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Abstract: Our motivation in this paper is to start and study the algebraic nature of (Q,L)-fuzzy normal {-subsemirings of a
£-semiring. Our purpose of this paper is to initiate and study the notions of (Q,L) - fuzzy normal {-subsemirings of (-
semiring.We introduce the concept of (Q,L)-fuzzy normal {-subsemirings of a {-semiring. We study few of their elementary
properties by (Q,L)-fuzzy normal {-subsemirings of a {-semiring and establish some results on these. These ideas are utilized
in the improvement of some significant outcomes. We additionally made an endeavor to study the few properties of (Q,L)-
fuzzy normal (-subsemirings of (-semiring under homomorphism and anti-homomorphism. Also some theorem is the
composition operation of functions (Q,L)-fuzzy normal (-subsemirings of (-semiring under isomorphism and anti-
isomorphism. Also prove some more properties of homomorphism and anti-homomorphism image and pre- image of (Q,L)-
fuzzy normal {-subsemirings of {-semiring. Finally, we present the theorems of (Q,L)-fuzzy normal {-subsemirings of {-
semiring under image and pre- image of isomorphism and anti- isomorphism.

Keywords: (Q,L)-fuzzy Subset, (Q,L)-fuzzy £-subsemiring, (Q,L)-fuzzy Normal {-subsemiring,
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Arjunan. K [8]. A new algebraic structure called Q-fuzzy
subgroups was introduced by A. Solairaju and R. Nagarajan
[4]. Saravanan. V and Sivakumar. D [14, 15] have introduced
and defined a new algebraic structure of anti-fuzzy and anti-
fuzzy normal subsemiring of a semiring. In this paper, we
make some characterization of (Q,L)-fuzzy normal set and
then proved some results on (Q,L)-fuzzy normal (-
subsemiring of a £-semiring.

1. Introduction

The idea of Lattice was first characterized by Dedekind in
1897 and then doveloped by Birkhoft. G, imposed an
operation an open problem “Is there a common abstraction
which includes Boolean algebra, Boolean rings and lattice
ordered group or L-bunch is a mathematical design
associating lattice also, bunch. The notion of fuzzy sets was
first introduced by L. A. Zadeh [18], several researchers
explored on the generalization of the concept of fuzzy sets.
The notion of fuzzy subnearrings and ideals was introduced
by S. Abou Zaid [12]. Biswas. R [5], have introduced fuzzy
subgroups and anti-fuzzy subgroups. Palaniappan, N. and
Muthuraj, R. [9] have introduced the notion of
homomorphism, anti-homomorphism of fuzzy and anti-fuzzy
groups. Palaniappan. N & Arjunan. K, Operation on fuzzy
and anti fuzzy ideals was introduced by Palaniappan, N. and

2. Preliminaries

Definition 2.1 Let X be a non-empty set and L = (L, <) be
a lattice with least element 0 and greatest element 1 and Q be
a non-empty set. A (Q, L)-fuzzy subset A, of X is a function
A, XXQ - L.

Definition 2.2 Let R be a £-semiring and Q be a non empty
set. A (Q,L)-fuzzy subset A of R is said to be a (Q, L)-fuzzy
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£-subsemiring (QLFLSSR) of R if the following conditions
are satisfied:

DA(x+y,q9) = A(x,q) A A, q),

(i) A(xy,q) = A(x,q) NA(Y, 9),

(i) A(xVy,q) = A(x,q) NA®Y, q),

(iv) A(x Ay, q) = A(x,q) ANA(y,q), for all x and y in R
and q in Q.

Definition 2.3Let R be a #-semiring and Q be a non-empty
set. An (Q, L) -fuzzyl-subsemiring A of R is said to be
an (Q, L)-fuzzy normal £-subsemiring(QLFNLSSR) of R if it
satisfies the following conditions:

DA +y,q) = A(y +x,9),

(i) A(xy,q) = A(yx,q),

(i) A(x Vy,q) = A(yVx,q),

(iv) A(x Ay, q) = A(y Ax,q), for all x and y in R and ¢
in Q.

Definition 2.4 Let A and B be any two (Q,L) -fuzzy
subsets of sets G and H, respectively. The product of A and B,
denoted by A X B, is defined as A X B = {< ((x,¥),q),A X
B ((x,¥),q) >/ for all x in R and y in H and q in Q}, where
AXB((x,y),q) = A(x,q) A B(y,q).

Definition 2.5Let R and R’ be any two €-semirings Q be a
non empty set. Let f:R = R'be any function and A be a
(Q,L) -fuzzy ¥ -subsemiring in R,V be a (Q,L) -fuzzy ¢ -
subsemiring in  f(R) =R', defined by V(y,q) =
Sup A(x,y), forall x inR and y in R'and q in Q.Then A

)

is called a pre-image of V under f and is denoted by
).

Definition 2.6 Let A be a (Q, L)-fuzzy subset in a set S, the
strongest (Q, L) -fuzzy relation on S, that is a (Q,L)-fuzzy
relation V. with respect to A given by V((x,y),q) =
A(x,q) NA(y,q), forall x and y in S and q in Q.

Definition 2.7 A (Q, L)-fuzzy subset A of a set X is said to
be normalized if there exists an element x in X such that
A(x,q) = 1.

Definition 2.8 Let A be an (Q, L)-fuzzy £-subsemiring of a
f-semiring R and a in R. Then the pseudo (Q, L)-fuzzy coset
(aA)P is defined by ((aA)P)(x,q) = p(a)A(x,q), for every
x in R and for some p in P and q in Q.

Definition 2.9 Let A be a (Q, L)-fuzzy subset of X. Fora. in
L, a Q-level subset of A is the set A, = {x € X: A(x,q) =

al.

3. Properties of (Q, L)-fuzzy Normal
f-subsemiringofa £-semiring

Theorem 3.1 Let R be a £-semiring Q be a non-empty set.
If A and B are two(Q, L)-fuzzy normal £-subsemirings of R,
then their intersection AN B is an (Q, L) -fuzzy normal -
subsemiring of R.

Proof: Let x and y € R.Let A = {{(x,q),A(x,q))/ x in R
and q in Q} and B = {{(x,q),B(x,q))/ x in R and q in Q} be
(Q, L) -fuzzy normalf-subsemirings of a £-semiring R.Let
C=ANB and C={(xq),C(x,q))/x in R and q in
Q}.Then, Clearly C is an (Q, L)-fuzzy £-subsemiring of a £-
semiring R, since A and B are two (Q,L) -fuzzy ¢ -

subsemirings of a ¢ -semiring R and,(i) C(x+y,q) =
A(x+y,q) AB(x+y,q) =Ay +x,9) AB(y+x,q) =
C(y +x,q), for allx and y in R and q in Q.Therefore,C (x +
v,q9) = +xq), for all x and y in R and g in
Q. (i)  Clxy,q)=Alxy,q) AB(xy,q) = A(yx,q) A
B(yx,q) = C(yx,q), for all x and y in R and q in
Q.Therefore, C(xy,q) = C(yx,q), for all x and y in R and q
in Q. Also, (iii) C(xVy,q) = A(xVy,qQQAB(xVy,q) =
AlyVvx,qQ) AB(yVx,q) =C(yVxq), for all x and y in
Rand q in Q. Therefore, C(x Vy,q) = (yV x,q), for all x
and y in R and q in Q. (iv)C(xAy,q) =Ax Ay, q)A
BxAy,q) = A Ax,q) AB(yAx,q) =C(yAx,q), for
all x and y in R and q in Q. Therefore,C(x Ay,q) = (Y A
x,q), for all x and y in R and q in Q.Hence AN B is an
(Q, L)-fuzzy normal £-subsemiring of af-semiringR.

Theorem 3.2Let R be a £-semiring Q be a non-empty set.
The intersection of a family of (Q,L) -fuzzy normal ¢ -
subsemirings of R is an (@, L)-fuzzy normalf-subsemiring of
R.

Proof: Let{A;}ic;be a family of(Q,L)-fuzzy normal £ -
subsemirings of a £-semiring R andlet

A= ﬂAi.
i€l

Then for x and y in R and q in Q.Clearly the intersection
of a family of (Q, L)-fuzzy £-subsemirings of a £-semiring R
is an (Q,L) -fuzzy ¢ -subsemiring of a ¥ -semiring R. (i)
Ax+y.q) = Inf A +y.0 = 1nf 40+

2077 () K077 ()
x,q) = A(y + x,q). Therefore, A(x +y,q) =AWy +x,q),
for all x and y in R and ¢q in Q. (ii)

A0y, 9 = inf A0 = inf A0xa =
X0 () A0
A(yx, q). Therefore, A(xy,q) = A(yx,q), for all x and y in

R and g in Q. (iii) A(xVy,q) = lnf Ai(xVy,q) =
A0 ()

inlf Ailyvx,q) =AWy Vxq). Therefore, A(x Vv
07 ()

v,q) =A(yVx,q), for all x and y in R and q in Q. (iv)

Ax Ay, )= 1nf AxAy.a) = nf A0Axq) =
<077 () X077 ()

A(y Ax,q). Therefore, A(x ANy, q) = A(y Ax,q), for all x

and y in R and q in Q.Hence the intersectionof a family of

(Q, L)-fuzzy normal £-subsemirings of a £-semiringR is an

(Q, L)-fuzzy normalf-subsemiring of a £-semiringR.

Theorem3.3 Let A and B be (Q, L)-fuzzy €-subsemiring of
the €-semirings G and H, respectively. If A and B are (Q, L)-
Sfuzzy normal €-subsemirings.ThenA X B is an(Q,L)- fuzzy
normal €-subsemiring of G X H.

Proof: Let A and B be (Q, L)-fuzzy normal £-subsemirings
of the £-semirings G and H respectively.Clearly A X B is an
(Q, L) -fuzzy € -subsemiring of G X H. Let x; and x, be in
G,y, and y, be in H,q in Q.Then (x4, y;) and (x;,y,) are in
G X H. Now, A X B[(x1,y1) + (x3,72),q] = A %
B((x1 + X2, Y1 + ¥2), CI) =A(x; +x2,Q) AB(y; +¥2,9) =
ACty +x1, @) AB(yz +y1,q) = AX B((x; + %1, 5, +
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yl),q) = A X B[(x3,¥2) + (x1,¥1),q]-  Therefore, A X
B[(x1,y1) + (x2,¥2),q] = A X B[(x2,¥2) + (x1,¥1),q]- And,

A X B [(x1,y1)(X2,¥2),q] = A X B((x1X2,¥1Y2),9) =
A(x1%2,9) NB(¥1Y2,9) = A(x2%1,9), B(y291,9) = A X
B[(x2,y2)(x1,¥1), q]- Therefore, A X B[(x1,¥1)(X2,¥2),q] =
A X B[(x2,¥2)(x1,¥1), 9] Also, AXB [(x,y1)V
(x2,¥2),9] = AXB((x1Vx3,y1 VY2),q) = A(x V
X2, Q) VB VY2, q) = A VX1, @) AB(Y2Vy1,q) =
AXB((x3Vx1,¥2 VY1),q) = AXB[(x2,y2) V (x1, Y1), q]-
Therefore, A X B[(x1,¥1) V (x2,¥,),q] = AXB[(x3,¥,) V
(x1,¥1),q].  And,  AXB[(x1,¥1) A (x2,¥2),9] = AX
B((x1 Ax3, Y1 AY2),q) = A(xy Ax,q) B AY2,q) =
A(x; Ax1, Q) AB(Y2 AY1,q) = AXB((x2 Axy, Y2 A
¥1),q) = AXB[(x3,¥2) A (x1,¥1),q].  Therefore,
B[(x1,y1) A (x2,¥2),9] = AXB[(x3,y2) A
(x1,¥1),q]- Hence A X B is an (Q,L) -fuzzy normal ¢ -
subsemiring of G X H.

Theorem 3.4 Let A be a fuzzy subset in a €-semiring R and
V be the strongest (Q,L)-fuzzy relation on R. Then A is an
(Q, L)-fuzzy normal €-subsemiring of R if and only if 'V is an
(Q, L)-fuzzy normal €-subsemiring of R X R.

Proof: Suppose that A is a (Q,L) -fuzzy normal ¥ -
subsemiring of R.Then for any x = (x1,x;) andy = (y4,¥)
are in R X R and q in Q.Clearly V is a (Q,L) -fuzzy ¢ -
subsemiring of R X R.We have,V(x +y,q) = V[(xy,x,) +
1, Y2),q]l = V(4 +y1,%2 +¥2),9) = A((x1 + 1), @) A
A((xz +¥2), @) = A(Oh +x1), ) NA((Y2 +x2),9) =
V(1 + 2,2 +%2),9) = V[, y2) + (X1, %2),q] =
V(y + x,q). Therefore, V(x +y,q) =V (y + x,q), for all x
and y in RXR and g in Q. We have, V(xy,q) =
VI, %2) (1, ¥2), q] = V(v x252), @) = A((x1y1), 9) A
A((x2y2), @) = A x1), O N A((Y2x2),9) =
V((r1x1,¥2%2), @) = V(Y1 ¥2) (X1, x2),q] = V(yx, q)
Therefore, V(xy,q) = V(yx, q), for all x and y in R X R and
q in Q. Also, V(xVy,q)= V[(x1,x2)V(¥,¥2)4q] =
V(1 VYL x2 Vya),q) = A((x Vy1), @) A A((x2 V
¥2),q) = A((1 Vx1), Q) ANA((V2 V x2),q9) = V(1 V
X1, Y2 VX2),q) = V[(y1,¥2) V (X1, %2),q] =V(y v
x, q).Therefore,V(xVy,q) =V(y V x,q), for all x and y in
RXR and q in Q. And, V(xAy,q) = V[(xy,x3) A
V1y2),q] = V(s Aynxa Ayz),q) = A((x Aye), @) A
A((x2 AY2),q) = A((y1 A x1), @) NA((V2 AX2),q) =
V(i Ax,y2 AX2),q) = VI, ¥2) A (x1,%2),q] = V(y A
x, q) Therefore,V(x Ay,q) =V(y Ax,q), for all x and y in
R XR and g in Q. This proves that V is a (Q,L) -fuzzy
normal£-subsemiring of R X R.Conversely, assume that V is
a (Q, L)-fuzzy normalf-subsemiring of R X R, then for any
x = (xq,x;) and y = (y,,y,) are in R X R, we haveA(x; +
Y@ NA, +y2,9) = V(X +y1,%2 +¥2),9) =
V[, x2) + (1 y2),q) =V(x +y,q9) =V(y +x,q) =
VI, y2) + (x1,%2),q]l = V(1 + x4, Y2 +%2),9) =
Ay + 2, O NA(Y2 +x2,9). We  get, A((xy +y1),9) =
A((y; + x1),q), for all x; and y; in R and q in Q. And
A(x1y1,9) NA(x2Y2,q) = V((x1Y1,%2Y2),q) =
VI(x1,%2) (1, ¥2), 9] = V(xy,q) =V (yx,q) =
VI, ¥2) (21, x2), q] = V(X1 ¥2%2), 9) = A(v1x1, ) A
A(y2x2,q9). We  get, A((x1¥1),9) = A((y1%1),q), for all
x;and y; in R and q in Q. Also, A(x; Vy;,q) NA(x, V

A X

Y2, q) = V((x VY1, %2V Y2),q) =V[(x1, %) V

Y2, ql =V vy q =V Vxq =V[(y,y2) v
(x1,%2),q] = V(1 VX1, Y2V x2),q9) = A1 V X1, q) A
A(Y2 V x2,q).-We get, A((x1 V y1),q) = A((y1 V X1), q), for
all x;and y; in R and q in Q. And, A(x; Ayy,q) ANA(x; A
Y2, @) = V(1 Ay1, %2 AY,),q) = V[(xg,x2) A

1y, ql =V Ay, @) =V Ax,q) =V[(y,y2) A
(x1,%2),q] = V(1 A X1, Y2 Ax3),q) = Ay A Xy, @) A
A(y2 Nxp,q). We get, A((x1 A yi),q) = A((y1 A x1),q), for
all x;and y; in R and g in Q.Hence A is a (Q,L) -fuzzy
normal £-subsemiring of R.

Theorem 3.5 Let R and R' be any two £-semirings and Q
be a non-empty set. The homomorphic image of an (Q,L)-
fuzzy normal €-subsemiring of R is an (Q, L)-fuzzy normal £-
subsemiring of R'.

Proof: LetR and R’ be any two £-semirings Q be a non-
empty set and f: R—R'be a homomorphism. Then, f(x +
y) = f(x) + f(y) andf (xy) = f(x)f (y), for all x and y in
R.Let V = f(A), where A is an (Q,L) -fuzzy normal ¥ -
subsemiring of a £-semiring R. We have to prove that V is an
(Q, L)-fuzzy normal £-subsemiring of a £-semiring R'.Now,
for f(x),f(y) in R, clearly V is an (Q,L) -fuzzy ¢ -
subsemiring of a #£-semiring R', since 4 is an (Q, L)-fuzzy ¢-
subsemiring of a ¢ -semiring R. Now, V(f(x) + f(y),q) =
VFx+y),q) 2 Ax+y,9) = Ay +x9) <V(f(y+
x),q) = V(f(¥) + f(x),q). Therefore, V(f(x) + f(¥),q) =
VEW +f(x),q), for all  f(x) and f(y) in
R'.  Again, V(f(O)f(),q) =V(f(xy),q) =z A(xy,q) =
A(yx,q) s V(f(yx),q) =
VD (%), q). Therefore, V(). q) =
V(f()f(x),q), for all f(x) and f(y) in R".Also, V(f(x) Vv
M, =V(xVy),q2AxVy q =AyVxq) <
VFEG V), =V(FO)Vf(x),q). Therefore, V(f(x)V
fFO),a) =V V (f(x),q), for all f(x) and f(y) in R'.
And, V(A =VF&AY),q) 2AxAy,q) =
AGAX, Q) sV A, =VFD)A
f(x),q).  Therefore, VE@ A3, =VFED A
(f (), q), for all f(x) and f(y) in R".Hence V is an (Q,L)-
fuzzy normal £-subsemiring of a £-semiring R'.

Theorem 3.6Let R and R' be any two £-semirings and Q be
a non-empty set. The homomorphicpreimage of an (Q,L)-
fuzzy normal £-subsemiring of R'is an (Q,L)-fuzzy normal
P-subsemiring of R.

Proof: Let R and R’ be any two £-semirings Q be a non-
empty set and f: R — R’ be a homomorphism. Then,f (x +
y) = f(x) + f(y) and f(xy) = f(x)f (¥), for all x and y in
R.Let V = f(A), where V is an (Q,L) -fuzzy normal ¥ -
subsemiring of a £-semiring R'. We have to prove that 4 is
an (Q, L)-fuzzy normal £-subsemirring of a £-semiring R.Let
x and y in R. Then, clearly A is an (Q,L) -fuzzy ¢ -
subsemiring of a £-semiring R, since V is an (Q, L)-fuzzy ¢-
subsemiring of a £-semiringR".Now,A(x +y,q) =V (f(x +
V) =VU@)+f),)=VU Q) +fx).q =
V(f(y +x),q9) = A(y + x,q). Therefore, A(x+y,q) =
A(y+x,q), for all x and y in R and g in
Q. Again, A(xy,q) =V(f(xy),q) =V f()q =
VDM, q) =V(f(yx),q) = A(yx, q).
Therefore,A(xy,q) = A(yx,q), for all x and y in R and q in
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Q.  Also, AxVy, @) =V({fxVvy),q =V({[x)V
fMD)=VUWMVIx).q)=V({fyVvx)q) =AyV

x, q). Therefore, A(x Vy,q) = A(y V x,q), for all x and y in
R and q in Q. And, A(xAy,q) =V(f(xAy),q) =
VE@AfD, ) =VIEWMAfX), ) =V(f(yAx),q) =
A(y Ax,q). Therefore, A(x Ay, q) = A(y Ax,q), for all x
and y in R and g in Q.Hence 4 is an (Q, L)-fuzzy normal £-
subsemiring of a £-semiring R.

Theorem 3.7Let R and R' be any two £-semirings and Q be
a non-empty set. The anti-homomorphic image of an (Q, L)-
fuzzy normal £-subsemiring of R is an (Q, L)-fuzzy normal £-
subsemiring of R'.

Proof: Let R and R’ be any two £-semirings and Q be a
non-empty setand f:R— R’ be an anti-homomorphism.
Then, f(x +y) = f(y) + f(x) and f(xy) = f(¥) f(x), for
all x and y in R.Let V = f(A), where A is an (Q, L) -fuzzy
normal £-subsemiring of a £-semiringR. We have to prove
that V is an (Q,L)-fuzzy normal ¢ -subsemiring of a # -
semiring R". Now, for f(x) and f(y) in R', clearly V is an
(Q, L)-fuzzy £-subsemiring of a £-semiring R’, since A is an
(Q, L)-fuzzy €-subsemiring of a {-semiring R.Now,V (f(x) +
fMN,O=VFy+x),9)2A0+xq) =Ax+y,q9) <
Vf(x+y),0) =V({f(¥) + f(x),q). Therefore, V(f(x) +
fO, )=V Q)+ f(x),q), for all f(x) and f(y) in
R Again, V(f()fO).a) =V x).q) = Alyx,q) =
A(xy, @) V() q) =
V(f ) f (x), @). Therefore, (f () f (¥), @) = V(f()f (x), ),
for all f(x) and f(y) in R'. Also, V(f(x)Vf(¥),q) =
Vi vx),q) 2AyVxq) =AxVy,q) < V(f(xV
¥), @) =V )V f(x),q). Therefore, V(f(x) V f(¥),q) =
V(f)Vf(x),q), for all f(x) and f(y) in R'. And,
VE@AfO), @) = VEGAX),q) 2 Ay Ax, q) = A(x A
YD =VFEEAY),Q =V Af), Q- Therefore,
VIE@AfB), @) =VFEO) Af(x),q), for all f(x) and
f(y)in R'.Hence V is an (Q, L)-fuzzy normal £-subsemiring
of a £-semiring R'.

Theorem 3.8Let R and R' be any two £-semirings and Q be
a non-empty set. The anti-homomorphicpreimage of an
(Q, L) -fuzzy normal €-subsemiring of R' is an (Q,L)-fuzzy
normal €-subsemiring of R.

Proof: LetR and R’ be any two#-semirings and Q be a non-
empty setand f:R— R’ be an anti-homomorphism. Then,
fx+y)=f()+f(x) and f(xy) = f(¥)f (x), for all x
and y in R.Let V = f(A), where V is an (Q, L)-fuzzy normal
£-subsemiring of a £-semiring R".We have to prove that A is
an (Q, L)-fuzzy normal £-subsemiring of a £-semiring R.Let
x and y in R, then clearly A is an (Q, L)-fuzzy ¢-subsemiring
of a £-semiring R, since V is an (Q, L)-fuzzyf-subsemiring of
a £ -semiring R'. Now, A(x+ y,q) =V({f(x+y),q) =
VD) + (), ) =V +f),e) =V +
x),q) = A(y + x, q). Therefore, A(x+y,q9) =A(y +x,q),
for all x and y in R and q in Q. Again, A(xy,q) =
V@), a) =V @), =V fO),.q) =
V(f(yx),q) = A(yx, q). Therefore, A(xy, q) = A(yx, q), for
all x and y in R and q in Q.Also, A(xVy,q) =V(f(xV
ND=VEWMVIE,=VFE®VID),a =
V(f(yVx),q) =AlyV x,q).Therefore,A(x Vy,q) = A(y V
x,q), for all x and y in R and q in Q. And, A(x Ay,q) =

VEEAY)L, ) =VEWMAfX), ) =V A, q) =
V(fyAx),q) =A(y Ax,q). Therefore, A(xAy,q)=
A(y Ax,q), for all x and y in R and q in Q.Hence A is an
(Q, L)-fuzzy normal £-subsemiring of a £-semiring R.

Theorem 3.9 Let A be an (Q,L) -fuzzy normal € -
subsemiring of a €-semiring R, then the pseudo (Q, L)-fuzzy
coset(aA)? is an (Q,L)-fuzzy normalf-subsemiringof a €-
semiringR, for a in Rand q in Q.

Proof: Let A be an (Q, L)-fuzzy normal £-subsemiring of a
£-semiring R. For every x and y in Rand g in Q, we have,
((@aA)P)(x +y) = p(@)A(x +y) = p(A){(AX) AA(Y)} =
{P(DA) Ap(@)A(Y)} = {((ad)P)(x) A
((aA)P)(y)}. Therefore, ((aA)?)(x +y) = {((ad)P)(x) A
((@A)P)(»)}.  Now, ((ad)P)(xy) = p(a)A(xy) =
P(@{A(X) AA(Y)} = {p(@AX) Ap(@)A(Y)} =
{((@A)P)(x) A ((@A)P)(y)}.  Therefore,  ((ad)P)(xy) =
{((@HP)X) A ((@A)P)(¥)}.  Also,  ((@A)P)(xVy) =
pP(@Ax Vy) 2 p(@{(A(x) AA(Y)} = {p(@)A(x) A
pP(@AW)} = {((@aA)P)(x) A ((ad)P) (¥} Therefore,
((ad)P)(x vy) = {((@d)P)(x) A ((aA)P)(¥)}. And,
((@aA)P)(x Ay) = p(@Ax Ay) = p(@){(AX) NAY)} =
{P(DAX) Ap(@)A(Y)} = {((@A)P)(x) A
((aA)P)(y)}. Therefore, ((ad)?)(x Ay) = {((ad)P)(x) A
((@A)?)(¥)}. Hence (aA)? is an (Q,L) -fuzzy normal ¥ -
subsemiring of a £-semiring R.

Theorem 3.10 Let A and B be (Q, L)-fuzzy subsets of the
sets R and H respectively, and let a in L. Then (A X B), =
A, X B,.

Proof: Let a in L. Let (x,y) be in (A X B) if and only if
AXB((x,¥),q9) = «,if and only if {A(x,q) AB(x,q)} = «,
if and only if A(x,q) = a and B(x,q) = «, if and only if
x€A, and y€B, . if and only if (x,y) € 4, X
B,.Therefore,(A X B), = A, X Bg.

Theorem 3.11 Let A be a (Q,L) -fuzzy normal £ -
subsemiring of a £-semiring R. If A(x, q) < A(y, q), for some
x and y in R and q in Q, then A(x +y,q) = A(x,q) =
A(y + x,q), for some x and y in R and q in Q.

Proof: It is trivial.

Theorem 3.12 Let A be a (Q,L) -fuzzy normal ¥ -
subsemiring of a £-semiring R. If A(x, q) > A(y, q), for some
x and y in R and q in Q, then A(x +y,q) = A(y,q) =
A(y + x,q), for some x and y in R and q in Q.

Proof: It is trivial.

4. In the Following Theorem Is the
Composition Operation of Functions

Theorem 4.1 Let A be an (Q,L) -fuzzy normal ¥ -
subsemiring of a £-semiring H and f is an Isomorphism from
a ¢-semiring R onto H. Then A o f is an (Q, L)-fuzzy Normal
£-subsemiring of the £-semiring R.

Proof: Letx and y in R and A be an (Q, L)-fuzzy normal -
subsemiring of af-semiring H.Then clearly A o fis an (@, L)-
fuzzy £ -subsemiring of a ¢ -semiring R. Now, (A o f)(x +
v =Af(x+y)q) =AFx) + (). q) =Af ) +
f(),q) =A(f(y+x),q) =(AD(y+x,4q). Therefore,
(Aef)(x+y,q9) = (Ao f)(y + x,q), for all x and y in R and
q in Q. And,
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(AefHxy,q) = A(f(xy),q) = AF () f ). q) =

AFOf (), @) = A(f(yx),q) =

(A o f)(yx, q). Therefore (Ao f)(xy,q) = (Ao f)(yx,q), for
allx and y in R and q in Q.Also, (AeH)(xVy,q) = A(f(x V
VD =AF@ VIO =AFW V). =AYV
x),q) = (Ao f)(y Vx,q). Therefore, (Ae H)(x Vy,q) = (Ao
f)(y vV x,q), for all x and y in R and q in Q. And, (Ao f)(x A
v, q0) =AfxAy), @) = AF)Af(),a) = AF ) A
fG),q) =A(f(yAx),q)=AHyAx,q). Therefore,
(Aof)(x Ay, q) = (Aof)(y Ax,q), for all x and y in R and
q in Q. Hence A o fis an (Q, L)-fuzzy normal £-subsemiring
of a £-semiring R.

Theorem 4.2 Let A be an (Q,L) -fuzzyNormal ¢ -
subsemiring of a £-semiring H and f is an anti-isomorphism
from a £-semiring R onto H. Then A o f is an (Q, L) -fuzzy
Normal £-subsemiring of the £-semiring R.

Proof: Letx and y in R and A be an (Q, L)-fuzzy normal ¢-
subsemiring of a € -semiring H. Then clearly Ao f is an
(Q, L) -fuzzy ¢ -subsemiring of a ¢ -semiring R. Now, (A
Dx+y,q) =Afx+y),a) =AF0) +f(),q) =
AF)+f),q) =AY +x),9) = (A H(y +x,9).
Therefore, (Ao f)(x +y,q) = (A f)(y +x,q), for all x and y
in R and g in Q. And, (Ao f)(xy,q) = A(f(xy),q) =
A, @) = AFf ), @) =Af(yx),q) =
(A o f)(yx, q). Therefore, (Ao f)(xy,q) = (A f)(yx,q), for
all x and y in R and g in Q. Also, (Aof) (xVy,q) =
AFx VYY) =AFO) V(). =Af()V
fO),q) =AU Vx),q) =ADVxq). Therefore,
(AOf)(xVy,q) =(Aof)(yVx,q), for all x and y in R and

in QA DAy q) =AfxAY),q) =AFH)A
f(X) D =AFOAfO)q) =AFYAX),q) =
(Aof)(y Ax,q). Therefore, (Acf)(xAy,q) =(Acf)(y A
x,q), for all x and y in R and q in Q. Hence Ao f is an
(Q, L)-fuzzy normal £-subsemiring of a £-semiring R.

5. Conclusion

In the study of the structure of a fuzzy algebraic system,
we notice that Q-fuzzy with special properties always play an
important role. In this paper, we define (Q, L)-fuzzy normal
£ -subsemirings of a £ -semiring and investigate some
important results. We hope that the research along this
direction can be continued, and in fact, this work would serve
as a foundation for further study of the theory of semiring, it
will be important to complete more hypothetical exploration
to set up an overall structure for the commonsense
application.
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