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Abstract: There are quite a lot of arithmetic operations for hexagonal fuzzy numbers, most of them only define positive
fuzzy numbers and few are discussing negative fuzzy numbers. And rarely found inverse of a fuzzy hexagonal number. So,
often the results obtained in a hexagonal fuzzy linear equation system are not compatible. In this paper, we will discuss
arithmetic alternatives on fuzzy hexagonal numbers. In this paper will definitions of positive and negative fuzzy numbers
based on the concept of wide area covered by hexagonal fuzzy numbers in quadrant I and in quadrant II (right and left
segments called r). From the concept of positivity and negativity the hexagonal fuzzy numbers will be constructed arithmetic
alternatives for hexagonal fuzzy numbers. At the final part be given an inverse for a hexagonal fuzzy number so that, so for any
fuzzy number there is an inverse hexagonal fuzzy number and its multiplication produces an identity.
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1. Introduction

Fuzzy logic is part of mathematics science introduced by L.
A Zadeh in 1965 [8, 9]. Fuzzy set theory permits the gradual
assessment of the membership of elements in a set which is
decribed in the interval [0, 1]. Fuzzy set theory is applied using
the membership functions. Previous researchers defined fuzzy
hexagonal with @ = (a4, a,, as, a,, as, ag) and only defined
positive fuzzy with results that are not compatible yet [10-13,
15, 16].

One that often appears in various forms of arithmetic for
hexagonal fuzzy numbers is for any hexagonal fuzzy number
11 not necessarily be valid #i — @ =0 and also not necessarily

1
there =

~ so that 1 ®% = [ like the arithmetic given by the
study [10-13, 15-16]. in [13] a positive fuzzy number is
defined, ifa; =0, foralli = 1,2,3,4,5,6 and the opposite
is said negative this condition does not answer for fuzzy
hexagonal numbers contain 0.

While the study [11] discusses in the a-cut form but the
hexagon fuzzy number form does not convex and also the
conditions mentioned above also do not apply. Other side
[15] uses the concept of centroid, but still the above
conditions are met and still do not solve the problem for

fuzzy numbers that contain 0.

Based on the conditions above, the author feels the need to
define the concept of positivity of a fuzzy hexagonal number
by using the difference in the concept of wide area in
quadrant I with quadrant II (the difference between the area
to the right of the r axis and the area to the left of the r axis)
and the arithmetic alternative will be constructed for fuzzy

hexagonal numbers with convex. In particular the form %

will also be constructed for any fuzzy number #i so that
% ® ¥ = 1. While, for multiplication will be described in
various cases, so fulfilled, positive fuzzy numbers multiplied
by negative fuzzy numbers must be negative, negative fuzzy
numbers multiplied by negative fuzzy numbers must be
positive and form other cases. The author will define
hexagonal fuzzy numbers in the form @ = (a,b,a,B,v,6)
on condition a < b, f<a, &<y with a distance left from the
center a, [ distance left from (a — @), y distance right from
the center b and § distance right from (b + y). By determining
alternative fuzzy arithmetic numbers offered. It is expected to
solve all matrix problems whose elements are fuzzy hexagonal
numbers.



2. Preliminaries

Some basic definition and theories related to fuzzy number
has been discussed by [1-7].

Definition 2.1 Fuzzy number is a fuzzy set #i: R — [0,1]
which satisfies the following:

a. fi(x) = 0 outside the interval [a —a — B, b +y + &].

b. There exist real number x in interval [a—a —f,
b 4+ y + 6] such that,
7i(r) monotonic increasing in interval [a —a — 8,a —
a] and [a — a, a].
7i(r) monotonic decreasing in interval [b,b + y] and
[b+y,b+y+4]
iii. i(x) = 1fora < x <b.
iv.i(x) =05forr=a—a,andr =b +y.

ii.

#d(x) = #d(al' az, 4z, A4, As, aﬁ) =

The above hexagonal fuzzy number can be written in the
parametric forma = (P, (r), Q,(r), Q;(r), P,(1)) with

Pi(r) =2r(a; — a;) + a,
Q:(r) = 2a(az — a;) — az + 2a,

Q,(r) = —2a(as— a,) +2as — a,
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v. a=Bandy = 4.
Definition 2.2 A Fuzzy number i in R are defined as
function pair @ = (P, (1), Q;(r), Q,(r), P,(r)) which statisfy
the following:
a. Py(r) is a bounded left continuous non decreasing
function over [0, 0.5].

b. Q;(r) is a bounded left continuous non decreasing
function over [0.5, 1].

c. Q,(r) is a bounded left continuous non increasing
function over [1, 0.5].

d. P,(r) is a bounded left continuous non increasing
function over pada [0.5, 1].

Fuzzy number a = (a4, a,, as, a4, as, ag has been
discussed by [3-5, 9, 12] with membership function given as
follows :

0, x<a
l/x—ay
Eaz—al)' a, Sx=<a,
l+l(x—%) <x<
2 2\az—a,)’ 2~ = 0s
1, az;<x<a,

l/x—a,
1_§(a5—a4)' 4 SX =0
l/ag—x <y <
HE), wsrsa

0, x> ag

P,(r) = —2a(ag — as) + ae

In this paper, we discuss hexagonal fuzzy number in the
form @ = (a,b,a,B,y,8) with a and b central points, a
distance left from center a, [ distance left from center @ and
y distance right from center point b, § distance right from
center point Y. The membership functions of hexagonal fuzzy
number i = (a, b, a, 5,7, ), that is

1 1(x—a+a) <y <
>3 5 ,a—a—Bf<x<a-a
1+1<x—a) <y <
AW ,a—a<x<a
La<x<b
I’lﬁ(x) = :u'ﬁ(aﬁ b} alﬁ' yﬁ 8) = < 1 X _ab g
1__( ),bs <b
> ” X +vy
1 1(x_b_y)b+ <x<b+y+$§
2 2 5 OTY=x= 4

Futhermore, the parametric form & = (a,b,a,f,y,d) is

i = (Py(r), Q1(r), Q2 (r), P, (1)) with:
P(r) = a— (2 —20)B — (a - )
QM) =a—-(2-2na
Q,(r) =b+2-2r)y
P,(r)=b+2-2r)6 +(y—9)

0, otherwise

3. Positive Fuzzy and Negative Fuzzy
Numbers

In this section a new definition will be given to determine
a fuzzy number which is said to be positive fuzzy numbers or
negative fuzzy numbers wich will be use modify algebra in
multiplying two fuzzy numbers.

Fuzzy numbers are said to be positive (negative) if area
Uzg(x) =0 (ug(x) <0) or R=>L(R <L) seen from the
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positive x and x negatives as follows: then it will be positive fuzzy number ora —a = 0
1. If fuzzy numbers are only in the x-positive line area

0 a b

Figure 1. Illustration of positive hexagonal fuzzy numbers.

2. If fuzzy numbers are only in the x-negative line area than it will be negative fuzzy number of b+ > 0

a b 0

Figure 2. Illustration of negative hexagonal fuzzy numbers.

3. If fuzzy is in both x-positive and x-negative areas, it is divided into 3 cases, as follows:
Case 1 Consider the following figure bellow

Ir 0.5 i g i 1w |4
8
,
L ] R v
B a 4 y 5
;

Figure 3. lllustration of case 1 for hexagonal fuzzy numbers.

a2

a 3
L,,=Z(a—a)—a(cx—a)= Za—a+a

From the figure above, it can be seen that some areas are at
x-positive and others are at x-negative, so they can be

divided into 6 (six) area sections, hence 2

+1)(a)=a—z—a

a
2a
Ly=b-a@1)=b-a

1
L1l 1 LHI:E(l_
=3B 5=28
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L _1<1+1>()_3
V=5 ) V—4)’

=)o

Then overall area will be obtained, as follows:

R=Ly+Ly+L,+ L _6+3y @
=L v v vi= g 4
B+ 3y a?
L=L+L; = —a+—
1 1 4 a da

Ifa=0,b>=0and b+ =0, so ii said to be positive
fuzzy number if R — L = 0 or can be written as%5+iﬁ+
%y—%a—b—a—gzo, and @ to be said negative if
R —L <0 or can be written asi5+%ﬁ+%y—%a—b—
a—ﬁso.

2a
Case 2 Consider the following figure bellow

1

0.5

L R
I 11 1 1V Vv
B « Y )

0 la b

Figure 4. lllustration of case 2 for hexagonal fuzzy numbers.

From the figure above, it can be seen that some areas are at
x-positive and others are at x-negative, so they can be
divided into 5 (five) area sections, hence

L_l 1_1
1—5(3)5—1[?

L —1(1+1) _3
=3\t T3] T 3¢

Lyy=bQ)=b

Ly = 1(1 + 1) _3
wv=5 D) Yy = 4)’
L, = 1(1) 5= 15
v=3\7) @ =7
Then overall area will be obtained, as follows:

6+ 3y
R=L1”+le+LV: b+

B+ 3a
4

L=LI+L”:

Ifa<0and b > 0, i said to be positive fuzzy number if
R — L = 0 or can be written asb+%y—%a+i6—%ﬁ =0
and i to be said negative if R — L < 0 or can be written as

b+ly-2a+2s-1p<o.
4 4 4 4
Case 3 Consider the following figure bellow

Figure 5. lllustration of case 3 for hexagonal fuzzy numbers.

From the figure above, it can be seen that some areas are at
x-positive and others are at x-negative, so they can be
divided into 5 (sive) area sections, hence

1 1 1
Li=cB)5;=48

1 1 3
Ly =§<1+E)a= ZCZ
Lyy=-a(1)=-a

lezb(1)=b

L _1(1+1) _ 3
v=73 2}’—4)/
1/1 1
=3(3)®= 35

Then overall area will be obtained, as follows:

3y 6
R=LIV+LV+LVI= b+T+Z
3¢ S
L=L1+L11+ L111= _a+T+Z

Ifa<0and b = 0, ii said to be positive fuzzy number if
R—L =0 or can be written as b+a+%y—%a+%5—
i,b’ >0 and @ to be said negative if R—L < 0 or can be
writtenasb+a+%y—%a+%5—i,8 <0.

Case 4 Consider the following figure bellow

7

1

L R
T II IIr7 | 1V
B a g

a blo

Figure 6. lllustration of case 4 for hexagonal fuzzy numbers.

From the figure above, it can be seen that some areas are at
x-positive and others are at x-negative, so they can be
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divided into 5 (five) area sections, hence
L 1( ) 1 1
1=7B)5=3F

1 1 3
L,,=§<1+E>a= ZCZ
Ly =-a(1) =—-a

1 1 3
Ly =3(1+3)r =37

1/1 1
=3(3)® =73

Then overall area will be obtained, as follows:

3y 6

R=le+LV= 4+Z
3¢ f
L=LI+L”= —a+T+Z

Ifa>0and b = 0, ii said to be positive fuzzy number if
R —L >0 or can be written asa+%y—%a+%5—i[)’2
0, and i to be said negative if R — L < 0 or can be written as
a+%y—%a+i5—%ﬁ£0.

4. New Arithmetic Hexagonal Fuzzy
Number

After defining positive fuzzy numbers and negative fuzzy
numbers and operation of fuzzy numbers then it will be
applied to the multiplication of two fuzzy numbers will be
explained in the following below:

Arithmetic algebra operation will be for hexagonal fuzzy
numbers. For @i = (a,b,,B,y,6) and ¥ = (¢,d,0,w,7,0),
then the parametric forms are as follows:

o= (Py(r), Q1(r), Q2(r), P, (1)
P(r)=a—-@2-2rp—(a—p)
Q(r)=a—-2-21ra
Q) =b+2-2r)y
P(r)=b+2—-2r)5+(y —9)

and,

U= (Ki(r), L1 (1), Lo (r), K> (1))
Kir)=c—2-2rw— (6 —w)
Li(r)=c—(2-2r)0
L,(r)=d+ (2 -2t
K,(r)=d+ 2 —-2r)o+ (1 —0)

Definition 4.1 Let i =(a,b,apf,y,6) and o=
(¢, d, 8, w, 1, 0) be two hexagonal fuzzy numbers, then

a. Addition
Forr € [0, 0.5]

u®v = [P(r) + K (1), P, (r) + K, ()]

=[la-C=-2nNp—-(a=p)+(c—-2—-2rnNw— (6~
w),b+@2=-2rNé+Fy—-6)+d+2—-2r)c+ (-

0))] (1
=la+c—-QL-2rnNB+w)—(a—-p)— (O —w),b+d+
2-2r( +o0)+ (t—0)] 2)

Forr € [0.5,1]

adv = [Q1(1) + L1 (1), Q2 (1) + L ()]

=la-Q2-2nNa+c—2-2r0,b+ 2 -2r)y+d+
(2 =2n)1] A3)

=la+c—-Q-2r)(a+6),b+d+2 -2y +1)] 4

Transforming back into the hexagonal form, from equation
(1) (2) (3) and (4) we have:

i =((a+c),(b+d),(@a+6),B+w),ly+1),(6+0)

b. Subtraction
Forr € [0, 0.5]

10U = [P(r) - K@), P(r) — K, (r)]

=[a@a-2=-2rnN—-(a—-p)—-b+2-2r)c+(t—o0),b+
2-2nN6+@F-8)—-c-QR-2Nw—-00B-w) (5)

=la-d-Q-2rNB+o)—(a—B)+(@T—0),b—c+
C-2nN+w)+{y—-06)—0—-w) (6)

Forr € [0.5,1]

1O U= [Q(r) — Ly(r),Q(r) — Ly (r)]

=la-Q2-2rNe—d+Q@-2rNt,b+2-2r)y —c—
(2-2r)6] (7)

=la-d—-Q-2r)(a+1),b—c+2-2r{F¥+6)]®

Transforming back into the hexagonal form, from equation
(5) (6) (7) and (8) we have:
107v=(@-d),b-c)@+B+0), ¥
+6),(6+w)
¢. Scalar product

A®ﬁ :/1® (a,b,a,ﬁ,y,8)

B { (Aa, Ab, Aa, AB, Ay, A8), A = 0
(b, Aa, =28, = Ay, —Aa, =AB) A < 0

d. Multiplication

If = [Py(r), Q1 (r), Q2(1), P, (1)] and
U =[Ky(r),L(r),L,(r),K,(r)] are two positive fuzzy
numbers, then Z = [ ® 7] for every r €[0,0.5] and
r € [0.5,1]. The following is given some cases for hexagonal
fuzzy numbers to multiplication operastion.

i. If i is positive and ¥ is positive, then:

Forr € [0, 0.5]
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{g(r) = P,(1)K,(0.5) + P,(0.5)K, () — P,(0.5)K, (0.5)
Z(r) = Py(r)K,(0.5) + P,(0.5)K,(r) — P,(0.5)K,(0.5)

z(r) =ac— 2 —2r)(Bc — BO + aw — aw) — ac — ab +
pc— L0 —ab —aw + aw C)

z(r) =bd + (2 - 2r)(cb + oy)(6d + 6T+ ob + oY) +

yd +yt —8d — 6t + bt — ob — Oy (10)
Forr € [0.5,1]
{_z(r) = (ML (1) + Q@ (DL, () — Q: (DL, (1)
Z(r) = Q2(r)Lz(1) 4+ Q2(1)L,(r) — Q2(1)L2 (1)
z(r) = ac — (2 — 2r)(ac + ab) (11)
z(r) = bd + (2 — 2r)(yd + b) (12)

Transforming back into the hexagonal form, from equation
(9) (10) (11) and (12) multiplication i positive and ¥ positive
can be written as

Z=10Q ¥ =[ac, bd, (ac + ab),
(Bc — B0 + aw — aw), (yd + tb), (6d + 6T + ob + ay)]

ii. If i is positive and ¥ is negative, then:
Forr € [0, 0.5]

{g(r) = P,(r)K;(0.5) + P,(0.5)K; (r) — P,(0.5)K,(0.5)
z(r) = P;(r)K,(0.5) + P;(0.5)K,(r) — P;(0.5)K,(0.5)

z(r)=bc—(2—-2r)(—c6 + 06 + bw + wy) + yc —y6 —
6c+y0 — bl + wb + wy 13)

zr)=ad + (2 —-2r)(—Bd — Bt + ac —aoc) —ad — at +
Bd + pt + ar —ao + aoc (14)

Forr € [0.5,1]
{_z(r) = Q2(N L (1) + Q2(DL;(r) — Q2(1)L, (1)
z(r) = Q1 (r)L2(1) + Q1 (1)L, (r) — Q1 (1) L,(1)
z(r) = bc — (2 = 2r)(—yc + bO) (15)
(16)

Transforming back into the hexagonal form, from equation
(13) (14) (15) and (16) multiplication # positive and ¥
negative can be written as

z(r) =ad + (2 - 2r)(—ad + ar)

Z=1UQ vV =[bc,ad, (b —yc),(—cd + 05 + bw + yw),
(at —ad),(Bd — BT + ac — ao)

iii. If @i is negative and ¥ is positive, then:
Forr € [0, 0.5]

{g(r) = P, (K, (0.5) + P,(0.5)K, () — P,(0.5)K,(0.5)
Z(r) = P,(r)K,(0.5) + P,(0.5)K, () — P,(0.5)K, (0.5)

z(r)=ad —(2-2r)(dB + Bt +ac —ao) —ad —at +
df +tf+at—aoc+aoc a7

z(r) =bc+ (2 —2r)(6c — 66 — bw — Sw) + yc —y0 —
6c+ 80 + wb + wy (18)

Forr € [0.5,1]

{Z(r) = Q:1(MLy(1) + Q1 (DL (r) — Q1 (1 L,(1)
Z(r) = Q(r)L (1) + Q(VL(r) — Q2(1)L, (1)

z(r) =ad — (2 —2r)(at — ad) (19)
z(r) = bc+ (2 = 2r)(yc — bO) (20)

Transforming back into the hexagonal form, from equation
(17) (18) (19) and (20) multiplication @ positive and ¥
negative can be written as

Z=1Q ¥ =[ad, bc,(ad — at), (Bd + Bt + ac — ao),
(yc — b0), (6c — 60 — bw — yw)]

iv. If @i is negative and ¥ is negative, then:
Forr € [0, 0.5]

{g(r) = P,(r)K,(0.5) + P,(0.5)K, (r) — P,(0.5)K,(0.5)
Z(r) = P,(r)K,(0.5) + P,(0.5)K,(r) — P,(0.5)K,(0.5)

z(r)=bd — (2—-2r)(—6d — 6t —ob—oy) —yd —yTt +
6d — 8t — bt + ab + 6y 2D

z(r) =ac+ (2-2r)(—Bc+ PO —aw — aw) — ac —

ab + fc+ B0 +ab —aw + aw (22)
Forr € [0.5,1]
{%(r) = Q2(MLy(1) + Q2(1) Ly (r) — Q2(DL2(1)
z(r) = Q:(ML (1) + Q (VL (r) — @ (DL, (1)
z(r) = bd — (2 — 2r)(—yd — tb) (23)
z(r) = ac+ (2 —2r)(—ac — ab) (24)

Transforming back into the hexagonal form, from equation
(21) (22) (23) and (24) multiplication i negative and ¥
negative can be written as

Z = ar ® ﬁr = [bdl aC, (_Vd - Tb)'
—(8d + 61 + ob + ay), (—ac — ab),
—(Bc — O + aw — aw)]

e. Invers
The identity element for hexagonal fuzzy numbers is:

I=(1,1,0,0,0,0)

Where I = (1,1,0,0,0,0) positive. Let two fuzzy number
i =(a,b,ap,y,6)and ¥ = (c,d, 8, w, t,0) have invers:
-1

V==—=u

| =

Will be indicated 1 ® ¥ = (1,1,0,0,0,0). Fuzzy number
i =(a,b,apB,y,5) the condition for having invers is
a,b # 0. Therefore, inverse forhexagonal number consist of
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two cases, as follows:
(i) t>0and ¥ > 0,

1@ 7T =(abap,ydQ(db wr10o)

= (ac, bd, (ac + af), (Bc — BO + aw — aw), (yd +
th), (6d + 61+ ob + ay)) =(1,1,0,0,0,0).

(ii) 4 < 0 and ¥ < 0,
1@ 7 =(abapydQ(db wr10o)

= bd, ac, (—yd — tb),—(dd + 8t + ob + ay), (—ac —
af),—(fc— L0 + aw — aw) =(1,1,0,0,0,0).

So the inverse for hexagonal fuzzy numbers is:

11 «a ap B
ﬁ:l:u_lz E'E'_;'_(ﬁ—aza_az—aa)'
G AR R

b2’ \b%2+by b3+ b%

5. Conclusion

In this paper the author defines a new form of the
hexagonal fuzzy number @ = (a, b, a, 8,y, ). Furthermore,
the authors define positive hexagonal fuzzy numbers and
negative fuzzy numbers, so can determine the multiplication
of two fuzzy numbers, which will produce compatible
results. The next discussion can develop hexagonal fuzzy
using the Cramer, Gauss-Jacobi and others methods.
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