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Abstract: In this paper, we investigate the relaxed and strict near-optimality conditions for mean-field singular FBSDEs,
where the coefficients depend on the state of the solution process as well as of its expected value. Moreover, the cost functional
is also of mean-field type. This makes the control problem time inconsistent in the sense that the Bellman’s optimality principle
does not hold. The purpose of this paper is to establish necessary and sufficient conditions of near-optimality for relaxed and
strict mean-field singular controls. For strict mean-field singular FBSDEs, whose wellposedness is ensured under the twice
continuously differentiable assumptions of coefficients. Then, the moment estimations of variational processes as well as first-
order and second-order adjoint processes are presented by using Burkholder-Davis-Gundy inequality. Further, by introducing
Hamiltonian function via Ekeland’s variational principle, the necessary near-optimality conditions are established. For relaxed
mean-field singular FBSDEs, we first give the definition of admissible set of relaxed singular controls, then use the mapping
defined by Dirac measure, we prove that the near-optimal problem of strict singular controls is a particular case of the near-
optimal problem of relaxed singular ones. Further, a well known chattering lemma is introduced. By virtue of this famous lemma
addition with the stability of trajectories with respect to the control variable and dominated convergence theorem, necessary as
well as sufficient near-optimality conditions for relaxed controls are established.

Keywords: Near-optimal Singular Control, Mean-field SDE, Relaxed and Strict Control, Adjoint Equation,
Ekeland’s Variational Principle

1. Introduction stochastic differential equation,

We are interested in the mean-field singular stochastic
control problems of systems governed by the following

{dI e b(t? xz(tu’g)a Exgu’g)a ut)dt + U(t7 xiu,g)a Exz(fu’g)a ut)th + thgta (l)
(u,€)
S = y7

where b, o and G are given deterministic functions, (W;);>¢ is a standard Brownian motion defined on a filtered probability
space (2, F,{Fi}t>0, P).
The cost functional associated with (1) is given by

T T
J(S, Yy, u, f) = E[g(xg?,g)v Egcgy’é)) + / l(t7 xgmg)a Emtu7£)a uf)dt + / ktdgt]a
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with the value function

V(87 y) = inf J(S7 y) u7 g))

(u,§)eu

where U is the set of admissible controls.

Singular stochastic control problems have been studied
extensively. The key approachs are the dynamic programming
and the Pontryagin’s maximum principle. By using the second
approach, the first version of stochastic maximum principle
are obtained under the condition of linear dynamics, convex
cost functional and convex state constraints [9]. For nonlinear
singular SDEs with controlled diffusion coefficient, necessary
optimal conditions were established by [5]. And we refer the
reader to [3, 24] for more information.

As is well known, for the strict control problem, the optimal
solution may not exist even in the simplest situations. However
if the strict control domain I/ is embedded into a larger

space P(U), which is the space of probability measures on U
equipped with the topology of stable convergence of measures,
the existence of optimal solution can be ensured. For example,
in 1995, using compactification techniques, the existence of an
optimal singular control is derived [17]. And on the database
of the above result, a relaxed singular stochastic maximum
principle is established in the case of uncontrolled diffusion
coefficient [4]. For the controlled diffusion term, refer to [2].

It needs to be emphasized that, it is enough to find
near-optimal solutions with a more practical problem. For
the purpose of practical use, near-optimal control problems
of the forward stochastic differential equation were firstly
studied [28]. Furthermore, in 2012, necessary and sufficient
conditions of near-optimality for singular stochastic systems
with controlled diffusion coefficient were derived [16]. While
this paper mainly studies mean-field singular stochastic
systems. It is obtained as the mean-square limit of a system
of interacting particles

7,n ,mn 1 ,n 7,n 1 7,n i
dxy™ = b(t, xy 752j:1xt’ sug)dt + o(t, xy »ﬁzj:ﬁt’ Ju)dWY + Grdéy,

when n — oo, which is the classical McKean-Vlasov model
(see [20]). So it is meaningful to study the near-optimality of
the above system both from theoretical aspects and applicative
ones.

On the other hand, it is well known that the existence of
optimal strict control is ensured by the Filippov condition.
That is to say, without the Filippov condition, the optimal
strict control may not exist. To overcome this difficulty, the
technique can be refined to introduce a bigger class equipped
with a richer topological structure, which can ensure the
existence of the optimal solution. And call this class the
relaxed control set, whose elements are at time ¢ probability
measures ¢:(da) defined on U. Using compactification
techniques, the first result of the existence of optimal relaxed
control was derived [15], and then a relaxed stochastic
maximum principle with controlled diffusion coefficient was
established [4]. More versions of relaxed stochastic maximum
principle refer to [1, 10, 11, 13, 18, 23, 25]. Further, notice
the fact that the cost functional J may be nonlinear with
respect to the expectation, makes the control problem time
inconsistent in the sense that Bellman’s optimality principle
does not hold. To solve this problem, by using Malliavin
calculus, a stochastic maximum principle of mean-field type
with convex control domain was obtained [21]. However,
when referring to non-convex control domain, in this paper,
we adopt the following specific method to study the problem.
Roughly speaking, a double perturbation of the optimal control
is adopted, the convex perturbation to the singular part and
the spike perturbation to the absolutely continuous part. Then
we introduce the first order adjoint equation, which is a
linear mean-field backward SDE, and the second order adjoint
equation, which remains the same as in [22]. By virtue
of Ekeland’s variational principle and some stabilities of

trajectories with respect to the control variable, necessary near-
optimal conditions are established. Furthermore, under some
additional assumptions, we prove that obtained necessary
conditions are also sufficient.

The paper is organized as follows: Some statements of
strict singular control problems are in Section 2. In Section
3, we give adjoint processes and some prior estimates. By
virtue of these estimates, necessary as well as sufficient
near-optimal conditions are established for strict mean-field
singular controls in Section 4. Finally, in Section 5 and
6, we state relaxed singular control problems and get the
corresponding results based on the obtained conclusions in
Section 4.

2. The Strict Mean-field Singular
Control Problem

Assume a filtered probability space (9, F,{F;}i>0,P)
satisfies the usual condition, on this space we define a Re-
valued standard Brownian motion (W});>¢, and the natural
filtration {F; }+>0 generated by (W;)¢>o.

Let A; be a nonempty compact subset of RF, A, =
([0,00))™ and U; the class of measurable, F;-adapted
processes valued in A;, Us the class of measurable, ;-
adapted processes £ valued in Ay such that £ is nondecreasing,
left continuous with right limits and £ = 0.

For any given s € [0,T), a pair of F;-adapted processes
(u,) € Uy x Uy is called admissible, if it satisfies
Elsup,<;<7 |u|? + [é7]?] < oo. We denote by U = Uy x Uz
the set of all admissible controls.

For any (u,&) € U, we consider the following mean-field
stochastic control system,
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2{w8 — v,
where mappings b : [s,T] x R* x R* x Ay — R™; 0 :
given deterministic functions.

The cost functional to be minimized over I/ is given by

{d:cg"@ = b(t, 2", Br("® w)dt + o(t, 2", Bal™ w,)dW, + Gdé;,

[S,T] X R x R™ x Ay — Mnxd(R); G:

2

[s,T] = M,xm(R) are

T T
J(s,y,u,) = Elg(as® Eaf) + / 1t 2 Bl up)dt + / kidgy), 3)

where mappings | : [s,T] x R* x R" x Ay, — R, g :
R" x R™ — R, k : [s,T] — A are determinate functions,
and we define the value function by

V(s,y) = inf J(s,y,u,§). “4)
(,9) = o J( )
Throughout this paper, we make use of the following
notations:
fz : the gradient or Jacobian of a function f with respect to
xz;
fzz : the Hessian of a scalar function f with respect to x;
| - | : the norm of an Euclidean space;

X4 : the indicator function of a set A;
M, «4(R): the space of n x d real matrices;
C,C; i = 1,2,--- : multiplicative constants required in

the analysis.

Since the objective of this paper is to study near-optimality,
we give the precise definition as in [28].

Definition 1 Both a family of admissible pairs {(u®,£°)}
parameterized by € > 0 and any element (u®, £%) in the family
are called near-optimal if

|J(s,y,u€,§g) - V(S,y)| < ’1”(6)

holds for sufficiently small € > 0, where r is a function of
e satisfying lim._,o 7(¢) = 0. The estimate r(¢) is called an
error bound. If r(¢) = Ce® for some § > 0 independent of
the constant C, then (u?, £%) is called near-optimal with order
9. Especially when 7(g) = ¢, the admissible control (u, &%)
is called e-optimal.

Next, we make some assumptions.

(A1) b, o, [ are linear growth with (z, Z, u), they and their
first-order derivative are Lipschitz continuous in z, Z.

(A2) g and its first-order derivative are linear growth in
(2, &, u) and Lipschitz continuous in x, Z.

(A3) G and k are continuous and G is bounded.

Under above assumptions, V (u, §) € U, the system (2) and
the cost functional J are all with wellposedness. Furthermore,
V g > 0, there exists a constant C' such that

E( sup_|z{“¥|7) < C(g).
tels,T)

Now let us recall the definition of the Clarke generalized
gradient as well as Ekeland’s principle, which will be used in
the sequel.

Definition 2 ([12]) Let X be a convex set in R? and let
7(-) : X — Rbe alocally Lipschitz function. The generalized
gradient of n at T € X, denoted by 0,7(Z), is a set defined by

don(z) = {p € RYp < n°(;€), for any £ € R},
where

Jim sup n(@ + he) —nx)

0/~
n(2;€) = W
reX,x+hé€X,z—x,h—01

Lemma 3 ([14]) Let (S,d) be a complete metric space
and p(-) : S — R be lower-semicontinuous and bounded
from below. For a given ¢ > 0, suppose v® € S satisfying
p(v®) < inf,eg p(v) + €. Then for any A > 0, there exists a
v € S such that

p(v*) < p(v),
d(v*,v°) < A

<

) <A
p(v?) < p(v) + %d(v,v’\), Yov € S.

To apply Ekeland’s variational principle, we endow the
set U with an appropriate metric. More precisely, for any
(u,€), (v,n) € U, we define

dy(u,v) = P @ dt{(w,t) € Q x [s,T] : u(w,t) # v(w,t)};

do(€,m) = [E( sup & —mi|?)]3;
te(s,T)

d((u’g)v (Uﬂ?)) = dl(u’ 1}) + dz(fﬂ?);

where P ® dt is the product measure of P with the Lebesgue
measure dt.

Remark 4 According to Lemma 4.5 of [4], (U,d) is a
complete metric space and the cost functional J is continuous
from U into R.

3. Adjoint Equations and Some Prior
Estimates

This section is devoted to give the first order adjoint
equation of mean-field type, and the second order adjoint
equation remaining the same as in [22], and some prior
estimates for later use.

Lemma 5 Let (A1), (A3) hold, for any (u,£), (v,n) € U
and 0 < a < 1, B > 0 satisfying
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af < 1, we have

B sup |o" — 2" ) < Cd*¥((u,€), (v,m)),
t€ls,T]
where C' > 0 is a constant, xt“’g) and xﬁ”’”) are trajectories corresponding to (u, &) and (v, n) respectively.

Proof Let B > 1.V r > s, via BDG inequality, we deduce

E sup |x§u,€) _ xgv,n)|25
s<t<r
-
< C’lE/ |b(t,xtu’§), Exgu’§)7ut) - b(t,x%v’n), Ex,(:v’")mt)\w
+|J(t, €£u7€)’ Extuyﬁ)’ Ut) . O’(t, xtv,n)’ E:Cﬁv’n), Ut)‘QBdt + 01E|§T B 77T|25
< CyF / |b(¢, x,(gu’g),Ex,Eu’g),ut) — b(t,xgv’"), Exiv’"),utﬂw

+1b(t, x(” m) E:ci” ) w) — b(t,x (v 77)’Ex(vﬂ7)7 D12 Xy,
+CQE/ |0_ t mt vg) Extuﬂf)’ )—U(t .’If(v "7) EJT(UT] )|2B

+|o(t, x%v ) E(E(U n)’ ug) — o(t, x(v m) Ex(v ) vt)|2ﬂxut¢vtdt
+CoElr — . (5)

Taking p = O%ﬁ > 1, there exists a ¢ > 1 such that % + % = 1. Noting (A1), the definition of d, d; and ds, (5) becomes

B sup ot — g{vm)28

s<t<r
r

CsFE sup \J:iu’f) - mﬁ”’") \QﬁdT

s s<t<rt
4CulB [ T b+ Bl ]+ o P00} HE [ i)

+CJ{E|§T —nr| ’Bp}zp

< CiE [ sup |2("% — 2" PP dr 4 C4dtP (u,v) + Cuds? ()
s s<t<Tt

IN

<GB [ sup 19— 2l [P dr 4+ Cod P (u,€), (v.m). ©®

s s<t<rt

By using Gronwall’s inequality to (6), the estimation follows.
For 0 < 8 < 1, we can get the following estimation by Cauchy-Schwartz inequality,

E sup |z{"% — 2" 2P <{E sup |2{"Y — 2" 2} < Cd°F((u,£), (v,1)).
s<t<T s<t<T

Thus, we complete the proof.

Define the Hamiltonian associated with the random variable X as follows:
H(t,X,u,p,q) =b(t, X, E[X],u)p+ o(t, X, E[X],u)qg — I(t, X, E[X],u), @)

where (p, q) is the solution of (8).
Next, we introduce the following adjoint equations:

9 - g ’0( - 5O
and
_qPE) = (opw) plud) | (o2 ple) | 90w () | (wOy gy o) gy, ©
PT(WME) _ 9(81; ,6) (T),



Control Science and Engineering 2024; 8(1): 13-28 17

where HO = pluOpmd) L @ @O _ @ (e

g (T) = gy, Ba™®).
Under assumptions (A1) and (A2), according to Theorem 3.1 of [8], (8) and (9) admit unique F;-adapted solutions (p, ¢) and
(P, Q) respectively, such that

p(t, (" B w), p = bol and

T

B[ sup |pt|2+/ |g:[*dt] < oc. (10)
tE[S,T] s
T

B sup [P+ [ jQifdr) < o (an
te(s,T) s

In the following lemma, the continuity associated with adjoint states with respect to the metric d is given.
Lemma 6 Forany 0 < o < 1and 1 < 8 < 2 satisfying (1 + )3 < 2, there exists a constant C' > 0, such that for (u, ),
(v,m) € U, the corresponding solutions of adjoint equations (8) and (9) satisfy

u v, u, v, Q—B
E / i = pl B g 1gf ) — gl B at < CAF ((u,€), (v, 1)),

and
v, u, v, aB
B / (8 _ plem )P Qi) — QI Pat < Cd¥ ((u,€), (v,m)).
Proof First, we set p, = p§“’5> - pg v g, q( wé) (” " then pr, G, satisfy the following backward SDE:
—dpy = (8" i + o8 + BRSO + Blol O q] + hehdt — g,
B =~ O@) + e D) — D) + B
where

Bt = (b{(ruvg) b(v 77)) (v,m) + ( (u,&) _ (v n)) (v,m)
_'_E[(bfzu,é b(v,n ) (v, 77)] +E[( ( ,5) (iv,n))qlgum)]
_lg;U7£) + lguy"]) _ El(u7£) + El(v ”])

Assume 1 is the following SDEs’ solution:

12)

{dw 051, + b5 By + |5 P sgn(pe)]dt + [05 v, + 00 By + |G| sgn(@)]dWr,
Ye =0,

By using Holder’s inequality and (10), we have

T
E/ 1517~ sgn(pe)|? + (|G|~ sgn (@) ?dt < oo.
S

Noting (A1), the existence and uniqueness of the solution of (12) are ensured.
On the other hand, since 1 < 8 < 2, there exists v > 2, such that % + % = 1. From (12), we can get

T
E SEJP] []” < C1E/ 15e| P77 + | @ Pt
tels, T s

T
ClE/ pe|” + |@:|° dt.

Noting (10), we have E sup;¢(, 7y [¢¢|7 < oo.
Applying Itd’s formula to p;7); and taking expectations, we get

T
E / BBl sgn(pe) + @@ sgn(@)de
S
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T —
— Elprdr] +E / iyt

A

IN

T T
Co{E / Pl + |3)Pdey: (Elpr)) + (B / FulPd ).

S S

The left side of (13) equals to
T
E/ pe|” + |37 dt.

Furthermore, noting % <1- g < 1, (A2) and Lemma 5, we have

Elprl® = E| - g{"(T) + g""(T) — B¢ (T) + Eg"""(T)|°

CSE"x(u»f g‘":n)‘ﬁ
C4d (( 75)7(”777))'

and

E/ u{) b(’U 77)|,3|p(v 77)|,3dt_|_E/ 75) b(vvn))pgvfn)Hﬁdt
T

IN

Hba (8, 2", B up) — by (20" B 0)|" X, v, [p} " Pt
T
+CS / ‘b (t xguvf) Ewgu,§)7ut) _ bi(t7l'§v’n), Exgv’")7ut)|6|p§v,n)|3

+]bz (¢, I(U n) EI(U 71) up) — bz (t,x (Uﬂl) El‘(v 7)) )‘BXuﬁévagvm)Wdt

IA

O E/ (U)f) (U 7])|ﬁ|p(v 7])|ﬁ + Xuﬁﬁ’“t |pt ) |ﬁdt
Co{E / (we) _ o) 25 gy 52 ¢ g / () 24ty 5

B / P (B [ sty

Ck{g; 5 (w,€), (0, m)} 7+ Csd ™= ((u,6), (v,1)
CQdT ((u7 f)’ (Uv 77))

Using the similar procedure to o, we can get

IN

ININA

T T
E/ (48 — oM |8 |gf P dt + B / |B[(0"®) — a{")gt" ]| P dt

< Crod% ((w, ), (v.1)).

and
T aB
b / 19 — 1) 4 | B — 1) Pdt < Crd ¥ ((u,€), (v,m)
Combining (16)-(18), we can obtain

T — apB
E/ |ht‘ﬁdt S CIZdT((uvg)a (’U,’I’}))

The desired result follows from (13), (14), (15) and (19).
Similarly, we can prove the second inequality.

1 1 T _ 1 T 1
< {Elprl’Y {Elor}> +{E / Pt} {E / | de}

C5E/ |b£(t,a:tu’5),Extu’£),ut) — bl(t,xtv’n),Ea:tv’”),ut)\ﬁ\p(v’” \

13)

(14)

15)

(16)

a7

(18)

19)
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4. Necessary and Sufficient Near-optimality Conditions for Strict Controls

In this section, we give the main result of this paper. First, we define the H-function as follows:

1
H(t, X, u) = H(t, X, u,p,q+ Po(t,z,, Exy,ug)) — 502@, X,E[X],u)P. (20)

Theorem 7 For any 6 € (0, 1] and any e-optimal singular control (u?, £°), there exists a constant C' = C(8) > 0 such that for
eache > 0,

T
E/ Ht, 2" us)dt > supE/ H(t, 2" ) vy)dt — Ce,

veEU;

and T
_ced < E/ (ke + GT oy ))d(ne — €).

Proof According to Remark 4, via Ekeland’s variational principle with A = £3, there exists an admissible pair (@€, £9), such
thatV (u, &) € U,

d((uf, €°), (@, €°)) < €7,
and

JE(Say7aE7g€) S JE(SJ/;U»f)a (21)

where J(s,y,u,§) = J(s,y,u,&) + eéd((u, €), (a,£%)). It means that the control pair (°, £¢) is optimal for the system (2)
with the new cost functional J¢. Next, we use a double perturbation of the control (%, £%) to derive the variational inequality.
More precisely, for 7 € [s,T), v € Uy, € Us and sufficiently small 6 > 0, we define

(ue 59): (U’gts_—i_e(nt_gf_))a te [T>T+9]7
bt (a5, & + 0(mn — &5)), otherwise,
Since J&(s,y, 4, %) < Jo(s,y,u?, £°) and d((uf, £°), (u?, £%)) < 6, we have

_06% < J(S7y7ugvg€) - (S y7 756) (22)

We can see that the right side of (22) is independent of the singular part, by [7], (22) becomes

_ged < _E/ 5D €D ), gl BalE ) e E)

+[ (t,l‘g :f )aExgﬂ:E ),U) —O’(t,l‘ga ) El‘( ) 78)] (=89
—l(t,xtﬁ5’55)7Extﬁg’gg)m)+l(t,x§ﬂ5’£) Ex(u £ )7 ;)

1 ﬁg FE ﬂa FE ﬂE FE _
+§P§ o (t, 27 Bl v) — o(t, 28, Bl @9))2dt + o(6). (23)

Dividing (23) by 6 and sending § — 0, we derive

Wl

—e5 < —E{b(r, =" ) Ex g ), 0) — b7, &) Bal@E) 52 ))plan€)
+o(r, a:( ) (T €) 0) — o(r, 288 BT 42))glw¢%)
—Z(T JU(u £) Em S8 0) 4 U7, 2l L&) E:c( ) i)

+§P£“ Oo(r,al™), B2l 0) — o (7,2, a7 a)]P). 24)

Furthermore, we give some estimations of the following difference by using similar methods as in [28],

T 7€ € 7€ € —E FE€ —E ¢€ 7€ €
ce’ > B / bt ™, By ) — bt ™, B o)lp™ )

—[b(t, xtus’gs), Extus’gs), ug) — b(t, xi”s’ﬁs), Ea:gus’ﬁs), v)]pgug’fg)dt, 25)
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085 > E/ t xtu €€ ) E$(u & ) ﬂf) _ U(t,iftﬁ5£5)7Emgﬁg’gg)7v)]q£ﬂs’gs)

—[o (t,:rg e ),E:L'E e ),ui) — U(t,xius’f),Eazgus’és),v)]qgua’ga)dt, (26)
cet > E/ (t, x(“ £ ,Exfff”, v) — (¢, x(“ £5) Eazgﬂs’gs),ﬂf)
a ) B o) + 1t ) B )t @7
and
T
1 ac Fe af Fe ac Fe ac Fe ac Fe _
Cce > E/ —§Pt( & )[a(t,:vg e ),Emg & ),v) - J(t,xg e ),E;Ijg e ),uf)]2
s
1 us . E£€ us . £€ uf . £€ u u
+§Pt( £ )[a(t,x§ o ),Exg SR ) —ol(t, a:( £%) ,Ex; ) ,us))?dt. (28)
Combining (24)-(28) together, we obtain
g (us,8%) (u®,8%) (u,8%) (us,8%) (us,&%) (u®,8%)
E/ H(twrtu ' 7’U/§7ptu ' 7q15u ’ )_H(t7xtu ' 7v7ptu ' 7Qtu ' )
1 ® uE € uE € uE € uE € uE €
—§Pt( < )[o(t,a:§ 4 ),El‘§ 4 ),U) —o(t, < ),Ext < ),uf)]zdt < C&°. (29)
Noting the Hamiltonian (20), the first variational inequality immediately follows from (29).
Furthermore, from (21) we have
T (s,y,0%,6%) < J(s,y, 05,67,
Further, we can deduce
I(s,y,0%, &%) — J(s,,a°,€°) > ~C0e". (30)
Finally, according to Lemma 5 of [18], we have
. S ) ) 0 57 ) aE’ u P,
iy L0829 85:87) = T (0,3, 8,89 E/ (e + GIp™ )l — &), (1)
0—0 0
Combining (30) and (31) together, we get
T —
—C’ <E / (ke + GTp™ ) )d(ne — &), (32)
Moreover,
T ~ T
B [ (o GIo - &)~ B [ (e GTo )l - €9)
" ( 2 [ (a°,€%) (u,8%)
= B[ tn+ GI G -+ B [ GO~ Odn - ).
Noting (A3), (10) and Lemma 6, by using Cauchy-Schwartz inequality to the above equality, we can finally get
Ce’ >E/ (ke + GTp{™ < Nd(n, — &) E/ (ke + GTp" *)d(n, — €). (33)
This completes the proof by combining (32) and (33). mean-field SDEs in [7] is presented.
Remarks 8 (1) If € = 0, it is just the necessary condition of In the following theorem, we prove that under some
exact optimality of singular mean-field SDE. additional assumptions, necessary conditions obtained above
2) If G = k = 0, we can obtain the necessary near-  are also sufficient.
optimality conditions for mean-field stochastic systems with (A4) b, 0, [ are differentiable in u, and there exists a constant
controlled diffusion coefficient. C' > 0 such that for p = b, 0,1,

3)If e = 0 and G = k = 0, the maximum principle for
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|p(t7xa*%au1) - p(t,l’,f u2)| + ‘pu(taxa‘iaul) - pu(taxvi>u2)| < C‘ul - u2|'
Theorem 9 Assume the Hamiltonian H (¢, -, ,pgu € ) ( 5’55))

(pgus’gs), qﬁ“sfs)) be the solution of the adjoint equatlon (8) controlled by (u®, £%). If for any (u, ) € U and some € > 0,

is concave for a.e. ¢t € [s,T], P-a.s. and ¢(-, -) is convex. Let

/ H(t, x(u £5) ,ugy)dt > sup E ’H(t x(u £ ),ut)dt—s (34)
u€EU, s
and
T 1
B[ hdi- €)=z -ceh 35)

hold, then we have

J(s,y,u®,&%) < 1nf J(s,y,u,&) + Ce?,

u,§)eU
with C' > 0 a constant independent of €.
Proof First, we rewrite the cost functional J as
J(Svyauaf) = J1(57y7u)+‘]2(83y7£)a (36)
where -
Ji(s,y,u) = Blg(@i®, Baf®)) + / 1t 2", Baf™®) u)dt),
and

T
Ta(s,0.) = E [ hudes
Fix & > 0, for any (u, ), (v,1) € U, a new metric d on U is defined by:
d((u,€), (v,m)) = di (u,v) + da (€, m),

where -
dy(u,v) = E/ Af|ur — veldt,
and ) ( (u,£%) (u®,€%)) . (u"€%)
)‘_1+|pt o |‘|'|qu§ “HPtu’6 “HPtu’E ||xtu’§ |
It is easy to see that dyisa complete metric on (U, dl), Hence (U, ci) is also a complete metric space as the product of two

complete spaces under the metric d.
T € €
= E/ ’H(t,xi" < ),ut)dt.

A functional J on U is defined by
Noting (A4), we can easily check that J is continuous on U/; with respect to dy. Further, with the help of (34) as well as
Ekeland’s variational principle, there exists a % € Uy such that
~ 1

dy(a°,u°) <e?,

and

T
E/ Hit, x(u £%) LT5)dt =max E | H(L, x(u £, uy)dt,

u€Uy s

where ~ )
H(t,x,u) = Ht, z,u) —e2 Aj|lu — @
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The integral-form maximum condition implies a pointwise maximum condition, that is, for a.e. ¢ € [s,T] and P-a.s.,

7:[(t7x§" £%) ,U5) = IIéZZ%/[X/H(t 331(5" ’56),ut).
u 1

Then, by Lemma 2.3 of [26], we have
0€ 0 H(t,ai" ) ).
While
D H(t, a:(u £, us) C O H(t, x(u %) ,ag) + [—E%Af,s%)\ﬂ.

Furthermore, H is differentiable in u, so there exists a 3; € [—EEAf , EfAf], such that

B = —Ha(t,x" ) uf),

i.e.

H(tmg E)ﬁ§7p(u &%) (u 55)

= —p; —O'u(t :ci“ £%) Em(u 5 ) ﬂi)Pt(ue’ge)a(t,J;Eus’gs),Exgus’gs),uf)
+  oult, " e ),Exgu ) ’E)P(u £%) (t,mgu < ),Exgu < ),ﬂi).
Applying the similar method as in [28] for the rest of the proof, we can finally obtain

Ji(s.y,u7) < inf Ji(s,y,u) + Ce=. (37)
ueUy

From (35), we have

-

J2(Say7£E) S J2(57y7€) + CEE' (38)

Combining (36), (37) and (38), we can arrive at the conclusion.
Remark 10 Under the assumption of Theorem 9, a sufficient condition for an admissible control (u°, £) to be e-optimal is

T T
/ H(t, al" ) u;‘)dt—/ kydes) > sup {E ’H(t 2l E) ut)dt—/ kpdé,} — Che,

(u,§)eu s

where C; > 0 is a constant only depending on C'. Definition 11 An admissible relaxed singular control is a

pair (g, n) of progresses such that
(i)g is a P(A;)-valued process, progressively measurable with

5. The Relaxed Mean-field Singular respect to (F;); and such that for each ¢, I ,q is Fi-
measurable and E[sup, ¢, 7 [¢:%] < oo.
Control Problem (i) n € Us.

We denote by R = R1 x U- the set of all admissible relaxed
In this section, relaxed singular control problems are  singular controls.

studied. First, we give the definition of admissible set of For any (¢,n) € R, we consider the following stochastic
relaxed singular controls. system:

dxiq’”) = fAl b(t, x,gq’n),Ex,Eq’ a)q(da)dt + fA (t mgq’") Ex(q’ ,a)q(da)dWy + Gydny,
S _ (9)
s =Y.
The cost functional associated with (39) is given by
T T
I(a.n) = Blg(ait™, Eaf™) + / / (2™, By a)qu(da)dt + / kedne), (40)
3 Aq s
and the value function by
V(s,y) = inf J(s,y,4,7). (41

(gmeER
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A relaxed singular control (g, 77) is called e-optimal if it satisfies

|._7(s,y,(j, ﬁ) - V(S,y)| <e.

Remark 12 If we put p(t, xiq’n), Exgq’n), q) = fAl p(t, xgq’"), E:E,Eq’"), a)g¢(da), where p = b, 0, [, then (5.1) becomes

xgqm) =y,

with the cost functional given by

T T
J(gq,n) = E[g(:cgg’”),Exgg’n)) —|—/ i(t7x£q’"),E$§q’n)7qt)dt —l—/ kedny].

S

It is clear that P(A;) is compact and convex, furthermore,
the coefficients of (42)and (43) check the same assumptions as
those of (2) and (3). Therefore, for every (¢,n) € R, (42)
admits a unique solution and the cost functional J is well
defined from R into R.

Remark 13 The set of strict singular controls ¢/ is embedded

p(t7 Ty

[ ottt B a)au(da) = [
Ay

Ay

where p = b, 0, 1.

In this case 2\ = z{“" Bz{*" = Ez{"" 7(q,n) =
J(u,n), then we get a strict singular control problem. That
is to say, the problem of strict singular controls is a particular
case of the problem of relaxed singular ones.

Before we draw the desired conclusions, we make
another assumption and introduce the well known chattering
lemma, which will play an important role in the following
demonstration.

(A5) b, 0, | are bounded.

Lemma 14 ([19]) Let (¢:) be a predictable process with
values in the space of probability measures on A;. Then there
exists a sequence of predictable processes (u™) with values in
Ay such that the sequence of random measures (J,y (da)dt)

E( sup |m£u \1) _x§q717)|2)

te(s,T)

IN

{d‘rgqm) = b(t7 xi(tqm)v Exgq,n% Qt)dt + 5(ta x%‘lﬂ?)v Emgqm)a qt)th + thnta

T
ClE/ |b(t,m§u ""%E:EE" ’")7uf) -
S

T

+CE / | / b(t, 2" B2\ | a)5,5 (da) — /
s Aq
T

(42)

(43)

into the set of relaxed singular controls R by the mapping
frueld— fu(dt,da) =dtd,, (da) € R,

where §,, is the Dirac measure concentrated at a single point u.
Furthermore, if ¢; = §,,, then for each ¢ € [s, T, we have

(q,n)7 Exiq,n), )by, (da) = p(t,xiq’n), Exﬁq’"),ut),

converges weakly to ¢;(da), P-a.s.

Lemma 15 Let (A1)-(A3), (A5) hold, for any (¢,n7) € R,
there exists a sequence (u",7),>1 C U such that
lim E( sup \xﬁ“"”’) - xiq’")\z) =0,

n—oo

te(s,T)
and
where z{""", {9 are trajectories associated with (u™, 1)

and (g, n) respectively.
Proof By using (Al) and Burkholder-Davis-Gundy
inequality, from (2) and (39), we have

b(t, xiq’")7 Emgq’n), uy) \th

b(t, xgq’"), Ex,(:q’"), a)q;(da)|?dt
A

+C’1E/ \J(t,xgun’"),Exiun’"),u?) — a(t,xﬁq’”),E:ﬂgq’n),u?)th

T
L E / | / o(t, 2 B )5, (da) — / o(t, 2, B, a)g,(da) 2dt
S Al Al

IA

T
CQE/ |$,(5u 1) —ng’n)|2dt+02a?,

(44)
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where
T
ay = E/ |/ b(t,xgq’n),ExEq’n),a)éug(da)—/ b(t,xgq’n),Eaigq’n),a)qt(da)ﬁdt
Aq Ay
+E/ / (t, x(qn E (47ﬁ)7a)5u?(da) _/ o(t, xtq \1) E:E(q 77) a) t(da)|2dt.
Aq Aq

Noting (AS5), by using Lemma 14 and dominated convergence theorem, we obtain

lim o = 0. (45)

n—oo

From (44) and (45), the conclusion is drawn by using Gronwall’s inequality to (44).
On the other hand, noting (A1) and (A2), we have

| J(u",m) — T (g, )

< Blglal ", Bl ) — g(a®?, Balt?)

—l—E/ |1(¢, x(u ) Ea;(tu ""),uf) - l(t,wgq’n),Eazgq’"),u?ﬂdt

+E/ / (t, a?tq ")7Em§q’n),a)5u;z(da) —/ I(t, m(q ") Exgq’n),a)qt(daﬂdt

Aq Ay
T
<GBl — ) +03E/ " — {07 |dt + O3 87, (46)
where r
Bl = E/ | l(t,mgq’n), Exgq’n),a)éu? (da) — l(t,xiq’n), Emﬁq’n),a)qt(da)\dt.
S A1 Al

By using (AS), Lemma 14 and dominated convergence theorem, we also obtain that

lim ' = 0.

n—r oo

By virtue of Cauchy-Schwartz inequality to (46), noting the first drawn conclusion, we can easily get the second result.
Remark 16 Assume that (u®,n) is the e-optimal control pair, according to Lemma 15, there exist (v™°,1°) € U and a
positive sequence (&,,) with lim,,_, . €, = 0, such that

JW™E 7)) < T (05, 0°) +en < inf  J(u",n) + £n.
(um™,m)euU

and it is easy to see that (u"¢, %) is an e-optimal control pair.

Next, we give adjoint equations corresponding to (u™*<,n°) and (u°, n°) respectively.

—dpy® = {bpep " +optq) " — IS + By p %] + Elog " q,"%] — Bl ydt — ¢, dWr, @7
pr° = —g;*(T) — Egy™(T),
—dP"® = {200° P/ + [ol°]P P + 200°Q1° + HIF Ydt — Q" dWy, (48)
Pp® = —gis(T),
and
—dp"" = {0t okt — 1 + BV p ]+ Elok gt — BT Ydt — gt dWy, (49)
- = —ghs(T) — Eg™(T),
—dP/" = {2015 P14 [1€]2PIE 4 201 QI 4 HILEYdt — QIS dW,,
Pp® = —glZ (1), 0
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where
P = ol B ), (L) = glaly®, By
and
P = [ plt e Bap o), (1) = gla ", B,
Ay
H(t,w% pg,pt o, qt7%) = . H(t, @)%, a,p", g% pg (da),
1
2 = (M) e = ) b ol

Lemma 17 Let (p;°°, q;"° ) and ( © q1"%) be solutions of (47) and (49), (P,"°,Q;"°) and (P!, Q}"°) be solutions of (48)
and (50)respectively, we have

T
lim ( sup E|p;"° pf’s|2+E/ lgp® — ¢t“F2dt) = 0,
S

n=0 els,T)

and

T
lim ( sup E|P/"° Pt”’€|2 + E/ Q" — Qf’5|2dt) =0

n=0 tels,T)

1,E

Proof Applying It0’s formula to (p}"© — p;"°)? on [s, T, we have
T
E|plshe _ p?,s|2 4 E/ ‘q#,e _ qf’5|2dt
® T
= Blgh(T) + Egi*(T) — g °(T) — Eg7*(T)* + 2E/ ()" — ") (IE° = 1)t
S
where

IS = beep® + ol )" — U + BV %] + Eloy*q)] — BI5 S,

and

I?’LE _ b'n.E _|_o_n EqYLE l;’s +E[ uns HE] +E[0_7’L EqZL E] Elg,E-

By using Young’s inequality |ab| < $|a|® + 5 |b|?, we obtain

Elpt* — “I2+E/ g — g °

IN

T T
n 1 n
E|gi*(T) + Egg™(T) — g*(T) —Egi’E(T)\QJrE/ Z i |17 — 1|t

IN

]' T g 7,8 r g n,g
(g+24Cls)E/ Ip€ — py° |2dt+24015E/ gt — g% |2dt + ol

where

1 £ n n,e
o = ZElgie(T)+ Bgi™(T) - g*(T) - Bgy (1)
T
+12E/ b”’ bn 5) ?7E|2dt+12E/ |(bg75_bg,8)pg,a|2dt
y T
112 / — omE) P Pt + 12 / (0 — o) g 2

T
+6E/ ‘l/é,&‘ — 1275|2dt + 6E/ |lg,€ o lg’e th




26 Ruijing Li: Near-optimality Conditions for Relaxed and Strict Mean-field Singular FBSDEs

Taking ¢ = we get

1
4801 ’
1 T T
E|pt — p™e|? + §E/ gt — g% |Pdt < CQE/ |pis — pif|2dt + Cat. (51)
Noting (A1), (A2), (AS), we have

T
E / (b — ey 2

T
< OgE/ |/ bx(t,zf’E,Exf’E,a)uf(da)f/ ba(t, 2%, Ex}"®, a)d,p (da)|?|p}°|dt
S A1 Al
T
O / [ bttt Bt b (e = [ boleal B ) )P P
S 1 1
T
< C4E/ | [ ba(t, 2", Bal® a)pi (da) — [ by(t, a1, Bz, a)dyp (da)|*|p;°|dt
el A1 Al

T
HCE [ falt P Pl P,
S

By using Lemma 14 and Lemma 15 to the right side of the above inequality, we obtain

T
Tim B[ (0 — b2 )ple e = 0.
S
Using the same procedure, we can also get
T
. HyE _ pTVEN TE 2 —_
Jim E i (05" — 03" )p " |7dt = 0,
T
Jim B[ (or = op)al e =0,
S
T
. HyE S TLEN M,E 2 —
nh_{T;OE . (o3 oz g, |dt =0,
T
lim E [ |1 —1™¢*dt = 0,
n—roo s
T
. e qn.e|2 —
nh_}n;oE |I% 2Cedt = 0.

On the other hand, since
E|gls(T) + Egl*(T) — g (T) — Eg*(T)|? < CsE|aly® — 27:°)?,
it follows that

lim E|gh(T) + Egi*(T) — g2 (T) — Egy*(T)|> = 0.
n—oo

Through above arguments, we obtain 6. Necessary and Sufficient
lim ¢! = 0. Near-optimality Conditions for
n—oo

: . , Relaxed Controls
Then the first result follows by using Gronwall’s inequality

to (51).

Similarly, we can prove the second equality. In this section, we study the mean-field problem of relaxed
singular controls. Necessary as well as sufficient conditions of
near-optimality are established.

Theorem 18 For any 6 € (0, ] and any e-optimal relaxed
singular control (u$,n°), there exists a constant C' = C(J) >
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0 such that for each e > 0

T T
E/ H(t, 2%, pS)dt > sup E [ H(t, z° v,)dt —Ce?,
s VER s
d

an
T
—Ced < E/ (ke + GT pl%)d(ne — n5),

where

Ht,zhc, uf) = H(t,z}%, a)us (da).

Ay

Proof For the e-optimal control pair (u$, 1), according to
Lemma 14, there exists a strict control pair (u;’°, 7°) such that
b, (da)dt converges weakly to 115 (da)dt, and from Remark
16, we know that (u;”, 7)) is also e-optimal. So by virtue of
Theorem 7, we have

T T
E/ H(t, 2%, uy " )dt > sup E/ Ht,z}%, vy)dt—Ce®,
s vely s
d

an

T
—Ce® < E/ (ke + G{ py %) d(ne — n5).-

Taking limits on both sides to above two inequalities, by
Fatou’s Lemma, Lemma 15 and 17, we can get the final results.
Theorem 19 Assume the Hamiltonian H (¢, -, -, pt, q¢) is
concave for a.s. t € [s,T], P-a.s. and g(-,-) is convex.
Let (p}"©,¢."°) be the solution of the adjoint equation (49)
controlled by (1, n°). If for some € > 0 and any (v,7n) € R,
T T
E/ H(t,zh"c, uf)dt > sup F H(t,zh" v)dt — €
s VERL s

and

[N

T
B [ i~ ) = ~Ce
hold, then we have

T(s,y,05,0°) < inf J(s,y,v,n) + Ce?,
(v,n)ER

Proof By applying the same arguments as in the proof of
Theorem 9, the conclusion is drawn.
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