministic fractional equations for the second order nonlinear impulsive fractional nonlocal stochastic differential systems
with state-dependent delay and Poisson jumps in Hildert space H. Finally an example is added to illustrate the main results.
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1. Introduction

The concept of semigroups of bounded linear operators is
taken as an important concept to dealing with differential and
integro-differential equations in Banach spaces [8, 14, 15, 17,
36]. For more points of interest on this concept, we refer to
Pazy [36]. On the other hand, in numerous mathematical
models of real world or man made phenomena, we are led to
dynamical systems which involve some inherent randomness.
These systems are called stochastic systems. Stochastic
differential equations [34] have attracted much attention and
have played an important role in many ways such as option
pricing, forecast of the growth of population, etc [16, 18, 29,
34]. In the last few decades, fractional differential systems (we
refer to the monographs [28, 31, 35, 41] and references cited
therein) have focused considerable importance in
electrochemistry, physics, porous media, control theory,
engineering etc., [4, 5, 6, 10, 11, 44] due to the descriptions of
memory and hereditary properties of various materials and
processes. Notion of controllability is of great importance in

mathematical control theory due to a number of important
properties of control systems in engineering. Astrom [1]
discussed about introduction to stochastic control theory. In
the infinite dimensional systems, two basic concepts of
controllability are exact and approximate controllability.
Exact controllability enables to steer the system to arbitrary
final state while approximate controllability is weaker concept
of controllability and it is possible to steer the system to an
arbitrary small neighborhood of the final state (see, for
example, [2, 9, 12, 46, 50]). Impulsive effects [47] exist
widely in many evolution process because, the impulsive
effects may bring an abrupt change at a certain moments of
time involving such fields as economics, mechanics,
electronics, telecommunications, medicine and biology, etc.
Kexue et al. [27] studied controllability of nonlocal fractional
differential systems of order a € (1,2] in Banach spaces.
Delay fractional differential equations are similar to fractional
differential equations, but their evolution involves past value
of the state variable. Muthukumar and Thiagu [32] proved the
existence of solutions and approximate controllability of
fractional nonlocal stochastic differential equations of order
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q € (1,2] with infinite delay and Poisson jumps in Hilbert
spaces by using fixed point theory and natural assumption that
the corresponding linear system is approximately controllable.
Hence problem of existence of approximate controllability for
nonlinear fractional impulsive stochastic differential
equations with nonlocal conditions and infinite delay has been
studied by several authors were received significant attention
in modern days (see [10, 12, 33, 40, 49] and references
therein). Rajivganthi et al. [38] studied existence of solutions
and approximate controllability of impulsive fractional
stochastic differential systems with infinite delay and poisson
jumps.

Many authors (see [21, 22, 23, 30, 39]) established the
existence and approximate controllability of different types of
functional differential equations with state-dependent delay.
Fractional differential equations with state-dependent delay
appear frequently in applications as models of equations and
for this reason the study of this type of equations has been
receiving great attention in recent years (see [3, 7, 43, 45] and
references therein). Many authors (see [13, 19, 26, 48, 51] and
references therein) studied the existence and approximate
controllability as well as stability of different types of
fractional  stochastic  differential  equations  with
state-dependent delay in Hilbert spaces under different
suitable aspects. Selvarasu et al. [41] established approximate
controllability = of  impulsive  fractional  stochastic
integro-differential systems with state-dependent delay and
poisson Jumps of order 1 < g < 2. Moreover approximate
controllability results for fractional impulsive stochastic
differential system of order g € (1,2] with nonlocal,
state-dependent delay and Poisson jumps in Hilbert spaces has
not yet been derived in the literature. The main purpose of this
paper is to obtain the sufficient conditions of approximate
controllability results for fractional impulsive stochastic
differential system of order q € (1,2] with nonlocal,
state-dependent delay and Poisson jumps in Hilbert spaces of
the form

DIx(t) = Ax(t) + Bu(t) + f(t, Xpe.x,)

¢ .
+ [ o 96 X)) (0) + [, D(E Xp (e MN (AL, dn),

t €J:=1[0,b]\{t1,..., ty 1,0 =tg < t; <+ <ty <tpys =

b,
Xo(t) = () + m(xe,, ..., xp, )(8),

(m>n),mne€N,

x'(0) =§,
Ax(ty) = I (xt,),
AX'(t) = T (x ) k= 1,2,...,n:=1,n. 1)

Here, the state variablex(-) takes values in a real separable
Hilbert space H with the inner product (-,-) and norm [[-]l.
The fractional derivative °D/, 1 < q < 2 is understood in
the Caputo sense. Let 0 =t, <t; < <t, <tp,y1 =b be
the given time points. The control functionu(-) is given in
L,(J,U) of admissible control functions with U as a Hilbert

space. B is a bounded linear operator from U into H. Also
A:D(A) c H - His the infinitesimal generator of a strongly
continuous cosine family C(t) on H. Let K be another
separable Hilbert space. Let {w(t)};»obe a given K-valued
Wiener process with a finite trace nuclear covariance
operator@ = 0. Let ¢ = {G(t):t € Dz} be a stationary &
Poisson point process with characteristic measure 4. Let
N(dt,dn) be the Poisson counting measure associated with §.
Then N(t,Z) = ZseDa,sst 1;(G(s)) with measurable set

Z € B(K — {0}), which denotes the Borel o-field of .K — {0}
Let N(dt,dn) = N(dt,dn) — dtA(dn) be the compensated
Poisson measure that is independent of w(t). Let P,([0, b] X
Z; H) be the space all mapping y:[0,b] X Z — Hfor which
)L, E N x(tm) I3 dta(dn) < . We can define the

H-valued stochastic integral [ Ob [, x(t, MN(dt, dn), which is
a centered square integrable martingale. We can also
employing the same notation ||-|Ifor the norm of L(K,H),
which denotes the space of all bounded operators fromK into
H. Simply L(H) if K = H. The historiesx; represents the
function defined by x;:(—00,0] = H,x:(0) = x(t + 0), for
t > 0 belong to some phase space Bdescribed axiomatically
and p:J X B = (—oo,b] is a continuous function. Further
fi]XB—->H, g:JXB-Ly(K,H) and h:] X BXZ >
H are nonlinear functions. Here L, (K, H) denotes the space
of all Q-Hilbert Schmidt operators from K into H. Let
PC(J,L,(Q, & P;H)) ={ x(t) is continuous everywhere
except for some t, at which x(t;) and x(t}) exist and
x(ty) = x(ty), k=12,..,m} be the Banach space of
piece-wise continuous function from Jinto £,(Q,§, P; H)
with the norm || x llpc= sup|x(t)| < ©.PC(J,L,) is the
tej

closed subspace of PC(J,L,(Q,& P;H)) consisting of
measurable and &, -adapted H -valued processes x(-) €
PC(J,L,(Q, & P;H)) endowed with the norm | x [I?=
sup{E Il x(t) II%,t € J}. Moreover the function m:H™ —
H, where 0=t <t; <t;<...<t, T, mEN is a
continuous function. For example (refer [25])

m
m(x,,,..., %, )(£) = Z Ciz(t; + ), x €B,t > 0,

i=0

where C;(i =1,2,...,m) are constants. [, and I:H —
H are appropriate functions. The jump in the state x at time
t, is defined by Ax = x(t}) — x(t;) . The initial data
¢ ={¢p(t):t € (—x,0]}is an T, -measurable B -valued
stochastic process independent of Brownian motion {w(t)}
and Poisson point process §(-) with finite second moment.
Further £(t) is an §,-measurable H-valued random variable
independent of w(t) and Poisson point process § with finite
second moment.

2. Preliminaries

Let (Q, &, P) be a complete probability space furnished
with complete family of right continuous increasing sub
o -algebras {§.:t € J} satisfying. F € & . An H -valued
random variable is an § -measurable function x(t):Q —
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Hand a collection of random variables S = {x(t,w):Q —
H|.e} is called a stochastic process. Usually, we suppress the
dependence on w € Q and write x(t) instead of x(t,w)
and x(t):/ = H in the place of S. Let S,(t)(n=1,2,..)
be a sequence of real valued one-dimensional standard
Brownian motions mutually independent over (Q,%,P).
Set w(t) = X%y /AnBn(t)en, t =0, where 1, 20 (n=
1,2,...) are non-negative real numbers and {e,} (n=
1,2,..) is complete orthonormal basis in K. Let Q €
L(K,K) be an operator defined by Qe, = 4,e,with finite
Tr(Q) = Ygme1 Ay < o0, Tr(Q) denotes the trace of the
operator Q. Then the above K -valued stochastic process
w(t) is called a Q-Wiener process. Let us assume that
T = o0(w(s):0<s<t)is the o-algebra generated by w
and . § = Let @ € L(K,H) and define |l ¢ lI5—

Tr(pQe*) =Yooy I JAnpen 1% If 1| @ llp< o, then ¢ is
called a Q-Hilbert Schmidt operator. Let L,(K, H) denotes
the space of all QHilbert Schmidt operatorsg € L(K, H). The
completion Ly(K,H) of L(K,H) with respect to the
topology induced by a normll-llp, where I ¢ IIf):(qo,(p) is a
Hilbert space with the above norm topology. Let C be the
closed subspace of all continuously differentiable process that
belong to the spaceC(J, L,(Q; H)) consisting of &,-adapted
measurable process such that &, -adapted processes ¢ ,
§ e L,(Q,B).

In this work we will employ an axiomatic definition of the
phase space B introduced by Hale and Kato [20]. The axioms
of the space B are established for F,- measurable functions
from J,into H, where Jy:= (—o,0], endowed with a
seminorm |I-]l; We will assume that B satisfies the following
axioms:

(a) If x: (—o,b) = H,b > 0 is continuous on [0, b) and
Xy € B, then for each t € [0,b) the following conditions
hold,

D x, € B,

i)l x(®) 1< Kp |l x¢ g,

(iit) Il x¢ lip< K> (t) Il %o li5

+K;5(t)supfll x(s) ;0 <s < b}, where K; >0 is a
constant, K,:[0,0) = [0, ) is a locally bounded function,
K3:[0,00) = [0,00) is a continuous function. Moreover
Ki, K5 (), K3(+) are independent of x(-),

(b) For the functionx(+) in (a), x;is a B-valued continuous
functions on, [0, b),

(c) The space B is complete.

Examples of phase space satisfying the above axioms can
be found in Hale et al. And Hernandez et al. [21,24]. The
B-valued stochastic process x;:Q = B,t = 0, is defined by
setting

x = {x(t + s)(w):s € (—o0, 0]}

The collection of all strongly measurable, square integrable
H valued random variables, denoted by L,(Q, &, P;H) =
L,(Q; H),is a Banach space equipped with norm || x(-) ll,=

1
(E Il x(-;w) I13)z, where the expectation, E is defined by
E(h) = J, h(w)dP. Let J; = (=0,b] and C(J1, £(Q; H))
be the Banach space of all continuous maps from J;

intoL, (Q; H) satisfying the condition.supE || x(t) I>< co.
te]y
Let Zbe the closed subspace of all continuous processthat
belong to the space C(J;,L,(Q;H)) consisting of ;-
adapted measurable process and &, -adapted processes
¢ ,&€L,(Q,B) and the restriction x:J = L£,(Q,B) is
continuous. Let [I-ll; be a seminorm in Z defined by

Il x 1= sup Il x; I3,
te]

where

Il x; 13< K,E Il ¢ 113+ K5 sup {E Il x(s) 1%},

0ss<b
K, = sup{K,(t)} and K; = sup{K;(t)},It is easy to verify
tej tej

that Z furnished with the norm topology as defined above is a
Banach space.

Let B(H) be the space of all bounded linear operators on
H. Let I be the identity operator on H. If Ais a linear
operator on H, then R(A,A) = (Al —A)~! denotes the
resolvent operator of A. We can use the notation

k L 0,80
p(0) =155t >0, >0,
where T['(f) is the Gamma function. If 8 =0, we set
ko(t) = 6(t), the delta distribution.

The foiiowing important defitions 2.1 - 2.8 are carried out
from Kexue et al. [27].

Definition 2.1 The Riemann-Liouville fractional integral of
order q > 0 is defined by

Jlx(t) = fot kq(t — s)x(s)ds

where .x(t) € £,([0, b]; H).

Definition 2.2 The Riemann-Liouville fractional derivative
oforder 1 < g < 2 is defined by

d? 2-
Dix(t) = 53¢ "x(®),

where x(t) € £,([0, b]; H),.

Definition 2.3 The Caputo fractional derivative of order
1 < q < 2 is defined by

D x(t) = D] (x(t) — x(0) — x'(0)1),

where
L,([0,b]; H).

The Laplace transform for the Riemann-Liouville fractional
integral is given by

x(t) € L1([0, b]; H) n C1([0, b]; H), Dix(¢t) €

LIJEx(D)] = 5 2,(A),
where x;(4) is the Laplace transform of x given by
x, () = [7 e~ x(t)dt, Red > wy.
The Laplace transform of the Caputo derivative is given by

L[DIx(£)] = A9x, (A) — x(0)A9~1 — x/(0) A9~
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Consider a class of fractional differential system with
infinite delay

°Dlx(t) = Ax(t) + Bu(t),t € [0,b],
x(0) =x, € H, x'(0) =x, €EH, ?2)

where g € (1,2], CDf is the Caputo fractional derivative, A
is the infinitesimal generator of a strongly continuous
-q —order cosine family {Cq(t)}:>o on the Hilbert space H,
the state values x(-) takes values in H, the control function
u(-) isgivenin L,(J,U) of admissible control functions with
U, a Hilbert space, B is a bounded linear operator form U
into.H.

Theorem 2.4 (Schauder fixed point theorem) Let X be a
real Banach space, X © X a nonempty closed bounded
convex subset and f:X — X is compact. Then f has a fixed
point.

Theorem 2.5 (Lebesgue’s dominated convergence theorem)
Suppose f: R = [—o0,0] are (Lebesgue) measurable
functions such that the pointwise limit f(x) = il—?}o frn(x)

exists. Assume there is an integrable g:R — [0,00] with

[fn(x)| < g(x) for each x € R. Then f is integrable as is
fn for each n, and

lim | f,du = f lim f,dy = f fdu.
n=eJr R R

Definition 2.6 Letq € (1,2]. A family {Cq(t)}tz0 < B(H)
is called a solution operator (or a strongly continuous g-order
fractional cosine family) for the above problem (2) if the
following conditions are satisfied

(@) C4(0) =1, I is the identity operator in H,

(b) Cq(D)x is strongly continuous for ¢ =0, for every
X €EH,

(c) Cq(t)D(A) € D(A) and AC,(t)xo = Cq(t)Ax, for all
xo € D(A),t =0,

(d) Cu(t)x, is a solution of x(t) =x,+ fot kq(t—
s)Ax(s)ds forall x, € D(A),t = 0,

A is called the infinitesimal generator of . The strongly
continuous q-order fractional cosine family is also called
g-order cosine family.

The corresponding fractional sine family S;: R, — B(H)
associated with C, is defined by S,(t)x = [;?C,(s)xds
for,t > 0,.x € H,

Definition 2.7 The fractional Riemann-Liouville family
T,: Ry = B(H) associated with C; is defined by

T,(t) = I3 C, (D).

Definition 2.8 The q -order cosine family C,is called
exponentially bounded if there exist constants M > 1 and

Wy = 0 such that
Il Cq(t) IS Me®ot,t > 0.

An operator Ais said to belong to C1(M, w,), if problem
(2) has an g-order cosine family C,(¢) satisfying the above
inequality.

Assume A€ CY(M,w,) and let C,(t) be the
corresponding g-order cosine family. Then we have

MR, A)xg = [ e Co(t)xodt, ReAd > wo, X € H,

M72R(A, A)xg = [, e S, (D)xodt, Red > w, x, € H,

R, A)xy = [, e T, (t)xodt, Red > wy, xo € H

Based on the result found in Kexue et al. [27], the functixon

x € C([0,b]; H) is called a mild solution of (2) if x
satisfies

xX(t) = Co(t)xo + Se(t)xy + [ Ty(t — s)Bu(s)ds, t €.

The solution of system (1) for a given control u(-) €
L,(J,U) denoted by x(-; u). In particular, the state of system
(1) at t = b, x(b;u) is called the terminal state with control
u.. The set Ry (N) = {x(b;u);u(-) € L,(J,U)} is called the
reachable set of system (1). In what follows, R, (N) stands
for the closure of R, (N) in the space H.

Definition 2.9 The system (1) is said to be approximately
controllable on the interval J if R,(N) is dense in H,
ie., .Ry(N) =H.

In order to study the approximate controllability (see [12,
32, 38,42, 51]) of the fractional control system (1), we need
to introduce the relevant operator

o = fob T,(b — s)BB*T; (b — s)ds,
R(e, Q) = (el +P§) *fore >0,

where B* denotes the adjoint of B and T4 (T) is the adjoint
of T, (t). It is clear that the operator YL is a linear bounded
operator.

(HO) eR(e,98) > 0 as € > 0" in the strong operator
topology.

Note that the assumption (HO) is equivalent to the fact that
the fractional linear control system (2) is approximately
controllable on J.

Definition 2.10 It is clear that under these conditions the
system (1) admits a mild solution x(-) € PC(J, L,) if

(1) x(t) is F-adapted foreach 0 <t < b,

(ii) fob E Il x(s) I? ds < o, a.s.

(i) For each u EL;E(], U) and x(-) € PC(J,L,) the
following stochastic integral equation is satisfied

x(t) = C,(t)(¢(0) + m(xtl, . ..,xtm)(O)) + S, (0)¢ + fot Tyt —s)f (s, xp(srxs))ds + fot T, (t — s)Bu(s)ds

+ 5 Tt = L 90 Xps ) dw()]ds + [} [, Ty(t — $)D(S, Xps,ee MN (ds, dp)

+ Yo<tp<t Ta(t =t (xe,) + Xo<ty<t Tq(t_)ik(xtk)' k=1n
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(iv) xo(t) =

where
u(t) = B*T; (b — t)R(€,¥g){xp —

= Jy Ta® L, 9(5, Xpsp)dew()]ds

$(6) +m(x,, ...,

C,(0)(P(0) + m(xe,, ...

xtm)(t)a ,x'(O) = fs

X, (0)) = Sq(0)E = f Ty(b = $)f (5 %p(s,x,))ds

= Iy I Ta(b = $)D(s, %o(s.0 N (ds, d)

= Yo<tp<t Ta(b = i)l (xe,) — To<ty<e Ta(b) k(3 k =1,

In order to prove the theorems, we need the following
hypotheses:

(H1) The bounded linear operator T, (t) is compact for
t > 0 and there exists a positive constant M such that

sup Il T (t) I< M.
te]

(H2) A is an infinitesimal operator of a strongly continuous
g-order cosine family {C,(t):t = 0} on H. Also Il C4(t) <
M and |l S;(t) I< M. Moreover the operators C,(t) and
Sq(t) are compact for t > 0,

(H3) The functions m: H™ — H is continuous, satisfy the
Lipschitz condition and there exists a positive constant G
such that

Ell m(x,,...,x., ) 15<G,

for all ,(xti,...,xtm) € H™,

(H4) B is a bounded linear operator from U into H, such
that || B ll= N, for a constant N > 0.

(HS) For each ¢ €BK,(t)=lim [° g(s,@)dw(s)

a—oo

exists and is continuous. Also there exists a positive constant
M, such that.E || K;(t) I5<

(H6) The non-linear function b is a Borel measurable
function which satisfy the Lipschitz continuity condition and
there exists positive constants My > 0 and Ly > 0 such that

fz Il 5(t, x,m) IIF A(dn)ds < My(1+1l x 113),
J, Wh(tx,m) I A(dn) < Ly(1+1l x I14), for all x € B, t € J.

(H7) The functions t = ¢, and t — &, are well defined
from Z(p~) ={p(s,1);(s,7) €] XB,p(s,t) <0} into B
and there exists a continuous and bounded functions
H?,H%:Z(p™) » Rsuch that

Il e 13< HP(@E) I @ 113 and || & 13< HE(E) Il € 113 for
every t € Z(p7).

(H8) The functions Iy, I,: H = H are continuous and there
exists constants &, d, k = 1,7 such that

E Il I (x) I2< 6 Nl x 1%, E Nl T (x) 12< dy Il x 112,

forevery x € B and k = 1,_n,
(H9) The functions f:J]XB - H,g:] XB - Ly(K,H)
and b:J X Bs € ] X Z — Hsatisfies the following conditions:
(i) Let x:(—o0,b] = Hbe such that x € PC(J,L,). The
functtions ¢t = f(S, Xt )t = 9(S, Xp(ex)) and t -
B(S, Xp(sx;),M) are measurable on J. Also the functions

t— f(S, xp(t,xt))' t— g(s, xp(t,xt)) and t - b(s' xp(s,xs)' 77)
are continuous on Z(p~) UJ forevery s € J.
(ii) For & > 0,there exists a function W, € £L;(J,R*) such

that  sup E | f&, @) IP<S W, (t) for ae te] and
lplizse
hmmffb Wg(t) =8, < 0.

£—-00

(1i1) For € >0, there exists a function Q, € L;(J,R*)

such that sup Ell gt o) IIQ Q.(t) for a.e t€] and
lplZse

llmlnffb Q‘E(t) =§; < .

E—00

(iv) For &> 0, there exists a function O, € £;(J,R")

such that sup E I 5(t,0,n) I5< 0,(t) for ae t €] and
lpliZ<e

b G)E(t) =5, < oo,

liminf f|

E—00

We can prove the next lemma using the phase space axioms.

Lemma 2.11 Let x: (—o0,b] = H be a function such that
x € PC(J, L,).

Then

E Il x5 I15< (32 + $1) 1| ¢ I3+ Hssup{E Il x(0) I%;6

€ [0, max{0,s}]},s € Z(p7) U],

and E || x5 15< (H, + 9,) | € 15+ Hzsup{E Il x(0) 1% 6 €
[0, max{0,s}]},s € Z(p~) U J, where

H1= sup HP(t),H, = sup HE(t), H, = supKy(t),
teZ(p7) tez(p™) te)
Hy = supK;(t).

te]

3. Approximate Controllability

Theorem 3.1 Assume that the hypotheses (H1) — (H9) are
satisfied. Further, suppose that for all € > 0

11M267,(1 + 2D

Y1+ 2b*[Tr(Q) + (My + /L)) < 1,

then the system (1) has a solution on J.

Proof. Let B) = {x € PC(J,L;):x, € B} be the space
endowed with uniform convergence topology. On the space
By, consider a set B, = {x € BY: I x I>°< 1},
where 7 is a positive constant. Let [I-]l, be the semi-norm
defined by

Il x 1= sup Il x; I3,
te]

Il x 13< KE Il ¢ 13, + K3 sup {E Il x(s) I},
0sss<b

For &€ > 0, define the operator Y:BJ — Bp by Yx(t) =
Z(t), where
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t t

Z(t) = Ca(t)(¢(0) + m(x,, ..., x, )(0)) + S, ()¢ + f Ty (t = $)f (S, xp(sx))ds + f T,(t — s)Bu(s)ds

0 0

+ fot Tq (t - S) [f_soo g(S, xp(s,xs))dw(s)]ds + fot fZ Tq (t - S)b(srxp(s,xs)r U)N(ds; dT])

F T = R Ca) + Y Tyt = 6)TCxy)

0<tr<t 0<tr<t
k=1n
and
B(t) = B*T; (b — DR(e, Y {xp—Ca()($(0) + ke, ., %, ) (0)) = Sg(E)E- [ Ty(B = $)F(S, Xp(sxy)ls
= Jo Ta® = 2, 905, Xp5.20) A0 ()]s = J; [, Ty (b = DS, Xp(s.xyy, MV (ds, dip)
_20<tk<t Ty (b — ti )1 (xtk) - 20<tk<t T, (b — tkﬁk (xtk))}' k=1n
we shall show that the operator Y: By — BY by Yx(t) = Z(t)  r, there exists a function x(-) € B,, but Y(x) & B,

has a fixed point, for all € > 0. For that, we have to prove for  thatis E || (Yx)(t)) 13> r.

& > 0 there exists an r > 0 such that Y(B,) € B, Suppose For any x € B,, it follows from lemma (2.11) that
let us assume that Y(B,.) £ B,. Then for each positive number

Ell X5z 13< (H + $1) I @ 13+ Har V (FHy + ) 1 € 13+ Har =77,
For, e > 0,
E Il #(t) I’=E || B* T (b —t)R(e, YO Yoxp — C (t)(¢>(0) + m('xtl""’xtm)(o)) - Sq(t)f
— [ Ta(b = $)F (5, Xp(se) — Jy Ta(b = IS ., 95, Xp(s0)dw ()]s = f; [, To(b = $IB(S, Xp(s gy MN (ds, d)

- k - - - ] = P_ﬂ
Yo<tr<t T, (b tk)Ik(xtk) Zo<tk<t T,(b tk)Ik(xtk))} k=1n

11M?N?
_—{II xp 124+ ME[Il d 15+ Mp,] + M2 1| € 15+ sz W,+(s)ds + M?*b?*[2M, +2Tr(Q)f Q.+ (s)ds]

+M?b*(2M, + zf)f 0,+(s)ds + M2Y™, (& +d}k =1,n,

11M2N?2

< (I xp 124 MZ[I @ 13+ My + M2 1| § 13+ M2 [ W, (s)ds

+M2b2[2M, + 2T7(Q) fob Q,+(s)ds] + M?b2(2My + 2,/Ty) [) ©,(s)ds+Xiy (& + di))k = Tn,

where

My =1l ¢ 113 +II my (Xey, - X, ) (8) 1% +11 €15
For € > 0 and r > 0, we have

r <E I Yx(t) I2=E Il Cu(t)($(0) + m(xe,, ..., %, ) (0)) + Sg(O)E + [ Ty(t = $)F (S, Xps,xe))ds + [ Ty(t — s)Bu(s)ds
+ [y Ta(t = I, 90, Xp(sx)d(©)]ds + [y [, Tyt = $)5(S, X5z, MN (ds, dip)
+ Yoctper To(t = bl () + Toceper Tyt = )l (xe,) 12,k =1,n
< 1IMZ[Il ¢ 13+ My] + 11M2 1| € 13+ 11M? [ W,-(s)ds

121M*N*p

+———{llx 12+ M2[Il ¢ 15+ My] + M2 |l € I3+ M? fo” W,+(s)ds
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+M?b2[2M, + 2Tr(Q) [, Q.+ (s)ds] + M2b*(2My + 2/Ly) [’ ©,+(s)ds
+M? T, (& + )} + 1IM2?[2My + 2Tr(Q) f Q- (s)ds]

+11M2b2(2Mb+2\/_)f 0,+(s)ds + 11IM2 YT, (& +dy)

< K+ 22N 10y ()ds + 2bATr(Q) [ Qe (s)ds + (My + L) [7 ©,+(s)ds]}

+1IM([) Wy (s)ds + 2D2[TT(Q) [, Qy+(s)ds + (My + [Iy) [} ©,-(s)ds]}
Note that K* is independent of r and r* — oo as r - . Now

hmmffb Yy (s) ds = hmlnff *(s)r —}ds = 8Hs,

r—oo

hmlnff T;(s) ds = liminff0 *(s)r —ds = 8,1,
r—o0

Tr—0

llmlnff T;(S) ds = liminffob {@;}ds = §,H;,
r—o0

T—00

Hence.6 = max{§,, §;, 5,}. We have for ¢ > 0,

11M*N*b

TIM2H; (1 + ———) (1 + 2b*[Tr(Q) + (My + /L)) = 1,

which is contradictive to our assumption. Hence for € > 0, there exist > 0 such that Y(B,) C B,.

Next we shall prove that arbitrary € > 0, the operator Y maps B, into a relatively compact subset of B,.. First, we prove that
the set V(t) = {Yx(t); x € B,} is relatively compact in Hfor every t € J. It is clear that the case t = 0 is obvious. For
0<e<t<bh, define (Yx)(t) = T,(€)Z(t — ¢€),,since Ty(t) is compact and Z(t — €) is bounded on B,, the set V. (t) =
{(Yex)(t); x(-) € B, } is relatively compact in H. That is, a finite set {y;,1 <i <n} in H exists such that V.(t) C
UL, N (}’ié); where N (yi,g) is an open ball in H with center at y; and radius % On the other hand,

77M*N*b

E Il (Yx)(t) = (Yex) () IP< ———{ll xp 17+ ME[Il ¢ 15+ Mp] + ME 11 € 113
+M? [ Wye(s)ds + M?b2[2M, + 2T7(Q) [ Q,-(s)ds] + M?b2(2My + 2,/Ly) [] ©,-(s)ds + M2 3, (& + di)}
+7M? [ W, (s)ds + TM2b?[2My + 2Tr(Q) [, Qu(s)ds] + TM?b2(2My + 2,[Ly) [, 0,+(s)ds <7

Consequently V(t) € U™, N(y;, 7). Hence for each t € J,V(t) is relatively compact in H.
Next we shall prove that V = {(Yx)(:): x(-) € B,.} is equicontinuous on J. For 0 < ¢t; <t, < b,

E Il 2(t,) — Z(ty) I2= E || Cy(t2)(9(0) + m(xe,, -, X, )(0)) + Sq(82)€ + [12 Tty — $)F (S, Xp(s,x))lS
+ 12 Ty(t — $)Bu(s)ds + [ Ty(625)[[°,, 9 (5, Xp(s 2 dw (5)]ds
+ 137 [ Ta(tz = 99505, Xp (s, MN (ds, dn) + Tocrer To(t2 = ) le(xe,)
+ Toctpet Tq(tz = i)k (xe)} = {Cq(t) (@(0) + m(xy,, ..., X, )(0) + Sq(t1)€
+ 1 Ty(ts = ) (S, Xps))ds + [}* Ty(ty — $)Bu(s)ds + [1* Ty(ty — IS, 95, Xp(s0))dw(s)]ds
+ 137 [ Ta(tz = 99505, Xp (s, MV (ds, dn) + Zoceer To(tr = 8)le(e) + Tocter Tt = )T )} 12,k = Tn,
<191 Cy(ty) — Co(t) 12 (1 @ 13+ G) + 19 1l Sy(t,) — Sq(t) 121 € 113
+19M sz Il v(s) II* ds + 19N2f I Ty(t; — 5) — Ty (ty — ) 121 v(s) I ds

+19M? fff W,«(s)ds + 19 fo“ I T, (t; — s) — Ty (¢t — 5) 112 Wy (s)ds
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+19M?(2M, + 2T7(Q) fff Q,+(s)ds) + 19(2M, + 2Tr(Q) fo“ Il T, (t; — s) — T,y (t1 — 5) I> Q= (s)ds)

t, t1
+19M2(2Mf) + 2\/1'_1))_[; 0,+(s)ds + 19(2Mb + 2\/;))-[) I Tq(tz ) Tq(tl —5) 1% 0,+(s)ds
1

F1IM2 X <o, I 1) 124+ 19 Bocrar, I Ty(ts — i) — Ty(ty — t) 121 I (Re,) 112
+1IM? Ty crar, 1 Te(@e) 1P+ 19 Tocrpar, I To(ts — tie) — Ty(tr — &) 121 T () I

< 191 Ca(tz) = Cq(t) 12 (1 p 15+ G) + 19 11 Sg(t2) — Sq(ta) 121 € 13

209M*N*
62

+

S22 0y 124 M2Q1 @ 13+ G) + M2 11 € 3+ M2 [ Wy (s)ds

+M?*(2My + 2Tr(Q) fob Q-+ (s)ds + M*(2My + 2.[Ly) fotl 0,+(s)ds + M?2Y™ ., (& +dp)}

209M?N*

+—2 L NT(, = 8) = T(t =) 12 Il %, 12+ M2( ¢ 13+ G) + M2 11 € 13+ M? fob W,+(s)ds

+M?(2M, + 2Tr(Q) fob Q-+ (s)ds + M?(2My + 2.[Ly) fotl 0,+(s)ds + M2Y™ . (&, +dp)}
+19M2 fff Wy-(s)ds + 19 [ I Ty(t, — 5) — Ty(t, — 5) I> Wi-(s)ds
+19M?(2M, + 2T7(Q) [ Qe (s)ds + 192My + 2T7(Q) [, 1 Ty(t, = ) = Ty(t = 5) I2 Qe (s)ds
+19M*(2My + 2,/Ly) fff 0,+(s)ds + 19 fo“ I Ty(t; = s) = Tty — 8) 11> My + 2,/Ly)0,+(s)ds
F1IM? ¥ copcr, I Ie(e) 1P+ 19 Bocrae, I Ttz — tie) — Tty — tie) 1PN L (o) I

+1IM? Ty criar, 1 Te@e) 124 19 Tocrpr, I To(tr — tie) — To(ty — ti) 120 T () 1%,k = 1,m,

since {T,(t)}¢»ols strongly continuous and the compactness of T,(t),t > 0, implies the continuity in the uniform operator
topology, it follows that

]E " Z(tz) - Z(tl) "2_) 0 as tz - tl d 0.

Hence V is equicontinuous on J.
Finally, we have to show that the map Y(-) is continuous on B,. Let (x™),cy be a sequence in B,and x € B,such that
x™ = x in PC(J,L,). From the phase space axiom, it is easy to see that (X ) — Xsas n — oo uniformly for s € (-, b].
From this fact, hypotheses (H5) and the inequality

=N = 2 =n = 2 = = 2
E |l f(S, xp(s,(}")s)) - f(S, xp(s,fs)) Iz<E Il f(S, xp(s,(}")s)) - f(S, xp(s,(}")s)) Iz +E I f(S, xp(s,(}")s)) - f(S, xp(s,fs)) %,

—=n

= 2 —n = 2 v v 2
E N0 Xp,@5) = 90 Xoisz9) 10= E N 908 Koo, zm))) = 908 Xps,amyy) o + E N G(8, %5, 6m)) = 9 (8, %o 7)) llov

E 1 5(s, EZ(S,@")S)'T’) —b(s, Ep(s,?s)n) ”és E I 5(s, EZ(S,@")S)'T’) —b(s, _p(s,(;")s).fl) ”é +E 11 5(s, Ep(s,(z"’)s)vr)) —b(s, Ep(s,is)vn) "é'

we claim that f(5,%) ) ) = f(S, Xoez0) 9 (5 X6 am,) = 90 Xpsx,)) and DS, X n ) = DS, Xp(sx,) as
n — oo, for every s € J. Now, the Lebesque dominated convergence theorem (Theorem 2.5) implies that Yx™ — Yx in Bj.

Thus Y(-) is continuous on B,. Then by the Schauder fixed point theorem (Theorem 2.4) Y has a fixed point and the system (1)
has a solution on J.

Theorem 3.2 Assume that the hypotheses (H0), (H1) — (H9) and theorem (3.1) are hold, then the system (1) is
approximately controllable on J.

Proof. Let x° be a fixed point of Y in B,. Then, we can see that, X° is a mild solution of system (1) under the control
u(b) = B*T; (b — OOR(€, Y5 ) {xp = Cq(B)($(0) + m(xy,, ..., %y, )(0)) = Sq(b)§
b — b —
=, Ty =0f(z, x;(ﬁg))ds o AR ¢ x;(ryfg))dw(’[)]d’[

b —€ ~ —€ 7 ,—€ T
—Jy J, Ta(b = OD(T, 5 e, MN (AT, di) = Bocran Ta(b = 6 () — Zoceen To(b — t)Te G}k = T,
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and satisfies
TE(b) = Co(b)($(0) + m(xe,, .., X, )(0)) + Sg(BIE + [ Ty (b — $)f (5,X5 26, )ds
+Jy Ty(b = $)BU (s)ds + [ Ty(b— )[J°, 9(5, %5, ze,)dw(s)]ds
+[7 S, To(b = ID(s, Eo g6, MN(ds, dn) + Bocryen To(b — 61 )
+ Soctpes Ta(b = )Tk (Fe) k= Tn
%(b) = Cq(b)($(0) + M(xty, ..., X, )(0)) + Sq(b)E
+ 1) Ty(b - ) (5,%, 525 ds + [) Ty(b = $)B[B'T; (b — t)R(e, YY)
X {25 = Cq(b)(@(0) + m(xe,, .., X, )(0)) — S (b)E
— Iy Ty = Df (0 E (pze)ds = [} To(b = DI, 9(0, X556 doo(D)]dr
— [} J, Ta(b = DT, Fop 6, MN(ET, A1) — Socryen Ta(b — I (Fey)
~ Soctpes Ta(b = TG Nds + J) Ty(b = [, 9(5, % ze)dw(s)]ds
+ 1) J, Ta(b = )B(s, Xy e, MN(ds, dn) + Bocepan To(b — )l )
+ Soctpen Ta(b — )T (Fe) k= Tn
= x, + (WR(6,Y2) = D{xy — Cq(b)($(0) + m(xe,,..., X, ) (0)) — Sy(b)E
= Iy Ty(b = DI o ze)ds = [ To(b = DI, 91,55 56 dw(D)]dr
— [} J, To(b = OB, Fopze, MNET, dn) = Tocryen To(b — )1 (Fey)
— So<tren Ta(b = ) D} k = Tn
=Xxp — eR(e,Y{)’){xb = Cq(b)(¢p(0) + m(xtl, . ..,xtm)(O)) —Sq(b)¢
= Jy) To(b = Df (0% (o ze)ds = [ Ty(b = D[, 9.5 z¢)dw(D)]dr
= I J, Talb = DT, X5z, MN (AT, d0) = Bocepan To(b = 6 @) — Toctrss Ta(b =t @)k = Ln

The uniform boundedness of the functions f,g and § imply that the sequences {f(s,x xp(s 5 ))} {g(s,x xp(s ))} and
{b(s,x xp(s7 )) n} are bounded in L,(J,B) . Hence the subsequence, denoted by {f(s, xp(sxs))} {g(s,x xp(s ))} and
{b(s, x xp(sx )) n} that weakly converges to, say f(s), g(s) and h(s) in L,(J,H) and L,(J, Lo(K, H)). Then it is easy to see that

E N J} Ty(b = $)[f (5,5 ze) = F()Ids 1< [0 N T, (b =) I E Il f(5, %5 z6,) = £() 12 ds = 0,
E Nl fy Ty = 9, 1905 T z6) — 9©)11da(s) 13 < J; 1 To(b =) 12 [° E N g(s,Tggze) — 9(s) 1 das) - 0,
E Il fy Ty(t = ), (5, Togz,m) — bV (ds, dip) 13

<y WTy(b =) 12 [f, E I b(s, Xoggze,,m) — b(s) 131N (ds, dn) - 0

As € = 0% and the boundedness of I and I implies that

E 1 X°(b) = x, IS E | €R(€, Y3){xp — Co(t)(@(D) + m (X, ..., X, )(0)) — Sq (b)E
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Iy Talb = ) (5. %y gze)ds = Iy To(b = )17, 905 Xy gz do(s)]ds

— 7 [, Ty (b = YD(s, T g6 MN s, d) = Socrper To(b = e

— Do<ty<h Tq(b — tk)ik(ytek))} I’~> 0ase— 0%

Hence x°(b) = x;, holds in H and consequently we get the approximate controllability of system (1). B

4. Application

In this section, we can apply the previous results to study the approximate controllability of fractional impulsive stochastic
differential system of order 1 < q < 2 with nonlocal, state-dependent delay and Poisson jumps of the form

‘Dfz(t,x) = aa—;z(t, )+ ut,x) + ([ an(s = 0)z(s = pr(©O)p2(l 2() 1), x)ds) + ([, az(s — O)z(s = pr (DIl 2(6) 1), x)ds)AB(2),

+ [, (L, as(s — O)2(s — p1(Op2 (I 2(t) 1), x)ds)N(dt, dn),

t €J =[0,b]\{ts, ta ..

vtn} (6,X) €] X [0, 7],

z(t,0) =z(t,m) =0,t €]

z(t,x) = ¢p(t,x) + X%, Ciz(t; +x),t < 0,x € [0, 7], t € (—0,0],

Lezt))x = [ ¢ (ty, — 5)z(s, x)ds, x € [0,7], k

I.(z(t)x = f_t'; d (ty — $)z(s,x)ds,x € [0,7],k = 1,n,

where ©D/! is the Caputo fractional partial derivative of order
1<qg<2, u[01] % (0,m7) - (0,m) is continuous, and
C,dpy >0 for k=12,..,n. Also 0<t;<t, <<
tm, <b are prefixed numbers. p;:[0,0) = [0,0),i=
1,2.a4,a5,a3:R—> R are continuous. ¢ € B = P(C, X
L,(g, H)(gis a positive function on(—oo, —r)) be the phase
space in the Hale et al [20]. The operator A is defined by

2
A¢ = :?E with domain D(A) = {£ € H, Z—j, are absolutely
2
continuous and (%)f €H &(0) =¢&(m) = 0}. Also B(t)
enotes a standard one-dimensional Wiener process defined on

a stochastic basis (Q,§, {F:}i=0,P). To write the above
system (3) into the abstract form (1), we can choose the

space. H=U =L,([0,m]). Define A:H—->H by
2
Ax=x" (Az2)(x) =22 with the domain D(4) = {x €

H:x,x" are absolutely continuous, x" € H and x(0) =
x(m) = 0} and for z € D(A). Also the set {e,,n € N} is an
orthonormal basis of H. In particular Ax = Y, —
n?(x, e,)e,,x € D(A). Then A is the infinitesimal generator

of a strongly continuous cosine
family C(t)x = Xp-; cos(nt){x,e,)e,,t ER and the
associated sine family in H defined by

St)x =Yy Sinnﬂ(x, en)en, , t ER. From [37], for all
x EH,tER, I Sq(t) IS 1 and |l Co(t) lI< 1.
Hence the spectrum A consists of eigen values n for

. . . 2 .
n € N, with associated eigen vectors e, (x)= \/; sin(nx),n €

N Define an infinite dimensional space U by U = {u =
Yo, Upen(X)| Yo, u2 < ©},0 < x <7, and the norm in

1
Uis lull=(Y,u2)z. The bounded linear operator

1,n,

€)

B:U — His defined by Bu(t)(x) =u(t,x), 0 < x < m. The
functions f,g and T are continuous. Let (Q, &, P) be a
complete probability space and {K(t):t € J} is a Poisson
point process taking values in the space K = [0,00) with a
o -finite intensity measure A(dy), The Poisson counting
measure N(dt,dy) is induced by K(-) and the
compensating martingale measure is denoted by

N(dt, dy):=N(dt,dy) — dtA(dy).

For q € (1,2), A generates a strongly continuous cosine
family C(t), it follows from the subordinate principle (see
Theorem 3.1, [6]) that A generates a strongly continuous
exponentially bounded fractional cosine family C4(t) such
that C,(0) =1 and

Co®) =, ¢,a(s)C(s)ds, >0,

q q
where ¢, a(s) =t 204(st 2) and
2 2

06 (0) = Zizo mrcperimgy (0 <8 < 1.

It is clear that the fractional differential system (2) is
approximately controllable on Jfor ¢ = 2. Hence for g = 2
with the above choices, the system (3) can be rewritten to the
abstract form (1) and all the conditions of Theorem 3.1 are
satisfied. Thus there exists mild solutions for the system (3).
Moreover all the conditions of Theorem 3.2 are satisfied and
hence the fractional stochastic differential equations with
Poisson jumps (3) is approximately controllable on J.

We have to use the following results:

(I) the functionsa,: R — R is continuous, bounded and
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£y = (2, 5245y < oo,
(ii) the funcnons a,:R - R is continuous, bounded and
_(fo az(s)d )2 < oo,
(iii) the funct1ons az:R = R is continuous, bounded and
£y = (2,252 a5y < oo
(iv) the function ck R — R is continuous such that,
L, = (fo (C"( s)) ds)z < oofor every k = 1,2 ...n.

(V) the functlon dy:R - Ris continuous such that ,
— (J‘O (A (=5))* 5))?
g(s)
By defining
g:B > Ly(H) by
pt.Y) = p1(©p2(I P(0) 1),
Fa) = [°, ay($)P(s,x)ds,
9@ = [ ay($)P(s, x)dw(s),
HA () = [, ai()P(s, x)ds,
L)@ = [° cu(=)P(s,0)ds, k = 1,2,..

L)) = 5 d(=s)P(s, x)ds, k = 1,2,...,n.

1
ds)z < oo forevery k =1,2...n.

the functions f,9,p, I, Ix:B — H and

L n,

Moreover, the maps f, g, b, Ik and I, are bounded linear
operators Il f I1?< Ly, Il g 13< Ly, 1D I3 Ly, 1 I 1P
Le.and | T, 12< Lg,.

Because of the compactness of T,(t) generated by A,the

associated linear system (2) is approximately controllable [30].

Hence by Theorem (3.2), the system (3) is approximately
controllable.

5. Conclusion

This paper has investigated the existence of mild solutions and
approximate controllability of second order ( g € (1,2) )
fractional impulsive stochastic differential system with nonlocal,
state-dependent delay and Poisson umps in Hilbert spaces. For
the future work, the controllability and stability results could be
extended to study the neutral impulsive fractional stochastic
differential systems with state-dependent delay and Poisson
jumps satisfying the nonlocal condition according to the method
in this paper. Hence our main results are the generalization of the
recent results on fractional stochastic control systems with
state-dependent delay and Poisson jumps.
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