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Abstract: Fractional Laplacian is an important nonlocal operator which has many applications in different kinds of
differential equations. Recently, optimization problems involving the fractional Laplacian have been studied a lot by many
authors. However, most of these papers are focusing on the optimization problems related to the first eigenvalue of the
equation. Optimization problems related to the energy functional of the equation have not been investigated well enough. In
this paper, we are going to study a maximization problem related to the energy functional of an equation involving a fractional
Laplace type operator. Firstly, by using suitable variational framework in a fractional Sobolev space, we can show that a
fractional equation has a solution which is in fact the global minimum of the corresponding energy functional. Moreover, by
using reduction to absurdity we can obtain the uniqueness of the solution of the fractional equation. Then, we focus on a
maximization problem related to the equation which takes the energy functional as the objective functional. Finally, by
carefully analysing the properties of an arbitrarily choosen minimizing sequence and the tools of the rearrangement theory, we
can prove that the maximization problem is solvable.
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Since Burton’s theory of rearrangement was established in u=0,x0 RN -0
the papers [1-2], there have been many applications in
optimization problems related to different kinds of equations.
Cuccu et al studied the optimization problems involving the
p-Laplacian in [3-5]. Emamizadeh and Zivari-Rezapour
investigated an optimization problem related to a linear
elliptic boundary problem in [6]. Emamizadeh and Prajapat
obtained the symmetry of the solution of an optimization
problem in [7]. Marras used a different approach to prove the

solvability of an optimization involving the p-Laplacian in

1. Introduction {_ Lou+h(x,u) = £(x),x0Q,

where —Lyu is a fractional Laplace type operator defined as
follows:

u(x +y) tu(x—y) —2u(x)
|y|N+25

L= | 0(y)dy

with 0<s<1. For A(x,u), it is assumed that A(x,[) is

[8]. Qiu et al introduced a new truncation trick to solve two
optimization problems involving the p-Laplacian in [9].
Recent years, many authors were interested in the
optimization problems involving the nonlocal operator, see
for example in [10-16] and the references therein. Qiu et al
considered an optimization problem related to the following
fractional equation in [10]:

non-decreasing for almost all xOQ . This assumption is
essential in the arguments of proving the uniqueness of the
fractional equation and the solvability of the corresponding
optimization problems. In this paper, we are going to study a
maximization problem related to the following fractional

equation (£ ,):
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—Lyu=AV(x)u = f(x),x0Q,
u IO,XDRN -Q

where

V(oL Q) ,
parameter. Apparently, here the term —AV (x)u has different

V(x)>0 and A is a positive

monotonicity. Therefore, we need overcome more difficulties.

Under suitable assumptions, we can show that the equation
(P),y) has a solution u, which is in fact the global

minimizer of the corresponding energy functional. Moreover,
we can obtain the uniqueness of the solution by using
reduction to absurdity. Then, we consider the following
maximization problem:

(Max) inf ®(g)
g

UR(f)

where CD(g):Iqugdx and R(f) is the set of all the

rearrangements of f which is defined in details in section 2.

We organize the present paper as follows. In section 1, we
give the brief introduction. In section 2, some preliminaries are
prepared before the main results. Section 3 is devoted to show

the solvability of the equation (£ ;) and the uniqueness of
solution of the equation (F) /). At last, in section 4, we show

that the problem (Max) has a solution.

2. Preliminaries
2.1. Some Definitions

We give some definitions here. In the paper, we denote by

i w)-u()’
Ip(u)= EL”’ W
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C a positive constant. Suppose [ :Q > Ris a measurable

function defined in a smooth bounded domain in R” with
Nz3 We say g:Qr R is a rearrangement of

f:Q R ifand only if forany O R it holds that:
meas{x0Q: f(x) 2t} =meas{x0Q:g(x)=1t}

where meas(-) denotes the Lebesgue measure of the set. The
set of all the rearrangements of f:Q Ris denoted by

R(f) H’(Q)(0<s<1) is the fractional Sobolev space
defined by:

HY(Q) =D (RY):u=0 in Q°,|ul <o}
where

1/2

_ 2
b=\ [ o s

is the norm of H*(Q) H*(Q)is Hilbert space with the
inner product

(u(x) -~ u(y))(V(X) v(»))
J‘R’V IRw x_ |N+23 dx d

For 1<p<e we denote by "u”p the usual norm in

L’ (Q)and ||u||oo the norm in L*(Q) The energy functional
I,:H*(Q) > R corresponding to the equation (P, ;) is

O(x — y)dxdy —/1.[9 Vi dx —.[Q Sfudx

We say u[H’(Q) is asolution of the equation (P ,)if forany vOH*(Q)it holds

j (u(x) —u(y)(v(x) —v(»))
RN |x_ |N+Zs

2.2. Some Lemmas

Lemma 1 ([17] Theorem 6.5) The embedding of H*(Q)

into L'(RV) is continuous for 1<r<2N/(N-2s) and
compact for 1<r<2N /(N —2s)
Lemma 2 ([2] Lemma 2.1) For any gUR(f) where

forr(Q) for gd1#(Q) and
Jel, =171,

Lemma 3 ([7] Lemma 2.3) Let
g0 (Q) where 1S p<oo,

some 1< p<oc then

FOIP(Q) and

p'=p/(p-1), then there

O(x = y)dxdy - /lJ‘Q Vuvdx — J.Q fvdx =0

o
exists fR(f) which maximizes the linear functional

IQ hgdx relative to hDR_(f) where R_(f) is the weak

closure of R(f) in L7 (Q).
Lemma 4 Suppose that V(x)>0 and V(x)OL*(Q)
0:RY _ (0,00), 6(x)=6(—x),0xORY\{0}; 60L°(RY)
and there exists 6, OR, such that 6(x) = §),[Ix RV,
Define

‘ u(x)—u(y)’
AO = mf JR”’W

O(x — y)dxd,
ulH, (v = )dxdy
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where H, :{uDHS(Q):JQV|u 2 dx =1}, then

2 >0.

IV|u 2 dx-lj

Wu>uwﬂ

Proof. Obviously, 0 <A, <. Choose{un} as a minimize

sequence, i.e.,

O(x—y)dxdy - A,

N+2€

Then there exists a subsequence (still denoted by{un} ), such thatu, weakly converges tOL_lDHS(Q). Since H* (Q) is

compactly embedded into I? (Q),

u, converges strongly to udr? (Q) . Therefore,

[V 10, P =tupyae v [ 1Qu, P =uPylds -0

So that,

j Vi, [ dx ﬁj ViuP de=1.
Q Q

Since 6(x) = 6(—x),x ORY \{0}; @0 L (R") and there exists €, OR, such that 8(x) = g,,Ix ORY,

I ((x) —u(y))’
RZV

|N+2s

[x=y

isanormin H*(Q) which is equivalent to "u" .

1/2

O(x — y)dxdy

Combining with the weakly lower semi-continuity of the norm, we have

%Shm@mﬁuw

N+2s
[x=3]
which implies that

- - 2
W=, @)U g yyvdy >0

N+2s
=]

3. Main Results

3.1. The Existence and Uniqueness of the Equation (P, /)
We use the following hypotheses on the function

6:R" . (0,00):

(H1) 8(x)=6(-x), xORY \{0};

(H2) 6 or” (RN) and there exists © UR+ such that
O(x)=6,,0xOR".
Proposition 1 Assume that (H1) and (H2) hold,

2N
0<V(»OL(Q), fOLNQ), g>
ODLQ), fOLQ), ¢>5-—

L 0<A<A,,

where A, is defined in Lemma 4, then the equation (£, ;) has

a unique solution u, 0 H’(Q) and

B(x - y)dxdy < liminf J' 2
noo JRZN

(4 () =t ()

|x ~ y|N+2s O(x — y)dxdy =

Lp(up)=inf . (@) 1 (v).

Proof. Choose arbitrarily u[OH*(Q) ,
inequality and Lemma 1 we have

by the Holder

[, | =171, i, =l

where 1<¢':=¢q/(g—1)<2N/(N -2s).From (H1) and (H2)
we have

_ 2
LMQELiglﬂu—wwwz%WW

|x _ y|N+2s
Therefore, we can deduce that
6, A

1= (12| ~cl

which implies that [ is a coercive functional. Since we can

check by standard arguments that [, is weakly lower
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semi-continuous, /, hasa minimizer u, 0H’(Q) with

Lyp(up)=inf oy o Tr (V)

By the standard arguments we can show that
1, 0C"(H*(Q),R) which implies that u, OH(Q) is a

solution of the equation (£ /), i.e.,

,[ (u (%) =1, (P)(x) =(y))
RZN

N+2s
|-y

holds for any v H’(Q). Assume that the equation (F) ;)

has another solution w . Then we can easily deduce that

N+2s (

JZN =L OND VDD o= A J VI vdx
. Q

forany vOH*(Q) where T, =u, —w,.Take v=T,in

the above equality and notice that 0 <A <A, we have

7,01,
[

— 2
0= y)dxdy = IQ VT2dx
=]

I, 00 -1,

v 0(x = y)dxdy
=

<A rriacs|
JEE

a contradiction. Therefore,
solution.

the equation has a unique

3.2. The Solvability of the Problem (Max)

Theorem 1 Assume that 0<V(x)OL*(Q), fOL(Q),
g >2N/(N +2s), 0<A<J],, then the problem (Max) has a

o
solution f OR(f), i.e.,

Ug(gi i—gu)dx < IQgi(ui —u)dx| +

O(x - y)dxdy - AI Vu jvdx = Iﬁ/dx 0

[ (& s
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0
O(f)= sup B(g).
gOR(f)

Proof. By Proposition 1, there is a unique solution
u, DH*(Q) of the equation (P ;). LetA = énff I, (ug),
’ ; gOR(f)

and we can see that for each g 1 R(f ), it holds

g

2
—EJ.QV |ug | dx—Jqugdx

I (ug) == O(x = y)dxdy

2 0=l ~cll, o

From Lemma 2, ||g||L =||f||L , we can deduce from the
q q

above inequality that 4 is finite. Choose{gl-} as a minimizing
g, OR(f), OiON and

A=1lim I (u;),

i—0

sequence, i.c.,

where u; =“g,.»1(”i)=1g,. (“gf) . Then {ul} is bounded in

H?*(Q) and has a subsequence which still denoted by{ul-}
that converge weakly to u[JH®(Q)
u0I7(Q) for the compact embedding of H*(Q) into
L1(Q)(1<q'=q/(q=1) <2N/(N=2s))
||g,- ||Lq E"f ||Lq , then{gi} is bounded in L7(Q) which has a

and strongly to

Notice that

subsequence still denoted by { g,-} converge weakly to
gOR()*", where R(f)""is denoted by the weak closure
of R(f)in L1(Q) . Then,

—>0,i—y°0,

- g)ud
UQ (g; — &)udx
Combining with the Holder inequality we have

= 0,i — o

+[_ (e ~guar

<l s =l

Since H’(Q) is compactly embedded into I’ (Q), {ul} converge strongly to # in I’ (Q). It holds then,

lim | V(u * =|ul*)dx=0
i-0dQ

Therefore,

A= lim 1) >~ J-R«J.RV | u(x)—u(y) [
1 -0 x—

N+23

A _
6’(x—y)a1bwiy—EJ‘QV|u|2 dx—ngudx @)
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By Lemma 3, linear functional

1:R(O)™ > RI(g) = jQ gudx

0
has a maximizer f OR(f),

JQ gudx < JQ ]D‘ udx .

We can imply from (1) that

AL

0
Since u is the global minimizer of the functional 7,
A
’ = ot M |v<x) o)
VP (Q) 2 IRY IRV _ N+2“

.[R‘ J'RN |uix3 L;’(");)‘|

From the above two inequalities, we have

n|
Is(u)< 4.
f
. 0
Si A= i 1 , fOR ,
ince ot ), fOR()
n|
f
So that,
0
Io(u)=4.
f

O
P(f)= sup B(g) . We
gOR(f)

Since

m] 1 O
Io(u)==—®(f)
! 2

complete the proof.

4. Conclusions

In this paper, we are focusing on the maximization
problem:

inf P(g)

(Max) G sy

where ®P(g) = IQ gu,dx andu ¢ is the unique solution of the

equation (£ ) :

—Loyu— AV (x)u = f(x),x0Q,
u=0,x0RY -Q

A ) U
O(x — y)dxdy ——I Vi u| dx—_[ fudx .
2J0 Q

[}
e(x—y)dxdy—ij VivP dx—j Fvdx
2Ja Q

0
e(x—y)dxdy—ij Viup dx—j Fudx
2J0 Q

with the right hand term f replaced by its rearrangement
gUR(f).

Since the term — AV (x)u is no longer non-decreasing
with respect to the second variable # , the arguments of the
uniqueness of the solution of the equation (£, ;) in [10]

are not valid here. By using reduction to absurdity and the
tools of the rearrangement theory, we can obtain the

uniqueness of the solution of the equation (PA f) and prove

that the maximization problem (Max) is solvable. To the best
of our knowledge, the result obtained here is new.
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