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Abstract: In this paper, an Economic Order Quantity (EOQ) inventory model is developed for time-varying deteriorating 

items. Researchers are constantly developing deteriorating inventory models to become more realistic. Many items like paddy, 

wheat, potato, onion, radioactive substance etc. are becoming damage over time. So time dependent deterioration is more 

realistic than a constant rate of deterioration of goods used in the present market. The assumption of constant demand rate may 

not be always appropriate for many inventory items like milk, vegetables etc, the age of these items has a negative impact on 

demand dure to loss of quality of such products, on the other hand, demand is becoming increased initially when new branded 

fashionable products like cosmetics, mobile, computer etc are launched in the market. So the demand rate is considered as a 

cubic function of time and time dependent holding cost. We also want to give importance on salvage value of an inventory 

system. The model is solved with salvages value associated to the units deteriorating during the cycle. Shortages are allowed 

and fully backlogged. Finally the model is illustrated with the help of a numerical example, some particular cases are derived 

and a comparative study of the optimal solutions towards different nature of demand is also presented graphically. 
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1. Introduction 

The traditional inventory model considers the ideal case in 

which depletion of inventory is caused by a constant demand 

rate. However, in real life situations there is inventory loss by 

deterioration also. Study in this direction began with the work 

of Whitin [1] who considered fashion goods deteriorating at 

the end of a prescribed storage period. Ghare and Schrader [2] 

developed a model assuming a constant rate of deterioration. 

Later many researchers like Shah and Jaiswal [3], Aggarwal [4] 

etc developed the model with constant demand rate and 

deteriorating items. But the commonly used items like fruits, 

meet, food grains (i.e. paddy, wheat, potato, onion etc), 

perfumes, alcohol, gasoline, radioactive substances etc are 

becoming more damage over time. So it is more realistic to 

consider time-varying deteriorating rates. 

The assumption of a constant demand rate may not be 

always appropriate for many inventory items. For example 

milk, vegetables etc., the age of inventory has a negative 

impact on demand due to loss of consumer confidence on the 

quality of such products. So many researchers like 

Biswaranjan Mandal [5], Mishra and Singh [6], Yadav et al 

[7], Venkateswarlu and Mohan [8] etc are names to only 

fewto develop many inventory models.. 

Again Poonam Mishra and Shah [9] studied an EOQ 

model for inventory management of time dependent 

deteriorating items with salvage value. Ajanta Roy [10] 

developed an inventory model for deteriorating items with 

price dependent demand and time-varying holding cost. Jaggi 

et al [11] studied an EOQ model for deteriorating items with 

salvage value assuming deterioration and demand rate in 

constant behavior. Karthikeyan et al [12] developed a model 

to determine the optimum order quantity for constant 

deteriorating items with cubic demand and salvage value. 

Their model does not allow for time-varying deterioration 

and shortages, which would not make applicable in real 
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word. Many researchers like Sharma et al [13], Santhi et al. 

[14], Pakhira et al. [15] etc are noteworthy. 

For these sort of situations, efforts have been made to 

develop a realistic inventory model with time-varying 

deterioration rate. The demand rate is considered as a cubic 

function of time and time dependent holding cost. The model 

is solved with salvages value associated to the units 

deteriorating during the cycle. Shortages are allowed and fully 

backlogged. Finally the model is illustrated with the help of a 

numerical example, some particular cases are derived and a 

comparative study of the optimal solutions towards different 

nature of demand is also presented graphically. 

2. Notations and Assumptions 

The mathematical models are developed under the 

following notations and assumptions: 

Notations: 

(i) R(t): Demand rate. 

(ii) ( )tθ : Time-varying deterioration rate. 

(iii) T: The fixed length of each production cycle. 
(iv) HC: Holding cost per unit time 

(v) 1C : The unit cost of an item. 

(vi) DC: Deterioration cost per unit per unit time. 
(vii) OC: Ordering cost per order. 
(viii)SV: Salvage value per unit per unit time 

(ix) 2C : Shortage cost unit per unit time. 

(x) I(t): The inventory level at time t. 
(xi) Q: The maximum inventory level during the cycle. 
(xii) T: The length of cycle time. 
(xiii)TC: Average total cost per unit time. 

Assumptions: 

(i). The inventory system included only one item. 

(ii). The demand rate is time dependent cubic function 

R(t) = a + bt + c 2t + d 3t , a, b, c, d ≥  0 

where a is the initial demand rate, b is the initial rate of 
change of demand, c is the rate at which the demand rate 
increases and d is the rate at which the change in the demand 
rate itself increases. 

(iii). The time-varying deterioration rate is given by 

( ) ,0 1o ot tθ θ θ= ≤ << . 

(iv). Lead time is zero. 

(v). Shortages are allowed and fully backlogged. 

(vi). Replenishment rate is infinite. 

(vii). The time horizon is infinite 

(viii). The time dependent holding cost H(t) per unit time 

is H(t) = , 0, 0tα β α β+ > >  

(ix). The salvage value k 1C , 0 1k≤ < is associated with 

deteriorated units during acycle time. 

3. Formulation and Solution of the 

Model 

Let Q be the total amount of inventory produced or purchased 
at the beginning of each period. Due to reasons of market 
demand and deterioration of the items, the inventory level 

gradually depletes during the period (0, 1t ) and ultimately falls 

to zero at t = 1t . Shortages occur during time period ( 1t , T) 

which are fully backlogged. The differential equations which the 
on-hand inventory I(t) governed by the following: 

1

( )
( ) ( ) ( ), 0

dI t
t I t R t t t

dt
θ+ = − ≤ ≤                      (1) 

And 1

( )
( ),

dI t
R t t t T

dt
= − ≤ ≤                         (2) 

The initial condition is (0)I Q=  and 1( ) 0I t =        (3) 

Putting the values of ( ) ,0 1o ot tθ θ θ= ≤ <<  

And R(t) = a + bt + c 2t  + d 3t , a, b, c, d ≥  0, we get 

2 3
1

( )
( ) ( ), 0o

dI t
tI t a bt ct dt t t

dt
θ+ = − + + + ≤ ≤           (4) 

And 2 3
1

( )
( ),

dI t
a bt ct dt t t T

dt
= − + + + ≤ ≤              (5) 

Now solving the equations (4) and (5) using the initial 
condition (3) and neglecting the second and higher powers of 

oθ [since 2( )oO θ is very small as 0 1oθ≤ << ], we get 

I(t) = 2 2 3 3 4 4 3 2 3
1 1 1 1 1 1( ) ( ) ( ) ( ) ( 3 2 )

2 3 4 6

oab c d
a t t t t t t t t t t t t

θ
− + − + − + − + − +  

+ 4 2 2 4 5 3 2 5 6 4 2 6
1 1 1 1 1 1( 2 ) (3 5 2 ) (2 3 )

8 30 24

o o ob c d
t t t t t t t t t t t t

θ θ θ
− + + − + + − + , 10 t t≤ ≤                               (6) 

And I(t) = 2 2 3 3 4 4
1 1 1 1( ) ( ) ( ) ( )

2 3 4

b c d
a t t t t t t t t− + − + − + − , 1t t T≤ ≤                                              (7) 

Since I(0) = Q, we get from equation (6) the following expression 

Q =  2 3 4 5 6
1 1 1 1 1 1( ) ( )

2 3 6 4 8 10 12

o o o oa b c db c d
at t t t t t

θ θ θ θ
+ + + + + + +                                              (8) 
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Now the average total cost per unit time consists of the following: 
Ordering Cost (OC) During the Cycle [0,T] = A (Fixed) 

Holding cost (HC) = 

1

0

( ) ( )

t

t I t dtα β+∫  

= 
1 1

0 0

( ) ( )

t t

I t dt tI tα β+∫ ∫ = 2 3 4 5 4 5 6 70 0 0 0
1 1 1 1 1 1 1 1

8
[ ]

2 3 4 5 12 15 18 21

a b c da b c
t t t t t t t t

θ α θ α θ α θ αα α α α+ + + + + + +  

+ 3 4 5 6 7 80 0 0 0
1 1 1 1 1 1[ ( ) ( ) ]

6 8 10 4 12 4 56 64

a b c da b
t t c t d t t t

θ θ θ β θ ββ β β β+ + + + + + +  

= 2 3 4 5
1 1 1 1( ) ( ) ( )

2 3 6 4 8 12 5 10 15 40

o o oa b aa b a c b d c
t t t t

αθ αθ βθα α β α β α β+ + + + + + + + +  

+ 6 7 8
1 1 1( ) ( )

12 18 48 21 56 64

o o o o oc b d c dd
t t t

αθ βθ αθ βθ βθβ + + + + +  

Cost due to Deterioration (CD) = 1C {I(0) - 

1

0

( )

t

R t dt∫ }== 3 4 5 6
1 1 1 1 1{ }

6 8 10 12

o o o oa b c d
C t t t t

θ θ θ θ
+ + +  

Since Salvage Cost (SV) Is Associated to the Units of Deteriorating During the Cycle [0,T], We get 

Salvage cost (SV)= k
3 4 5 6

1 1 1 1 1{ }
6 8 10 12

o o o oa b c d
C t t t t

θ θ θ θ
+ + +  

Cost due to Shortage (CS) = 2C

1 1

2 3( ) ( ) ( )( )

T T

t t

T t R t dt T t a bt ct dt dt− = − + + +∫ ∫  

= 

1

2 2 3 3 4{ ( ) ( ) ( ) ( )}

T

t

a T t b Tt t c Tt t d Tt t dt− + − + − + −∫  

= 2C 2 2 3 2 3
1 1 1 1{ ( 2 ) ( 3 2 )

2 6

a b
T Tt t T Tt t− + + − + + 4 3 4 5 4 5

1 1 1 1( 4 3 ) ( 5 4 )}
12 20

c d
T Tt t T Tt t− + + − +  

The average total cost per unit time of the system during the cycle [0,T] will be 

TC( 1t ) = 
1

T
[OC +HC+CD-SV+CS] 

=
1

T
[ A  + 2 3 4 5

1 1 1 1( ) ( ) ( )
2 3 6 4 8 12 5 10 15 40

o o oa b aa b a c b d c
t t t t

αθ αθ βθα α β α β α β+ + + + + + + + +  

+ 6 7 8
1 1 1( ) ( )

12 18 48 21 56 64

o o o o oc b d c dd
t t t

αθ βθ αθ βθ βθβ + + + + +  + 3 4 5 6
1 1 1 1 1{ }

6 8 10 12

o o o oa b c d
C t t t t

θ θ θ θ
+ + +  

3 4 5 6
1 1 1 1 1{ }

6 8 10 12

o o o oa b c d
kC t t t t

θ θ θ θ
+ + + + 2C 2 2 3 2 3

1 1 1 1{ ( 2 ) ( 3 2 )
2 6

a b
T Tt t T Tt t− + + − +  

+ 4 3 4 5 4 5
1 1 1 1( 4 3 ) ( 5 4 )}

12 20

c d
T Tt t T Tt t− + + − + ]                                                 (9) 

For minimum, the necessary condition is 1

1

( )
0

dTC t

dt
=  



39 Biswaranjan Mandal:  An EOQ Inventory Model for Time-varying Deteriorating Items with   
Cubic Demand Under Salvage Value and Shortages 

This gives 21
1 1 1 1 1

(2 )
( ) { }

2 2

ok aCa
aC bC a t cC b t

θβα α −
+ + + + + + + 

3 41 1
1 1 1

(2 ) (2 )
{ } { }

2 3 2 2 3 8 2

o o o o oa k bC b a k cCb c
dC c t d t

αθ θ αθ βθ θβ βα α− −
+ + + + + + + + +  

+ 5 6 71
1 1 1

(2 )
{ } { }

2 3 8 2 3 8 8

o o o o o oc b k dC d c dd
t t t

αθ βθ θ αθ βθ βθβ −
+ + + + + +  

+  2 3
2 1 1 1 1 1 1 1{ ( ) ( ) ( ) ( )} 0C a t T bt t T ct t T dt t T− + − + − + − =                                                             (10) 

For minimum the sufficient condition 
2

1

2
1

d TC(t )

dt
>0 would be satisfied. 

Let *
1 1t t=  be the optimum value of 1t . 

The optimal values *Q  of Q and *TC of TC are obtained by putting the value *
1 1t t=  from the expressions (8) and (9). 

Particular Cases 

(a). If the demand rate is quadratic function of time then 0d =  

From (8), the total amount of inventory Q becomes 

Q = 2 3 4 5
1 1 1 1 1( )

2 3 6 8 10

o o oa b cb c
at t t t t

θ θ θ
+ + + + +                                                                       (11) 

From (9), the average total cost per unit time of the system during the cycle [0,T] becomes 

TC( 1t )=
1

T
[ A + 2 3 4 5

1 1 1 1( ) ( ) ( )
2 3 6 4 8 12 10 15 40

o o oa b aa b a c b c
t t t t

αθ αθ βθα α β α β β+ + + + + + + +  

+ 6 7
1 1( )

18 48 56

o o oc b c
t t

αθ βθ βθ
+ +  + 3 4 5

1 1 1 1{ }
6 8 10

o o oa b c
C t t t

θ θ θ
+ + - 3 4 5

1 1 1 1{ }
6 8 10

o o oa b c
kC t t t

θ θ θ
+ +  

+ 2C 2 2 3 2 3
1 1 1 1{ ( 2 ) ( 3 2 )

2 6

a b
T Tt t T Tt t− + + − + + 

4 3 4
1 1( 4 3 )}

12

c
T Tt t− + ]                                    (12) 

The equation (10) becomes 

21
1 1 1 1 1

(2 )
( ) { }

2 2

ok aCa
aC bC a t cC b t

θβα α −
+ + + + + +  + 

3 41 1
1 1

(2 ) (2 )
{ } { }

2 3 2 2 3 8 2

o o o o oa k bC b a k cCb c
c t t

αθ θ αθ βθ θβ βα − −
+ + + + + + +  

+ 5 6
1 1{ }

3 8 8

o o oc b c
t t

αθ βθ βθ
+ +  + 2

2 1 1 1 1 1{ ( ) ( ) ( )} 0C a t T bt t T ct t T− + − + − =                               (13) 

This gives the optimum value of 1t . 

(b). If the demand rate is linear trended function of time then c=0 and 0d =  

From (8), the total amount of inventory Q becomes 

Q = 2 3 4
1 1 1 1

2 6 8

o oa bb
at t t t

θ θ
+ + +                                                                    (14) 

From (9), the average total cost per unit time of the system during the cycle [0,T] becomes 

TC( 1t ) =
1

T
[ A + 2 3 4 5

1 1 1 1( ) ( ) ( )
2 3 6 8 12 15 40

o o oa b aa b a b
t t t t

αθ αθ βθα α β β+ + + + + + + 6
1

48

ob
t

βθ
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+ 3 4
1 1 1{ }

6 8

o oa b
C t t

θ θ
+ - 3 4

1 1 1{ }
6 8

o oa b
kC t t

θ θ
+ + 2C 2 2 3 2 3

1 1 1 1{ ( 2 ) ( 3 2 )
2 6

a b
T Tt t T Tt t− + + − + }]                     (15) 

The equation (10) becomes 

21
1 1 1 1

(2 )
( ) { }

2 2

ok aCa
aC bC a t b t

θβα α −
+ + + + +  

+ 3 41
1 1

(2 )
{ } { }

2 3 2 3 8

o o o oa k bC b ab
t t

αθ θ αθ βθβ −
+ + + +  + 5

1
8

ob
t

βθ
+ 2 1 1 1{ ( ) ( )} 0C a t T bt t T− + − =               (16) 

This gives the optimum value of 1t . 

(c). If the demand rate is constant then b = 0, c=0 and 0d =  

From (8), the total amount of inventory Q becomes 

Q = 3
1 1

6

oa
at t

θ
+                                                                                   (17) 

From (9), the average total cost per unit time of the system during the cycle [0,T] becomes 

TC( 1t ) =
1

T
[A + 2 3 4 5

1 1 1 1
2 6 12 40

o oa aa a
t t t t

αθ βθα β+ + + + 3
1 1

6

oa
C t

θ
- 3

1 1
6

oa
kC t

θ
+ 2C

2 2
1 1( 2 )

2

a
T Tt t− + }]               (18) 

The equation (10) becomes 

21
1 1 1

(2 )
{ }

2 2

ok aCa
aC a t t

θβα −
+ + +  + 3 4

1 1
3 8

o oa a
t t

αθ βθ
+  + 2 1( ) 0C a t T− =                                    (19) 

This gives the optimum value of 1t . 

4. Numerical Example 

To illustrate the developed inventory model, let the values 

of parameters be as follows: 

A= $500 per order; a = 25; b = 20; c = 10; d = 3; oθ  = 

0.02;α  = 0.5; β  = 0.6; k =0.1; 1C  = $5 per unit; 2C = $10 

per unit; T = 1 year 

Solving the equation (10) with the help of computer using 

the above parameter values, we find the following optimum 

outputs 

*
1t = 0.47 year; *Q = 14.28 units and *TC = Rs 636.72 

It is checked that this solution satisfies the sufficient 

condition for optimality. 

5. Comparison of Inventory Models 

Between Varying Demand Rates 

The comparative study is also furnished to illustrate the 

particular cases of the inventory model by varying demand 

rates. 

 
Figure 1. Demand Rate vs OptimalInventory Total Cost. 
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Figure 2. Demand Rate vs Optimal Inventory Level. 

 
Figure 3. Demand Rate vs Holding Cost. 

6. Concluding Remarks 

In this study, an EOQ model has been framed for time-

varying deteriorating items under cubic demand in nature. 

The salvage value has been incorporated for deteriorating 

items with time dependent holding cost. Shortages are 

allowed which are fully backlogged. The models are 

developed analytically as well as computationally with 

graphical representation. 

Efforts are given on comparative study graphically 

between optimal inventory total cost, optimal inventory level 

and holding cost considering cubic, quadratic, linear and 

constant nature of demand rates. Analyzing Figure 1, Figure 

2 and Figure 3, it is observed that optimality of inventory 

total cost, inventory level and holding cost are moderately 

changing for cubic, quadratic and linear trended demand 

rates, where as these are changing significantly towards the 

model with constant demand in nature. 
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