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Abstract: In this paper, Adomian decomposition method (ADM) will apply to solve nonlinear fractional differential
equations (FDEs) of Caputo sense. These type of equations is very important in engineering applications such as electrical
networks, fluid flow, control theory and fractals theory. ADM give analytical solution in form of series solution so the
convergence of the series solution and the error analysis will discuss. In addition, existence and uniqueness of the solution will
prove. Some numerical examples will solve to test the validity of the method and the given theorems. A comparison of ADM

solution with exact and numerical methods are given.
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1. Introduction

Fractional Differential equations (FDEs) have many
applications in engineering and science [1-6], including
electrical networks, fluid flow, control theory, fractals theory,
electromagnetic theory, viscoelasticity, potential theory,
chemistry, biology, optical and neural network systems [7-
13]. In this paper, Adomian decomposition method (ADM)
[14-19] will use to solve nonlinear FDEs of Caputo sense.
This method has many advantages; it is efficiently works
with different types of linear and nonlinear equations in
deterministic or stochastic fields and gives an analytic
solution for all these types of equations without linearization
or discretization [20-23]. The paper organize as follows: In
section two ADM will apply to the problem under
consideration. In section three uniqueness, convergence and
error analysis will discuss. Finally, six numerical examples
presented by using MATHEMATICA package.

2. Formulation of the Problem

Consider the nonlinear FDE,

oDy (@) + a@)f (y(®) = x(b), (1)

Subject to the initial conditions,

yI(0) = ¢,j = 1.2,..,m. @)
Where

on_ n%n an-1 an-2 ay
ODt 70Dt ODt ODt ODt

n
an=z a,0<a,<1,k=12,..,n
k=1

The fractional derivative is of sequential Caputo sense. In
the applications, the Caputo sense are preferred to use
because the initial conditions of y(t) and its derivatives will
be of integer orders and has a physical meaning. Now
performing subsequently the fractional integration of order
Qp, Ap_q, -, &7, this reduces the problem (1)-(2) to the
fractional integral equation (FIE):

n
y(t)=Z—Cj £+
i I (9))

=1

e )f a@E -0 f(y(@)dr ()

Assume that x(t) bounded Vte]=[0T], T €R",
la(t)| <MVO0<t<t<T,Mis a finite constant and f(y)
is Lipschitz continous with Lipschitz constant L such as,

lf ) = f@| < Lly - z| 4)

o)) fo (t —1)n1x(7)dt
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Which has Adomian polynomials representation,

f) = Xn=04n Vor Y1) -r¥n) (%)
Where

Ay = =2 [F(E20 A Y020 (©)

Substitute from equation (5) into equation (3) we get,

n
NG e
Y“)—Zr(gj)“ +
j=1

Jya@t =010 Agdr  (7)

1 ' On-1 d
F(Un)fo(t—’[) x(t)dt

F(U )
Let y(t) = Yoo ¥ (t) in (7) and applying ADM, we get

the following recursive relations,

Yo(6) = Ty 75 77 + s [ (¢ = 1)Prax (@), (8)

yi(6) =

~ e )f a (1) (t — 1)714;_,dt,i = 1.(9)

Finally, the solution is,

y(&) = XiZoyi (©) (10)
2.1. Existence and Uniqueness
Theorem 1 If 0 < a <1 where a = Lo , then the
I'(op+1)

series (10) is the solution of the problem (1)-(2) and this
solution is unique.
Proof For existence,

y(@) = X2y (O
= yo(t) + 221y (O

= %0(0) = 1o T2 Jy € (@t = D7 Ay dr
= Yo(0) = Jy a@E =D X2 Ay dr

= yo(t) — F(J)f a(@)(t—1)n1y® A dt
= Bt + s fy (6= Do (@)

" Ton )f a(®)(t -1 f(y(r))dr

Then the Adomian’s series solution satisfy equation (3)
which is the equivalent FIE to the problem (1)-(2).

For uniqueness of the solution: Assume that y and z are
two different solutions to the problem (1)-(2) and hence,

s a (@t =) [f ) - f(@)]dr |

v~ 21 = [

< ﬁf(f( t - 1 a@IIf ) - f@)ldz

< 2|y — 2| [y(t - D)onide

F(a )

LMTon | _ |
— I'(op+1) y—z
LMT " a where, 0 < a < 1 then,
I'(op+1)
ly—zl<aly—z|
1-a)ly-2zl<0
However, (1—a)|y—2z =0 and since, (1—a)#0

then, |y — z| = 0 this imply that, y = z and this completes
the proof.

2.2. Proof of Convergence

Theorem 2: The series solution (10) of the problem (1)-(2)

using ADM converges if |y;| <o and 0<a <1, a=
LMTn

I'(op+1)

Proof Define the Banach space (C[/J], ||-]]), the space of all
continuous functions on J with the norm |[y(t)| =
max.e;|y(t)|. Define the sequence {S,} such that, S, =

*oYi (t) the sequence of partial sums from the series
solution }.;2, v; (t) since,

fm=f (i Vi (t)> = i A; Vo, Y1, -, Vi)

So,
fo) = f(So) = Ay,
fo+y1) =f(S1) = Ag + Ay,
fo+yi+y2) = f(S) =Ap + A1 + 4y,

f(Sn) = ZAL (YO'yll 'yl.)

i=0

Let, S,, and S,,, be two arbitrary partial sums with, n > m.
Now, we are going to prove that {S,,} is a Cauchy sequence in
this Banach space.

n

Z A0

i=m+1

S, —8,.|| = max |S,, — §,,| = max
15 = Sl = max IS, — Syl = ma

= ma
te]

i - r(irn) fota @t = 1)14;_ydo

i=m+1

1 ¢ n-1
= — 17)%n-1 .
na o fo a (D)t —7) ZAl dr
=m

ko r(an)f a ()(t = D" f (Spt) — f(Sm-1)ldr

r(an) e f (t =) 1a(@f (Sp-1) = f Sm-1)ld7
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< M ]llaXlSn] Sm ]lf t T 1dl
1 (Un) teJ 0( )
rv( ]) n-1 m-—1

< allSn-1 = Syl
Letn = m + 1 then,
1Sm+1 = Smll < @llSy = Sl < @?lISm-1 = Sl
< < a™|S; = Soll
From the triangle inequality we have,
152 = Smll < IISm+1 = Smll + ISm+2 = Sl
o+ 1S = Speall
< [a™+a™? 44 a™ |5 — Soll

<a™l+a+-+a™"m S — Soll

1—qgt™
<a™ [ﬁ] ly @Il

Since, 0<a<1 and n>2m then (1—-a®™)<1.
Consequently,

m m

a a
— < — < —
152 = Sull < T2 31Ol < T max |y O

However, |y;(t)| < o and as m — oo then, ||S,, — S, || =
0 and hence, {S, } is a Cauchy sequence in this Banach space
so, the series Yg—o Vs (t) converges and the proof is
complete.

2.3. Error Analysis

For ADM, we can estimate the maximum absolute
truncated error of the Adomian’s series solution in the
following theorem.

Theorem 3: The maximum absolute truncation error of the
series solution (10) to the problem (1)-(2) estimated to be,

m

<
S g Mmax Ly, (O]

max
tej

y(© =) ()
i=0

Proof. From Theorem 2 we have

am
[ max ly1 (O]
But, S,, = YX1-,¥; (t) asn — oo then, S, = y(t) so,
m
ly® = Smll < T— max Ly, (DI

Therefore, the maximum absolute truncation error in the
interval J is,

Yo = R YR = T (<)) D

rG+Oru—j+n Il

113

m

<
1—-«a

CEDRAG)
i=0

Hence, the proof is completed.

max max t
na nax |y, (6)|

3. Numerical Examples
Example 1. Consider the initial value problem [20],
Dry=y24+1m-1<p<m0<t<1, (11)
(12)

Operating with J# on both sides of equation (11) and using
the initial conditions (12) we obtain,

y(©) =J*[] + /4y, (13)

Using ADM and replace the nonlinear term f(y) = y? by
its corresponding Adomian polynomials we have,

Yo =J#[1], (14)
Yn :]H[An—l]'n =1 (15)

From the two relations (14) and (15), the six terms
approximation are,

y®(0)=0,k=01,..,m—1.

b6 = Li=o Ct GFFDH, (16)

Where, the coefficients given by,

1 rQu+1
Co=r—, C=—"r—=C;,
ru+1) rGu+1)

r(4u+1) reu+1)
=—(2C,C,), C3=——(2C,C c?,
2 F(5Il+1)( 0C1) 3 F(7Il+1)( oGy + CF)
r@u+1)
=————(2¢C,C 2C,C,),
4 F(9,u+1)( 0C3 +2C,Cy)
r(ou+1)
=—-(2C,C 2C,C Cc3).
5 F(11/«l+1)( 0Cs +2C1C53 + C3)

The solution of the problem (14)-(15) by using the
numerical method is:

n
R wly -k =1,
=0

Where,  t, = nh,y, = y(t) w* = (1) (*), (n,j =
0,1,2, ...) therefore, we get

_ C ; r'(u+1) )
' #;(_lyr(] + DI+ 1)3’71—1' —yi=1,

Then,

m—-1<u<mte[0,T],n=mm+1,..

(17)
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Figures 1-6 illustrate the comparison between ADM
solution (n = 5) and the numerical solution (h = 0.01). For
u = 0.5; the numerical method gives unbounded solution
when t € [0,1], see Figure 1, while, ADM gives a bounded
solution in the same interval, see Figure 2.

Notices:

1. Al computations and figures made using

MATHEMATICA software for all the given examples.

2. In all figures, the solid curve represents ADM solution,

while the other curve for the other method.

Figure 1. ADM and Numerical Sol. [u = 0.5].

Figure 2. ADM Sol. [u = 0.5].

Figure 3. ADM and Numerical Sol. [u = 1.5].

Figure 4. ADM and Numerical Sol. [u = 2.5].

Figure 5. ADM and Numerical Sol. [u = 3.5].

Figure 6. ADM and Numerical Sol. [u = 4.5].

Table 1 shows the relative error between exact and ADM

solution of 4 = 1. The value y = 1 (ODE) is the only case
for which we know the exact solution (y = tan t) and our
approximate solution is in good agreement with the exact
values.

Table 1. Relative Error.

t

Exact solution

ADM solution

Relative error

0.1  0.100334672 0.100334672 3.3195594351 x 10715
0.2  0.2027100355 0.2027100355 1.4756006633 x 107**
0.3 0.3093362496 0.309336249 1921474304 x 107°
0.4  0.42279321874  0.42279319296  6.097058134 x 1078
0.5 0.54630248984  0.54630200191 8.931495255 x 1077
0.6 0.68413680834  0.68413131533  8.0291143934 x 10°°
0.7  0.84228838046  0.84224495232  0.0000515597

0.8  1.02963855705 1.02937191571 0.000258966

09 1.26015821755 1.25879891374  0.001078677

1.0 155740772466  1.5513676447 0.003878291

Example 2. Consider the following nonlinear FDE with
nonhomogeneous initial conditions,

Dry =2y +y,t=01<pu<2,

0) =1,y'(0) = 2.

(18)

This problem was solved by Nabil Shawagfeh in [20] by
using ADM but the given solution was incorrect. Here, we
give the correct solution.

Operating with J# on both sides of (18), we get

y =142t +2J1(y) + ().

(19)

Using ADM and Adomian polynomials to the equation (19)
and since the computation of A,, depends heavily on y, we
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will use a slight modification [24]. This will ease the
computations considerably. Thus,

Yo=1, (20)
Y1 = 2t +2J4(Ao) + ] (o), 21)
Yo =2 (Ap) 4 On), nZ 20 (22)

Using relations (20)-(22), the first three-terms of the series
solution for u = 1.25 are,

y() =1+ 2t + 2.86848t12°
+1.66715t225 + 2.0781t25 + -+, (23)
And for u = 1.5,

y(t) =1+ 2t + 2.44482t*> + 1.27883t25 +
1.15104¢3 + -+, (24)

And for u = 1.75,

y(t) =1+ 2t + 2.02069t275 4+ 0.960889t27° +
0.593742t35 + -, (25)

And for u = 2,
2
y(t) =1+ 2t +%+%t3(32 +130) + . (26)

The plots for some values of u € (1,2] given in figures 7-
10 (n = 5).

In Shawaghfeh’s study [20], the mistake was ignoring the
third term in equation (21). A comparison between ADM
solution and exact solution (u = 2) is given in Figure 10 and
its relative error is given in table 2.

Figure 7. ADM and Exact Sol. [u = 1.25].

Figure 8. ADM Sol. [u = 1.5].

Figure 9. ADM Sol. [u = 1.75].

Figure 10. ADM and Exact Sol. [u = 2].

Table 2. Relative Error.

t

Exact solution

ADM solution

Relative error

0.1 1.216978142472 1.216978192217 4.08761x 1078

0.2 1.470990374716 1470993749521 2.29424x 107

0.3  1.767049231411 1.767089933573 0.0000230339715
0.4  2.110740852297 2.11098272054 0.0001145892651
0.5 2.508287449206 2.509262171435 0.0003886006884
0.6 2.966616537584 2.969687894858 0.0010353064631
0.7  3.493437642763 3.501601616183 0.0023369455119
0.8  4.097327267145 4.116482251175 0.0046749948883
0.9 4.787822988191 4.82867126594 0.0085317017462
1.0 5.575527649637 5.656298489041 0.0144866718416

Example 3. Consider the following nonlinear FDE,

Dy + DY/?y — 2y? = 0,y(0) = c.

@7

Where c is a constant.

This problem was solved by Saha Ray in [25] by using
ADM but the given solution was incorrect. Here, we give the
correct solution.

Operating with J on both sides of equation (27), we get

y =c—=JH(D"?y) +2J* (y?). (28)
Then we obtain,

Cfl/z

r/2)

y=c+ ="M +2/'0P. (29)

In [25], the mistake was ignoring the second term in
equation (29). Using ADM and the reliable modification [24]
to equation (29). Thus,

Yo =06 (30)

Cfl/z

y1 = ————J"2(y0) + 2J*(4p) = 2¢%¢, (€29)

17 r@ay/2)
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y, = —]%(y D+2) A, ),n=2 (32) Therefore, the solution of equation (27) is:
n n-— n-1.,» = 4.

3
From relation (32), we have y(t) = ¢ + (2¢%t) + (_ 836\2/;2 + 4czt2>
8C2t3/2 -
Vo =— + 4c“t*, 0.0 128635/ 4.3
3vVm + (22 - B+ 80t ) + e (34)
5,2 128c3t5/2 4.3 . . .
Y3 = Cct° — BTV + 8c*t?, (33) Now, consider the special case when ¢ = 1, equation (27)
will be:
_ 4 2,52 2.y _ 4(7+152¢%t)
Y1 = 105 /% (105eVE(L + 4ct) =) Dy + D2y — 22 = 0, y(0) = 1. (35)
From equation (34), the solution of equation (35) will be,
3 5/2

y() =1+ (2¢) +<—%+4t2> + (tz —lzli—tﬁ+8t3) + oo, (36)
Consequently, the practical solution may take as n-term Figures 11-13 show ADM solution of problem (27) at
approximation to y as follow, different values of n. Table 3 shows the absolute error
i between the truncated series at different values of n. We see
bn = Lizo V- (37 from this table that, as the number of terms n increases, the

error will be decrease.

Table 3. Absolute Error.

t |ps — sl [P10 — Psl [P15 — P10l [P20 — Ps|

00 0 0 0 0

0.1 0.00234004 0.000076351 1.99985x 108 4.93579 x 10712
0.2 0.0179593 0.0010773 8.40649 X 1077  2.46319 x 107°
0.3 0.0833554 0.0130684 0.0000717527  7.04296 x 1077
0.4 0.260574 0.0974659 0.00419549 0.000197369
0.5 0.637506 0.507904 0.0890769 0.0161493

Figure 11. ADM Sol. [n=5]. . .
eure Sol. [n=3] Example 4. Consider the nonlinear FDE,

3
pV2y—y2=r()-ty@=0 @8

Which has the exact solution t /2.
Applying J1/2 to both sides of equation (38), we obtain
£3/2
r'/2)

—t1/2 _

y + M2 (). 39)

Using ADM to the equation (39), we get

3/2
Yo =tV ———ri (40)
Figure 12. ADM Sol. [n=10]. /2)
1
Yn =]2(An—1)rn =1 (41)
From the relations (40) and (41), we have
3
4t2
Yo=vt-3m
4t%(1057r—224\/ﬁt+128t2)
Y1 = 3 )
315m2 (42)
128t§<72765n%—216216nt+22580\/5t2—81920t3)
y2 = 5 )

327442512
Figure 13. ADM Sol. [n=15]. :



International Journal of Systems Science and Applied Mathematics 2021; 6(4): 111-119 117

From equation (42), the solution of equation (38) will be,

_ 4t3/2 4t3/2(105n—-224/mt+128t2) 128t5/2(7276513/2-216216mt+22580Vt2~81920t3)

y(©) = (ﬁ_ 3\/5) + ( 315m3/2 ) + ( 3274425m5/2 ) e (43)

Consequently, the practical solution may take as, y(0) =0, y'(0) = 0.

et Using ADM to the equation (45), we get

bn = 2iZo Vi- (44) 222
. : =] (%), 46
Figures 14-15. It is clear that, as the number of terms n Yo (46)
. . . 1.3

increases, the solution will be more accurate. Yo =32 (A, D=1 (47)

Example 5. Consider the nonlinear FDE,

From the relations (46) and (47), the first three-terms of

3/2,, = 1.2 2 . .
D%y =Jy® +t% 0<t=<1, (45)  the series solution are,

32t7/2 1048576t17/2 140737488355328¢27/2
)+ ( )+( ) (48)

=
y( ) 105V 1206079875V, 57788429686596984375/T.

The comparison between ADM and exact solution given in
figures 16-19 show ADM solution of problem (45) at
different values of m.

Figure 17. ADM Sol. [m=10].

Figure 14. ADM and Exact Solutions. [n=5].

Figure 18. ADM Sol. [m=15].

Figure 15. ADM and Exact Solutions. [n=10].

Figure 19. ADM Sol. [m=20].

Now, we will use Theorem 3 to evaluate the maximum
absolute truncated error of the series solution (48). So, we
evaluate the following values,

Figure 16. ADM Sol. [m=5]. 1) Lipschitz constant (L):
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fO) = f@|=1y*=2z*| < |y +zlly —z| < 2|y — 2|
= L =2.

1

) Mla(@)| <5 = M=

LMTH 1

r(u+1) (/2
1048576
4) maxee; |y1 (O] = 55ootrea757

5) The maximum error:

Naa=

m

m
a
— . <
max y(©) Zo:yl M= 1= - max ly1 (O]
i=
1) Form = 5:
5
r?gjx y(t)— ) y; ()| £0.00047693.
i=0
2) Form = 10:
10
r?gjx y(t) — Zyi (t)] £0.000114889.
i=0
3) Form = 15:

274877906944t33/2

15
ntléx y(t) — Zyi (t)] £0.0000276756.
i=0
4) For m = 20:
20
max y(t) — Z y; ()| < 6.66678 x 107°.
i=0

Example 6. Consider the nonlinear FDE,

DS/2y =Zy*+t, 0<t<1, (49)
y(0) =0, y'(0) =0, y"(0) = 0.
Using ADM to the equation (49), we get
Yo =J*2(1), (50)
1.5
Yo =3l2(Ap)n 2 1. (51)

From the relations (50) and (51), the first three-terms of
the series solution are,

633825300114114700748351602688t5%/2

(16t7/2> (
y( ) ~ \1osvrm 200919666969295312573/2

Figures 20-23 show ADM solution of problem (49) at
different values of m.

Figure 20. ADM Sol. [m=5].

Figure 21. ADM Sol. [m=10].

Figure 22. ADM Sol. [m=15].

+
) 581660873631656476634839498138126045898437515/2

)+ (52)

Figure 23. ADM Sol. [m=20].

Now, we will evaluate the maximum absolute truncated
error of the series solution (52). Therefore, we evaluate the
following values,

DL:NfO) = f@ = ly* —2z* <Iy*+2%|ly +zlly -

z| <4ly—z| = L=24.

2) M: |a(2)] s% = M =§.

LMTH 1
r(u+1) ~ r@/2y
274877906944
4) maxee; |y ()] = 200919666969295312573/2"
5) The maximum error:
a) Form = 5:

Na:a=

5
max |y(t) — Z y: (0| < 8.66908 x 10711,
i=0

te]

b) Form = 10:

< 2.13841 x 10713,

te]

10
max [y(5) = ) 5 ()
i=0

¢) Form = 15:
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15
max y(t) — Zyi ()] < 5.27486 x 10716,
=0
d) For m = 20:
20
max y(t) — Zyi ()] < 1.30116 x 10718,
i=0

4. Conclusion

In this paper, an interesting method (ADM) used to solve
fractional differential equations. This method gives analytical
solution and when we comparing ADM solution with the
exact solution and Numerical solution method, we see that it
gives a good approximate solution and it enclosed to the
results obtained from using Theorem 3.
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