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Abstract: In this work, we study a one-dimensional mixed problem for an inhomogeneous parabolic equation with constant
coefficients of general form, under non-local and non-self-conjugate boundary conditions. The considered mixed problem
consist of two parts. The first problem is a mixed problem with a regular boundary condition, and the uniqueness of the
solution is proved through the deduction operator. Then the existence of a solution to the mixed problem is shown, and an
exact formula for the solution is found. A second mixed problem is the time delay in the boundary conditions. Since the
spectral problem obtained after the integral transformation is not homogeneous, the considered problem is again divided into
two problems. Under the minimum conditions at the initial data, by combining the deduction method and the contour integral
method, the existence and uniqueness of the solution to the mixed problem is proved, where an explicit analytic representation

for it is obtained.
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1. Introduction

The paper studies a one-dimensional mixed problem for a
parabolic type equation with general form constant
coefficients under inhomogeneous boundary conditions. It
should be especially noted that the boundary conditions have
time advance.

In the study conducted by Mammadov Y. A et al., mixed
problems were considered for the heat equation which have
in boundary conditions time advance of a more general form
[1]. The existence and uniqueness of the considered problem
is proved and the solution is presented in the form of a
contour integral.

The mixed problems for the heat equation under
inhomogeneous boundary conditions, which have time
advance in the boundary conditions also considered in Ref.
[2]. Under certain specific conditions on the data, the unique
solvability of the problem under consideration is proved and
an explicit analytical representation for the solution is
obtained. The mixed problems for the heat equation for a

partially determined boundary regime are studied in work
[3]. Under certain specific conditions on the data, the
existence of the solution is proved.

Should be noted that a problem for a parabolic-hyperbolic
equation with heat conduction operators and strings in a
rectangular domain, and the problem with the nonlocal
Samorskii-lonkin boundary condition was studied in this
study [4]. A criterion for the uniqueness of solutions is
established by the method of spectral expansions.

A boundary value problem for a mixed-type equation with
the Lavrentev-Bitsadze operator with advanced retarded
arguments and a closed change line in the main part was
studied in the research [5]. A uniqueness theorem is proved
under a restriction on the value of deviation of the arguments,
and an explicit integral representation is found for its solutions.

We can note some more results that have general and
qualitative questions of problems for partial differential
equations, including parabolic ones with deviating arguments
and for differential-difference leading-retarded equations,
uniqueness and existence theorems have been proved [6-9].
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2. Problem Solution
Let

a
L (E,E)u(x, t) = Up — AUy, (X, t) — bu,(x, t) — culx, t)

Lu(x,t) =ulx,t+ (A -jo) +qu(l —x,t +jw),(j=0,1)
Lu(x,t) = a]-_zu,(cj_z)(x, t) + bj_zu,(cj_z)(l -xt),(=23)

where a, b, ¢, w, a;, aj,bj (j = 0,1) are real constants, a > 0, w > 0, aya; # 0.
In the half-strip IT = {(x,t): 0 < x < 1,t > 0} we consider the mixed problem

Lu(x,t) = f(x,t), (x,t) €11, (1)
u(x,0) = p(x),0 < x < 1, )

Lu(x, t)|x=0 =9;(t),t>0,j=0,1, (3)
Lu(x, t)|x:0 =9;(),0<t<w,j=23, )

where f(x,t), p(x), Y, (t) (k = 0,1,2,3) are known functions, while u(x, t) is a desired function.
By the solution of problem (1)-(4) we mean the function u(x, t) which

Dux,t) € C2H AN CO<x<1,t>0); [Ju(x)dr € CO<x<1,t>0),
2)u(x,t) EC0<x=<1,t>0),(=01);

Nux,t) EC(0=<x<1,0<t<w),({=23)

4) u(x, t) satisfies equalities (1)-(4) in the usual sense.

3. Uniqueness of the Solution
It is known [10] that with the help of the substitution
9(x, t) = 9y(t) + x9,(t) Q)

boundary conditions (4) can be reduced to a homogeneous boundary condition. Indeed, substituting (5) into (4), one easily
obtains

_ Y20 bo3(t)
90(®) = 2 e~ Gaarbo)as 100 ©)
_ Y3
191(t) - a1+b1' (7)
I(x,t) = Ya(t) boy3(t) xp3(t) (8)

ag+bg ((lo+b0)((l1+b1) a1+b1'

Using the following substitution

u(x, t) =9(x,t) + w(x,t) 9)
we obtain mixed problems of the following form
Wy = awy, +bwy +cw + ¢(x,1),0<x<1,0<t < w (10)
w(x,0) = @x),0<x <1, 11
l]-w|x=0 =0,0<t<w, (12)

here, [iw(x, t) = a]-_zw,gj_z)(x, t) + b,_zw,ﬁf‘”u —x,t),(j =2,3),

- bs(t) | cPa(t)  beps(t) cxp3(t)  Pa(®) bops(t) x5 (D)
¢(x’ t) - f(x’ t) " a1%by " aot+bo  (ap+bo)(as+by) T aj+by ag+bg + (ap+bg)(ay+by)  aq+by’ (13)
@(x) = p(x) — ¥2(0) + bo3(0) _xy3(0) (14

ag+bg (ag+bg)(ai+bq) a;+by’
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According to the general scheme of the residue method, of M. L. Rasulov [11], at first, two problems with a complex
parameter p are compared to the mixed problem (10)—(12).

The Cauchy problem.
E—uz_qi>(xt)0<t<w (15)
z(x,0) =@¢(x),0<x <1, (16)
B. The spectral problem.
L(dx )y(xu)—h(xu)0<x<1 17)
Qﬂﬁﬂinszﬁ) (18)

It is known [12] that if agb; + a; by # 0, then for all complex values of u not belonging to the set S = {u,,v=1,2,..}
there exists a Green’s function G, (x, &, 1) of the spectral problem B (we will call it the first spectral problem) analytic in u
everywhere, except for the points of the set S, which are its poles and have the asymptotic representation

_ ., (=1)V(apai+bgby) 1
Py = \/En vit 2(agbi+aq1bg) +0 (v) Vo
Renumbering points from S in ascending order of their moduli, taking into account their multiplicity, we denote S =

{w,v=12,..}|ul <luzl < -, u, has multiplicity y,,, where y,, = 1 or y,, = 2. It is clear that |y, | = o (v - o), there
exist such h > 0, § > 0 that

—h <Repu, <h, |ty — | >26v=1,2,..). (19)

Outside the § -neighborhoods of the points u,,, the following estimates hold:
|i&ﬁﬂq<dmk1c>0k_o1z (20)

For any function f(x) from the domain of definition of the operator of the first spectral problem, we have the following
representation

Jy G:Ge & f g = L2+ 5 [161 0o &0 f ()8 + 5 f 6o, &) (af " (§) + b (§))dE. @1

Now let’s take a number of notations that we will use later: let c > 0, r > 0 be some numbers z be a complex variable,
L. = {z:Re z% = c} be a hyperbola with branches L¥ = {z:Re z? = ¢c,+Rez > 0}, Q, = {z: |z| = r}, Q,(8,,6,) be arc of the
circle ., enclosed between the rays z = g e/ (0 < 0 < 0,i =vV—1,j = 1,2).

Note that the arcs {z: |z| = 7,Re z%2 = ¢,Rez < 0} u {z: |z] = r,Re z2 < ¢,Im z < 0} connecting the branches and sides of
the hyperbola L. in our notation will be, respectively

Q(=0cr,0cr), Q0 (8crr —0cr + 1), (=0 + 7,0, + 1), Q0. +1,—0,, + 21),

r2—c

where 6., = arctg 7o

Let's introduce the contours

~

chi’gu -

&~
)

It = {Z +Z—ae Ok (ZC 1++2 ]}
{z:iz=c(1+in,n€[—1—\/7,1+\/§]}u
{Z +z—aes O'E[ZC 1++2 ]}

Part of the contours L., LE, L., L¥, enclosed inside the circle Q,., will be denote by Loy, LE,, ZC,T, Zﬁr respectively. Finally,
we denote by I, [&,, fc,, f;{r asr = 2c /1 + g the closed loops

Ty =0 (0., +1 =0, +2m) ULE, UQ (0., —0cr + ) U Ly,
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F:T = L-(':—T' U( HCTJ HCT') FL:'—T - L::TUQ ( 3:’3?”),

F=0,(-Z, ——)u fr.uq, (3" 5") [

The positive direction on all these and subsequent lines will be considered the direction counterclockwise.
Let {r,,} - be a sequence of numbers such that

O<n<np< <<, limn = o,

n-o0
the circles ), do not intersect §- neighborhoods (& is sufficiently small, fixed) of points y,, € S. In view of the structure of §
the existence of such a number § and such a sequence {r;, } is beyond doubt. The number of points y, lying inside f”n from
the domain of definition we denote by m,,. It can be seen from (21) that for any function f (x) from the domain of definition of
the operators, of problem B, i.e. f(x) € c2[0,1], l]-f|x=0 = 0 (j = 2, 3) the following representation holds:

ﬁfrh_ Mduf G (x, &, Wf (§)d§ = f p L (x)du + +— f 1dyf G,(x, & W f (§)dE +

h, 2mi h,

X [ Gy (x, & wlaf"(©) +bf'(€) + cf(E)]dE,

-1
27.”f M dﬂx

2mi

lim,,_ o, — fr wif(x)dx = (x) hmn_mf

2mi

fx) 2mirpetPde  f(x) ,
. lim,, o, [, — =S 2mi = f(x),

2m i rnel®

limecn fo, 07y Gy O & f (§)AE = limpco fo 17 dpt [y Gy (x, €, 1) (§)dE,

o, H7du f GG & F ()| <

271:| 2w |du
g =cC —
0 1f0 HZ

=0 fozn

ip
i rne do
| 1 f

2t —d(p—>0n—> 00,

| Il

In a similar way, it is proved that

limyon fo, 17 dp [y Go (e &) (af"(©) + bf (§))dE =0,

consequently

fQ) = limy, o0 > lfrh pdp f) Gy (o & mf(E)dE = Ny resy, p fy G (e, & ) f(§)dé (22)

uniformly in x € [0, 1].
The solution to problem A has the form:

2(x,t, 1) = p)et” + [ et D (x, 1)dx. (23)

Using the scheme of the residue method [11] for an ordinary problem (a problem without time deviation) (10)-(12), it is
proved that if it has a solution, then this solution is represented by the formula

w(x, t) = 35, res,, 1 [, Gy (x, & W)z (&, t, w)dg, (24)

and by transforming and justifying this formula allowing for (9) for problem (1), (2), (4) (in the rectangle 0 < x < 1,0 <t <
w) we prove
Theorem 1. Let agh; + a;by # 0, @(x) € c?[0,1] | =0(j=23), f(x,t) € C*°([0,1] x [0, w]), l]-f|x=0 =0,

(J=2,3), P (t) € CHO,w] (k =2,3) and (a, + bo)(a1 + bl) # 0. Then problem (1), (2), (4) has a solution and it is
represented by the formula

_ Y2t) _ Bows(t) xP3(t) o w2t |t _ ¥200 bo3(0)

ub6 D) = By T orho) @B T anegy T T 2v=1TCSm € [y 660 (00 aotbg | (@otbo)(arthy)
) dE + [y e [ Gy G £09 € e (25)
a;+bq

for0<x<1,0<t<w.

Formula (25) allows us to draw some more conclusions that we will need in what follows. Under the conditions of Theorem
1, from (25), allowing for (21), we have
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1

T res,, nel’t [ Gy (0, & w@(§)dE = limy, e — X |

/F\h.Tn

Tl

X Jo Bt [ G (6§, )@ ()€ + limy 7 X

from estimate (20) and the fact that on the arcs €, (—

5m .
? +]1T,

uet*td [} Gy (€, 1 (§)dE = px) + limy o -5

ulert 16y (x, &, wlag"(©) + be'(§)ldédu

J

/F\h.Tn

_3?”_””) (J=0,1)Repu? < —?MZ it follows

liMyn fo (L, i, W [ Gy (6, 6 )" (€) + b (6) + cp(D1dE = 0,G = 0,1)

consequently,

1
lim — |5

and finally, using G, (x, &, u) = G,(x, &, —u), we obtain

Y2 (t) _ Bo3(t)

u(x,t) =

xP3(t)

agtBo  (ap+Po)(a1tf1)  ai+Pi

+ o mTe [ Gy (6, €, [0 (§) + be'(§) + cp(D)Id + [ erdr [(f (1) + 220 4 S8

b3 (o)
(ao+bo)(a1+b1)

L o¥s@ _ ¥

ai+bq ag+bg

ai+bq

for0 <x<1,0 <t < w, where h is a number from (19).
From this theorem we have the validity of the following
statement:

Theorem 2. Under the conditions of Theorem 1, problem
(1)-(4) can have at most one solution.

Indeed, if problem (1)-(4) had two solutions
uy(x,t),uy(x,t) , then their difference v =u,(x,t) —
U, (x, t) would be the solution of homogeneous problem (1)-
(4) with @(x) =0,¥,(t) =0 (k=0,1,2,3), f(x,t) =0,
and by the same token of the homogenous problem (1), (2),
@ in{(x,t):0<x<1,0<t<w}l

Then by virtue of 26)v(x,t) =0for0 <x<1,0<t<
w, and from conditions (2) it follows that v(0,t) = v(1,t) =
0 for t = 0. In connection with these and condition 1) it is
easy to see that the function

w(x, t) = [ v(x, 0)de

is the solution to the homogeneous problem u; = au,, +
bu,+cu (0<x<Ltzw), vix,w)=0 (0<x<1),
where,

uettdp [ G(x, &, Wp(@)d = () + o fo et tdu [ Gy (x, €, 1)lag" (§) + be'(§) + co(©)]d¢

(x) — ¥2(0) boY3(0)  _ x3(0)
ag+bg (a0+b0)(a1+b1) a;+bq
beips(7)
ai+bq ai+bq (ag+bg)(ai+bq)

—TO) L L ety [ Gy € afg (6.0 + BAIED + of (€,0]dE], (26)

v(0,t) =v(1,t) =0 continuous in {0<x<1,t=>w},
whence taking into account the maximum principle [13],
[14], we conclude that w(x,t) =0, (0<x<1,t > w)
hence, v(x,t) =0 (0 <x < 1,t = 0).

4. Investigation of the Existence of a
Solution to the Main Mixed Problem

Applying  the  integral  transformation A(f) =
fow e_’lztf(t)dt (see [15]) to equation (1) and boundary
condition (3), we obtain the following spectral problem with

a complex parameter A (we will call it the second spectral
problem):

L (ﬁ'ﬂz)z(ﬁal) =az"(x,A) + bz'(x, 1) + (c — 1*)z(x, 1),

L (;—x,lz) 206, 2) = F(x, ), 27)
{e’lz“’z(O, D+ gxoz(l,l) =AY, 9
2(0,1) + a;e*" “z(1,1) = B(Q),
F(x,2) = —(x) = f(x,2), (29)
feo, ) = [T e ¥ tf(x, tdt, (30)
2(x, ) = [ e~ tu(x, t)dt, 31)
AD) =P, (D) + e¥ [ e P tu (0, t)dt,
(32)

B = ¥,(1) + ayet’® fow e ty(1, t)de,

D) = [ e (t)de, (k = 0,1),
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u(s,t) (s = 0,1) are boundary values of the solution on the parts of the side boundary of the domain {(x;t): 0 < x < 1,t >
0} which are determined from (26).
Boundary conditions (28) can be reduced to the following form

2(0,2) = m(A), z(1, 1) = n(A), 33)

where
m(A) = z,(1) = [ale“z“’ - ao]_l (A(A)alez’lz“’ - aOB(A))

n() = 2,() = [0 e?® —a,] " (B(Her*® — A(D)). (34)
The solution of problem (27), (33) can be represented as the sum of solutions of two problems:
AL(S lz)z(x 2 =0,2(0,2) = m(A), (1, 1) = n(A),
B.L (E,Az)z(x, ) =F(x,A),2(0,2) = 0,2z(1,1) = 0.

The solution to problem A is represented by the formula

Aedot)

1

e(%—j—awe))l‘ Km@e (ZLj—Ew(l))_nm) (s ero®)-

+ (n(/’l) - m(l)e_<%_%+o(%)>> e_<%_‘/%+o(%)>xl, (35)

where m(4) and n(4) is determined by formula 1 (34).
If m = zy(1), n = z; (1), then the function Q(x, 4, m,n), analytic in A everywhere except for the points A, = vamv i+

1 1 a 1/2
. + 0 , .
0 (;) (v=0,+1,+2,...) and the points A3, = + [Zln o +2mm l” (m =0,41,42,...) are its poles.
1
Obviously, at all the points A, where Q (x, 4, m, n) exists, the identities

Q(x,A,m,n) =

L(£,22) Qx, A, m,m) = 0,Q(0,4,m,n) = m,Q(1,4,m,n) =n (36)

are valid.
The solution of problem B is constructed using its Green's function. Denote the Green's function of Problem B by G, (x, ¢, 1)

and this function is analytic in A everywhere except for the points A, = vanv i + 0 (%) which are its simple poles.
We note some facts [11], [12] about the Green function G, (x, &, 1): there exists such § > 0 that on the A -plane outside the

k
set Uy {1: |1 — 1,| < 6} the estimate |%};M)| < ColA|¥,Cy >0,k =0,1,2, is valid for all x,¢é € [0,1]; for A # 4,
v=0+1142,.)

L(£,22) [} 6200 & Mp(9)dE = —p(x), 62(0,6,2) = G5(1,§,2) = 0.
The solution of the second spectral problem is represented by the sum of two solutions (problem A and problem B)
2(x,2) = — [ Go(x, &, DF (&, )d& + Q(x, 4, m(A),n(D)). (37)

For any function ¢ (x) from the domain of definition of the operator of the second spectral problem, the following equality
holds:

[ 6,0 & Dp@d = — 22+ L [16,(x,8, Dlag" @) + b (§) + cp(§))dg + 2220 W), (38)

Using (38), solution (37) can be represented as

z(x, 1) = w——f G2 (x, ¢, Dap"(§) + be'(§) + co(§)]d ——Q(x AmA),nA)), (39)

212

we fix a number ¢; > max (0, In |%|)

Theorem 3. Let agh; + a;by # 0, @(x) € c?[0,1], l]-qo|x=0 =0(j=0,1); f(xt) € C*°([0,1] x [0, 0]), l]-f|x=0 =0
(= 0,1), Y, (t) € C[0,0] (k = 0,1) and (ay + by)(a; + b;) # 0. Then problem (1)-(4) has a classical solution, and it is
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represented by the formula

u(n,t) = 90 + [y fGe DT = fi2 A7 e A x [f) 600, 8, D) (a" (€) + b’ (€) + cp() +

+ [y e afit (6,0 + bfL(E, D) + cf (&, T)]d’[) dé — Q(x,2,9(0), (p(l))] +L fL+ Ae¥tQ(x, 2, m(A),n(A))dA.  (40)
The three integrals in (35) are studied in a similar way. For example, consider the second integral
u, (x,t) = % It 21?1 (x, 4, 9(0), p(1))dA. 41)
On the distant parts of the contour Eng (Red>cyp)
|e?t] = etReA® = ot cos2argd ot cos(+57) _ e—%w_ (42)

Further, from formula (35), the function Q (x, 4, ¢ (0), ¢ (1)) is analytic in the domain Re A > ¢;, and the estimates

k
|6 Q(x.l,w(O),w(l))| < C|/1|k

P (k=10,1,2) (43)

Illk ’
are valid for all x € [0, 1].
On the distant parts of the contour LJr (Re A > ¢,) and on the arcs Q, ( : 3”) (r > 2¢;4/ 1 + /r we have the estimate

C3

—|i|(1—x)cos3—n —|i|xcos3—n
1Q(x, 4, 9(0), p(1))| < cie Va 8 +ce Wa &+ a

(44)
from (41) and (42) it follows
u(x,t) Ec?(0<x < 1,t > 0), (45)

in (40) for t > 0 the operations L (%, %) as x = 0, x = 1 can be transferred under the integral sign. Then, taking into account
(36]), we obtain

L (%,%) u,(x, t) =0,

(0) —1_22 (0) . —1_22 (0) ,
u,(0,t) = ";—ifia A etd) = %llmr_)w A e®td) = %- 21 i = ¢(0)

Lt -
up(1,8) = 22 1, 171ePtd) = LBy I A Prap =28 2m 1 = (1)
Ley

From equality (43) it can be seen that for x, belonging to any segment [x;, x,] € (0, 1) integral (40) converges uniformly in
t = 0. Then

u,(x,t)Ec(0<x<1,t=0), (46)

and for x € [xq, x;]

w(x,0) = & [y 27Q(x,2,9(0), p(D)dA = Hlim, o [, 27012, 9(0), (D)2 +

+ fo (mam —lq(x,x,<p(0),<p(1))d/1] =0, 47)
by the analyticity of Q(x, 4, (0), (1)) inside the closed
contour I . 5. Conclusion
Combining Theorems 1 and 2, we arrive at the following
final statement: In this study, we analyzed a one-dimensional mixed

Theorem. Let all the conditions of Theorems 1 and 2 be  problem for an inhomogeneous parabolic equation with
satisfied. Then problem (1)-(4) has a unique solution constant coefficients in general form under unconventional

represented by formula (40). boundary conditions. A unified method of Rasulov contour
integral and the residue method were presented to solve the
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problem. First, important properties of related spectral
problems were analyzed and the results obtained were
applied to the mixed problem. Under some algebraic
conditions on the given data, the existence and uniqueness of
the solution of the mixed problem under study and an explicit
analytical notation for it were obtained.
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