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Abstract: The numerous industrial and engineering applications of Casson nanofluid is due to the superiority of its 

thermophysical properties. Tomatoes paste, engine oil, soup etc., are examples of Casson fluid and when nanometer-sized 

particles are suspended in such Casson fluid, it becomes Casson nanofluid. This paper considers a natural convective 

magnetohydrodynamics flow of Cu-engine oil nanofluid across a convectively heated vertical plate. The effects of self-heating of 

the fluid (measured by the Eckert number), internal conductive resistance to external convective resistance (measured by the Biot 

number), magnetic field strength, volume fraction of the nanoparticles on the temperature and velocity of mass and heat transfer 

of Casson nanofluid is analysed. An appropriate model governing the flow of Casson nanofluid is formulated as a system of 

nonlinear partial differential equations. The natural convection boundary condition is included. To solve the problem, an 

appropriate similarity transformation is used to reformulate the system as a system of nonlinear ordinary differential equations. 

The shooting technique is used to convert the boundary problem to initial value problems before Runge-Kutta method, with the 

Gills constants, is used to solve the reformulated problem. The results are depicted as graphs. Flow velocity is found to increase 

as the base fluid becomes more Casson and as nanoparticle volume fraction increases. It is also found that increasing Eckert 

number, Biot number and magnetic field strength causes an increase in the flow temperature. 
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1. Introduction 

Heat transfer describes the flow of thermal energy due to 

temperature differences. The second law of thermodynamics 

establishes that heat flows from a region of higher temperature 

to a region of lower temperature unless the process is artificially 

conditioned. Heat transfer occurs only in three modes; 

conduction, convection, and radiation. Convection occurs when 

the temperature of the surface differs from that of the 

surrounding fluid. Convective heat transfer is one of the most 

natural phenomenon observed in fluid flow and this has 

attracted attention over the years. Several studies have been 

carried out to unravel the effect of natural convection on flow 

properties and some have even extended the researches to 

forced convection. It was also realised that extent of the 

influence of convective heat transfer in a flow depends largely 

on the nature of the fluid under consideration. Yang et al. [31] 

studied convective heat transfer across a cylinder and found that 

the more the distance between the cylinder and the wall, the 

higher the heat transfer rate and drag force. Chen et al. [4] 

studied heat transfer in melting processes in an elliptical tube 

and a semi-analytical solution was obtained. The solution 

revealed that the melting rate increases with time. A further leap 

was taken by Kumar et al. [13] when the finite element method 

(FEM) was used to solve the Darcian flow with convection in 

an isothermal sinusoidal surface. This study ensured that the 

limitation of the finite element method was taken care of by 

avoiding restrictions on the geometrical nonlinearity arising 

from the parameters. The study revealed that there is an 

insignificant increase in the heat transfer rate when flow 

geometry moves from slender to blunt. Independently but 

simultaneously, Zerroukat et al. [32] adopted the collocation 

method with some radial basis functions to study heat transfer 

in different geometries while Piechowski [24] used 

experimental results to validate ground heat exchanger model 
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and carried out sensitivity analysis. Saatdjian et al. [26] solved 

the 2D Darcy- Boussinesq equations using finite difference 

code over fine grid and it was found out that the heat transfer 

rate from the slender geometry is greater than that obtained in 

the blunt case in all cases. Kolenko et al. [10] analysed total 

radiative heat transfer in a furnace chamber. 

The invention of electromagnetism by Hannes Alfven 

(1908-1995) birthed the area of fluid dynamics called 

magnetohydrodynamics (MHD). MHD is the study of 

magnetic properties in electrically conducting fluids, such as 

plasmas, liquid metals, saltwater, and electrolytes. The result 

of the interaction between an electrically conducting fluid and 

a magnetic field plays a critical role in a variety of areas such 

as magnetic drug targeting, blood flow-meter, magnetic 

devices for cell separation, magnetohydrodynamic flow pump, 

treatment of cancer tumour, etc. Mutuku-Njane and Makinde 

[18] investigated an MHD nanofluid flow over a convectively 

heated vertical porous plate. The results indicated that an 

increase in the magnetic field strength and nanoparticle 

volume fraction has retarding effects on velocity profiles but 

enhance temperature profiles. Ahmad et al. [1] modified the 

work of Mutuku-Njane and Makinde [18] to consider MHD 

flow towards an exponentially stretching sheet in a porous 

medium and in the presence of radiation effects and Darcy’s 

resistance. The study obtained an analytical solution using the 

Homotopy Analysis Method (HAM) and showed that thermal 

boundary layer thickness decreases with increasing Prandtl 

number. Ahmad et al. [2] studied MHD flow with the presence 

of internal heat source and a numerical investigation indicated 

that the heat transfer can be reinforced by increasing Prandtl 

number. In fact, it was observed that increasing thermal slip 

retards the flow temperature. Farooq et al. [5] decided to 

consider nanofluid whose base fluid is the electrically 

conducting Maxwell fluid. Investigation of the MHD flow 

showed that the Lorenz force induced by the magnetic field 

enhances the temperature and concentration of the flow. 

Recently, MHD flow of nanofluid was carried out with 

Cattaneo-Christov heat flux model [28], over corrugated 

vibrating bottom surface [8] while some semi-analytical 

approaches to solving the equations were presented by 

Bulinda et al. [3]. Each of these studies observes that 

temperature is enhanced with increasing magnetic force. 

The enhanced physical and thermal properties of the 

nanofluid make it very applicable in cooling processes, 

refrigerators, laptops etc. Many of the recent researches in 

fluid mechanics are on nanofluid flows. By taking the Casson 

fluid as the base fluid, the Casson nanofluid is birthed. The 

Casson nanofluid is of far-reaching impact in emulsion 

companies, bioreactors, medical engineering etc. A more 

robust fluid flow is birthed when the powerful effect of 

convective boundary heating is included in the flow of Casson 

nanofluid under the influence of magnetic field. The results of 

this research shall provide more useful hints specifically to 

industries involved in thermocooling, vehicular fluid, 

magnetic drug targeting, geothermal reservoirs, heat 

exchangers, ablation, medical sciences, metallurgy etc. 

Nadeem et al. [19] investigated the Casson fluid flow past a 

porous linearly stretching sheet and observed that flow 

resistance increases with an increasing Casson parameter and 

magnetic field strength. The skin-friction coefficient in the �- 

direction increased with an increase in the stretching ratio. The 

coefficient of skin friction increases with increasing magnetic 

field strength. Meanwhile, Pramanik [25] analysed heat 

transfer in Casson fluid flow on an exponentially porous 

stretching surface and observed that increasing Casson fluid 

parameter suppresses the velocity but enhances temperature. 

The outcome corroborates the earlier results of previous 

studies [18, 19]. The effects of variable thermal conductivity 

on Casson fluid flow was also examined by Idowu eta l. [7] by 

studying the effects of a non-Darcian porous medium, 

nonlinear radiation as well as temperature-dependent thermal 

conductivity and viscosity on Casson flow. Mahantesh et al. 

[14] modified [7] to include the presence of non-linear thermal 

radiation while the flow is over a moving vertical plate. 

Mustafa and Khan [16] modified [25] by extending the flow 

to Casson nanofluid under the influence of magnetic field and 

the result was still in full agreement with earlier results. The fact 

that the effectiveness of automotive radiators is directly related 

to the type of fluid used in their preparation motivated Mutuku 

[17] to consider Ethylene-Glycol-based nanofluid. The results 

also agree with the existing results. A further extension was 

done by Kataria and Patel [9] to consider an oscillating vertical 

plate. An analytic solution was obtained using the Laplace 

Transform and expressions were obtained for the dimensionless 

velocity and temperature. The work of Idowu et al. [7] was 

extended by Gbadeyan et al. [6] to Casson nanofluid to examine 

the effects of a non-Darcian porous medium, nonlinear 

radiation as well as temperature-dependent thermal 

conductivity and viscosity on Casson nanofluid flow. Shah et al. 

[27] also extended the work of Mahantesh et al. [14] to Casson 

nanofluid. Other recent works on Casson fluid, nanofluid and 

magnetohydrodynamic flows include [11, 12, 20-22]. 

Despite the rapt attention of researchers to the superiority of 

the thermophysical properties of the nanofluid over the base 

fluid and the macrosized particles, and from the 

aforementioned literature, it is clear that no one has considered 

convective magnetohydrodynamics flow of Casson nanofluid 

over a convectively heated surface. This study is motivated to 

address this research gap. A natural convective heat transfer in 

magnetohydrodynamic flow of Casson nanofluid over a 

convectively heated stretching vertical surface is analysed in 

this study. 

2. Governing Equations 

A nanofluid whose base fluid is the Casson fluid is 

considered to flow across a vertical plate as shown in figure 1. 

A magnetic field is applied of strength �� is applied normal to 

the flow. The surface is subjected to a convective heating 

boundary condition. 

Equations governing the natural convective flow of 

electrically conducting Casson nanofluid under the influence 

of magnetic field are given in equations (1-4). 
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Figure 1. Flow schematic diagram. 

subject to the boundary conditions at 7 = 0:		
� = 9�, � = 0,−:) ���	 = ℎ)2�) − �5, # = #<��!,	  (5) 

as 7 → ∞: 
� → 0, � → � , # → # ,	           (6) 

where '() = ?����3@!�� , * =
2�345�42�345A� . 

Using the models proposed by Maiga et al. [15], Pak and 

Cho [23], Wasp [29] and Xuan and Roetzel [30], the effective 

density, viscosity, specific heat capacity, and thermal 

conductivity of the nanofluid are given as 

B��BA� = B�4C0B�4D0E2BA�DB�45B�4C0BA�CE2BA�DB�45 ,	         (7)	
F() = �1 − G!FH) + GF(I,	          (8) 

2FJI5() = �1 − G!2FJI5H) + G2FJI5(I,	      (9)	
������	KA� = �.L�MN&.OPQR

S�DECET�4TA�U
.	             (10) 

3. Methodology 

The Solution of the governing system of nonlinear partial 

differential equations (1 - 6) is in three steps; 

nondimensionalision by Similarity Transformation, solving using 

Runge-Kutta-Gills method in MATLAB bvp4c, and finally 

simulating the solution and depicting the solutions in graphs. 

3.1. Nondimensionalisation of the Governing Equation 

The governing partial differential equations are converted 

to ordinary differential equations using the similarity variables 

V = 7W�XK� , � = �Y�� , � = − �Y�	 ,         (11)	
� = � + ��< − � !Z, # = # + �#< − # !G  (12) 

from which the stream function is obtained as 

[ = √9]�^�V!.	               (13) 

Consequently, to satisfy the continuity equation, we choose � and � as 

� = 9�^_, � = −√9]^�V!.	          (14) 

From the ongoing, and setting the parameters as 

`ab = ����< − � !90� ; `ad = ��∗�#< − # !90� ; fJ = ],% ;	
gJ = 90�0�#h!()��< − � ! ; ia =

]H)'H) ; 	j =
k()��09F() ;	

	lH = *,%'H) ; 	lb =
*,���< − � !'H)� ; 	�m = ℎ):) W

]9 ;	

n� =
S:(I + 2:H) − 2G2:H) − :(I5:(I + 2:H) + G2:H) − :(I5 U
p�1 − G! + G �FJh!(I�FJh!H)q

; 

the dimensionless equations are 

������KA� �1 + ��� ^___ − ^_^′	 + ^^__ + `abZ + `adΦ−j^_ = 0,	  (15)	
n�Z__ + ia^Z_ +lHΦ_Z_ +lb�Z_!0 + ������KA� iagJ�^′′!0 +iajgJ�^_!0 = 0,            (16)	

Φ___ + fJΦ_^ + tutA Z__ = 0.	           (17) 

with the initial and boundary conditions at V = 0; 
^�0! = 0; ^_�0! = 1; Z_�0! = −�m�1 − Z!; 	G�0! = 0; (18)	

as V → ∞; 
^_ → 0; 	Z → 0; 	G → 0.	           (19) 

To rewrite these equations as a system of first order 
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ordinary differential equations, we set 

v� = ^, v0 = ^_, vw = ^__, vM = Z,  
vx = Z_, vy = Φ, vz = Φ_          (20) 

So that the equations becomes 

v�_ = v0,               (21) 
v0_ = vw, 

vw_ = 2{��D{O{|D}~u{PD}~�{�C�{�5
p ���T���A���CO��q

      (22) 
vM_ = vx,               (23) 

vx_ = − iav�vxn� − lHvxvzn� − lbvx0n�  
 + ������KA��O iagJvw0 + h~��3{���O         (24) 

vy_ = vz,             (25) 
vz_ = −fJv�vz − tutA vy_ .       (26) 

with the initial and boundary conditions 

v��0! = 0, v0�0! = 1, vx�0! = �m�vM�0! − 1!, vy�0! = 0 
v0�∞! → 0, vM�∞! → 0, vy�∞! → 0.      (27) 

The boundary conditions are converted to initial conditions 

v��0! = 0, v0�0! = 1, vw�0! = ��, vM�0! = 0, 
 vx�0! = �0, vy�0! = 0, vz�0! = �w.      (28) 

and ��, �0 and �w are obtained using Shooting Technique to 

ensure that 

vx�0! = �m�vM�0! − 1!, v0�∞! → 0, vM�∞! → 1  (29) 

are satisfied. 

3.2. Numerical Method 

The resulting system of ODEs are solved numeircally using 

the Runge-Kutta-Gills method. The Runge-Kutta scheme of the 

fourth order for the first order ordinary differential equation 

7′ = ^��, 7!               (30) 

is given as 

7(C� = 7( + �
y ��� + 2�0 + 2�w + �M!    (31) 

�� = ℎ^��( , 7(!,               (32) 

�0 = ℎ^ ��( + �
0 , 7( + �

0 ���,          (33) 

�w = ℎ^ ��( + �
0 , 7( + �

0 �0�,          (34) 

�M = ℎ^��( + ℎ, 7( + �w!.           (35) 

The Runge-Kutta-Gills scheme is a modification of the 

Runge-Kutta scheme which is stable for ℎ ≤ 0.�
�  and it is 

given as 

7(C� = 7( + �
y ��� + 2��0 + 2��w + �M!      (36) 

 �� = ℎ^��( , 7(!,               (37) 

�0 = ℎ^ ��( + �
0 , 7( + �

0 ���,          (38) 

 �w = ℎ^ ��( + �
0 , 7( + 9�� + ��0�,      (39) 

 �M = ℎ^��( + ℎ, 7( + J�0 + ��w!,      (40) 

with constants chosen as 

9 = √0D�
0 , � = 0D√0

0 , J = √0
0 , � = 0C√0

0 .     (41) 

4. Discussion of Results 

The flow of electrically conducting nanofluid made from 

Engine oil as base fluid and Copper #� nanoparticle over a 

convectively heated vertical surface is studied herewith. See 

table 1 for the thermophysical properties of the base fluid and 

the nanoparticles. Unless otherwise stated, the values of the 

parameters used are � = 1;  `ab = 1;  `ad = 3;  j = 3;  ia =7.62;  gJ = 0.1; G = 0.01; lb = 0.1; lH = 0.1;  fJ =0.62;  �m = 0.1. 
Table 1. Thermophysical properties of Engine oil and nanoparticles. 

Material 
� ���/��!  

����/���!  

� ��/��!  
���D�!   �¡/�!  

Engine oil 804  1909  0.145  70 ×  10Dx  1.00 ×  10Dz 

Copper �#�! 8933  385  401  1.67 × 10Dx  5.96 × 10z  

The magnetic field applied normal to the direction of 

fluid flow induces the Lorentz force which inhibits fluid 

motion. This is revealed in Figure 2 where the primary 

velocity reduces with increasing magnetic field strength. 

This result corroborates the findings in Ahmad et al. [1, 2], 

Bulinda et al. [3], Chen et al. [4], and Farooq et al. [5]. The 

internal friction generated from the reduced velocity 

produces more heat energy and thereby increases the 

temperature of the flow as shown in figure 3 and the finding 

here agrees with the findings in Ahmad et al. [1], Bulinda et 

al. [3], and Farooq et al. [5]. Biot number is the ratio of 

internal resistance to conduction to the resistance of flow to 

convective heat transfer. As the resistance to conductive 

heat transfer increases, flow temperature increases and this 

is as seen in figure 4. The flow tends to a Newtonian flow as 

Casson parameter �  increases and flow properties are 

inhibited. Hence, the flow temperature and flow velocity 

reduce as � → ∞ and this is depicted in figures 5 and 6. 

The effects of the Casson fluid parameter observed in this 

study also agrees with the results in Kataria and Patel [9], 

Mustafa and Khan [16], Mutuku [17], and Pramanik [25]. 
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An increase in Eckert number leads to an increase in the 

flow velocity and flow temperature (see figures 7 and 8). 

Meanwhile increase in the nanoparticle volume fraction 

leads to quick sedimentation of the nanoparticles at the wall 

surface, thereby inhibiting flow flow and heat transfer. This 

is evident in figures 9 and 10 where the flow velocity and 

flow temperature decreases as G increases. 

 

Figure 2. Variation of primary velocity with magnetic field strength. 

 

Figure 3. Variation of temperature with magnetic field strength. 

 

Figure 4. Variation of temperature with Biot number. 

 

Figure 5. Variation of primary velocity with Casson fluid parameter. 

 

Figure 6. Variation of temperature with Casson fluid parameter. 

 

Figure 7. Variation of primary velocity with nanoparticle volume fraction. 
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Figure 8. Variation of temperature with nanoparticle volume fraction. 

 

Figure 9. Variation of primary velocity with Eckert number. 

 

Figure 10. Variation of temperature with Eckert number. 

5. Conclusion 

In this study, a magnetohydronamic flow of Casson 

nanofluid over a vetical plate is analysed. It is found out that; 

1. Increasing magnetic field increases flow temperature but 

decreases flow velocity. 

2. Increasing Casson parameter leads to a decrease in both 

flow temperature and velocity 

3. Increase in Eckert number leads to an increase the flow 

velocity and flow temperature. 

4. increase in the nanoparticle volume fraction leads to a 

decrease in both flow velocity and flow temperature. 

Nomenclature 

� Temperature �, �  velocity components in the �, 7 - directions JI Specific heat capacity #  Concentration of nanoparticle § Velocity index � Acceleration due to gravity �� magnetic field strength ¨ Coefficient of dynamic viscosity k electrical conductivity �� , �"   coefficient of thermal and concentration expansion � Casson fluid parameter ,% , ,�  Brownian and thermophoretic diffusion coefficient © thermal conductivity �< , �  Wall and free stream temperature ' thermal diffusivity #< , #   Wall and free stream concentration F fluid density G nanoparticle volume fraction gJ Eckert number `ab , `ad Thermal and Solutal Grashof parameter j Magnetic field parameter ia Prandtl number fJ Schmidt number lH , lb Brownian and thermophoretic parameter 

Subscripts 

§^ Nanofluid §ª nanoparticle �^ base fluid 
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