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Abstract: This article is dedicated to study the existence and uniqueness of solutions for a non local bounbary value problem
of Caputo-type Hadamard hybrid fractional integro-differential equations in Banach space, the recent researches considered the
study of differential equations of Caputo-type Hadamard hybrid fractional integro-differential equations with classical order and
the study of existence and uniqueness of solutions using approched numerical methodes, the objective of this paper is the study of
the existence and uniqueness of fractional order of integro-differential equations involving the Caputo-type Hadamard derivative
using fixed point theory. This work have two important results, the first result was the discussion of a new results owing to
the fixed point theorem. Before the prove of results the problem was trandformed to Hadamard type problem. The first result
based on Dhage fixed point theorem, after transforming our nonlocal boundary value problem into integral equation we defined
operator equation, then we applied the fixed point theorem to get the existence resutl. The second result was the existence and
uniqueness of solution for our nonlocal boundary value problem, we get this result using the Banach fixed point theorem. We
illustrate our results by example to ending our theorical study.

Keywords: Caputo-type Hadamard Derivative, Existence Results, Existence and Uniqueness Result,
Non Local Boundary Conditions, Fixed Point Theorem

1. Introduction

Hybrid differential equations have been considered more
important and served as special cases of dynamical systems.
Dhage and Lakshmikantham were the first to study ordinary
hybrid differential equation and studied the existence of
solutions for this boundary value problem [1]. In recent years,
with the wide study of fractional differential equations, the
theory of hybrid fractional differential equations were also
studied by several researchers, see [3-5] and the references
there in.

As we know, Hadamard fractional derivative is also a
famous fractional derivative given by Hadamard [2] in 1892,
and we can find this kind of derivative in the literature. The key

of this definition involves a logarithmic function of arbitrary
exponent. In the past decades, there were more studies
on Hadamard fractional differential equations under different
boundary conditions, see [6-13].

Zidane Baitiche et al. considered the following boundary
value problem of nonlinear fractional hybrid differential
equations involving Caputo’s derivative [14]

cpo, (-0 N _ e _
o (<t7x<u<>>>> gt z(u®)t € =01,

Ao [m,fcﬁ%le =

where 0 < o < 1, CD is the Caputo fractional derivative.
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feCIxRR\{0})andge C(I xR,R).

As we all known, the hadamard fractional differential
equations are also popular in the literature, see [15-16], so
some authors began to study the theory of fractional hybrid
differential equation of hadamard type.

Zidane Baitiche et al. studied the existence of solutions for
fractional hybrid differential equation of hadamard type with
dirichlet boundary conditions [17]

o (2 _ = x e o
uaD <f(t,a:(t))) g(t,z(t)), 1<t<e 1l<a<?2

where 1 < a < 2, g D% is the Hadamard fractional derivative,
feC(l,g xR,R\{0})andg € C ([1,¢] x R,R).

In this paper, we study the existence results for a non local
bounbary value problem of Caputo-type Hadamard hybrid
fractional integro-differential equations, consider the follwing
problem

_Sm gBif
Hpe (“(t) iz fl(t’““”) = h(t,u(t) (1)
g(t,u(t))
u(1) = 0,u(e) = p(u)
where 2 D% is the Caputo-type Hadamard fractional

differential derivative of order 0 < o < 1.

The rest of the paper is organized as follows. In Section 2,
we recall some useful preliminaries. Section 3 contains the
main result which is obtained by means of a hybrid fixed point
theorem for three operators in a Banach algebra due to Dhage
[1]. An example is also discussed for illustration of the main
result.

2. Preliminaries

In this section, we introduce some notations and definitions
of fractional calculus [19-21] and present preliminary results
needed in our proofs later.

Definition 2.1. The Hadamard fractional integral of order «
for a function f is defined as

1o T ()
W/a (logs) S ds,a > 0.

Provided the integral exists.

Definition 2.2. The Hadamard fractional derivative of
fractional order « for a function f : [a, +00) — R is defined
as

0 g () [ ()1

wheren — 1 < a <n,n=[a] — 1.
Definition 2.3. The Caputo-type Hadamard fractional
derivative of fractional order « for a function f : [a, +00) —

157 (1) =

R is defined as

1Daf(t) = ﬁ / t (bgi)nal <tjt) [0,

wheren —1<a<n,n=[a] -1
Lemma 2.1.1f f is a function such that Z D% f (¢) and
HDef (t) exists, then

n—1 d k—a
o S )

0

dDf(t) =

and when 0 < « < 1, then

H no H po f(t()) t\
Df(t) =" Df(t) - =——— | log — .
B () = D () - 0 (1o
Lemma2.2. 1. The equality DSz (t) = 0 is valid if, and
only if,

ORS 91 (5

Jj=1

where ¢c; € R, j = 1,2,..,
and z € C (J,R).
2. Letz € C (J,R)

I (I8z) = 19 Pa,

n, are arbitrary constants,

3. Letz,y € C(J,R) and ¢1,c0 € R
I3 (c1z (t) + 2y () = erlg@(t) + e2I3y(2),

4 Letz € CP (J,R)and¢; € R, (j =1,2,...,n)

i log =y,

Lemma 2.3.Let S be a nonempty, convex, closed, and
bounded subset of a Banach algebra F and let A,C : £ — E
and B : S — FE be three operators such that

1. (H1) A and C are Lipschitzian with Lipschitz constants
A and p, respectively;

2. (H2) B is completely continuous;

3. H3)u=AuBv+ Cu=u€S,Vv e S, and

4. (H4) AM + p < 1, where M = || B(S)||.

Then the operator equation v = AuBu + Cu has a solution.

Lemma 2.4 (Ascoli-Arzela theorem). A be a subset of
C (J,E), A is relatively compact in C (J, E) if and only if
the following conditions are checked:

(i) The unit A is limited.

3k > Osuch that || f () ||[g < kforz € Jand f € A.
(i1) Unit A is equicontinuous.
Ve > 0,30 > 0 and for evry t1,to € J we have
[tr, b2 <0 = [|f (t1) = f(t2) |E <&

(iii) Forany x € J theunit {f (z), f € A} C Eisrelatively
compact.

Lemma 2.5 (Banach fixed point theorem). Let X be a non-

1% (D%x(t)) =
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empty complete metric space, and T : X — X is a contraction
mapping. Then, there exists a unique point x € X such that
Tr =z.

Let E = C(J,R) be a Banach space equipped with the norm

llu|| = sup |u(t)] and wv(t) =u(t)v(t),vt € J
teJ

Then E is a Banach algebra with the above norm and
multiplication.

Lemma 3.1.

('LL) B Zyil Iﬁifi(ea ;U'(u)) —I%h

3. Existence Results

This section consider the study of the existence of solutions
to the non local boundary value problem (1). By Lemma 3.1,
the boundary value problem (1) be transformed into a fixed
point problem.

Suppose that «,3;, ¢ = 1,2,...,m, and fuctions f,g,h
satisfy the problem (1). Then the unique solution of (1) is given
by

u(t) = gt u(t))Ih(t u(®)) + g(tu(t) [“

g(e, p(u))

} Zlﬁlfl (tu(). @

Proof The problem (1)-(2) is equivalent to the following problem. Using Lemma 2.1 we find

w()=3"" 1% £, (1,u(1))

A Ly A RN () u(t) — S I8 it u(t)) T ul _
}:-IDoz (u(t) Zz-l‘[ f( ) HDa ( i=1 ) _ g(1,u(1)) logt)™®
: (0. u(0) o(0.u(t) Ty
Using the boundary condition u(1) = 0 we have the following problem
_ N\ 1Bt
o (MO ZL IO ;
(e (et ©
u(l) = 0,u(e) = p(u). “)
now, we apply the Hadamard fractional integral I to the both sides of (4) and apply Lemma 2.2, we have
u(t) = 350 17 filt, u(t) a-1 _ o
o6, u(D) —c1(logt) = I“h(t,u(t))
then .
u(t) = g(t,u(t)) [I*h(t, u(t)) + c1(log t)* ] + Y I% f;(t,u(t)), (5)
i=1
using the boundary value condition u(e) = u(u), we find
p(u) = gle, p(u)) [I*h(e, p(u)) + c1] + Zlﬁ7fz e, u(u
" (1) = S50 12 e, )
:,uu— i=1 47" Jile, plu —I%h .
“ g(e, p(u)) (€ u(u)
Taking the value of ¢; into (6) , we find
—-ym B 5 (e, o lis )
ult) = gt a1 (e u(0) + gt ate)) M2 M) e ] + Y P i)

The proof completed.

In the sequel, we need the following assumptons.

(H1) The functions f; : J xR — R, i = 1,2, ...,
functions ¢;, v, i = 1,2, ..., m, with bounds ||¢;

‘fz(tau) - fi(tavﬂ <

and
lg(t, w)

¢i(t) lu — vl

_g(t?v)| <

i=1

mand g : J x R — R\ {0} are continuous and there exists positive

such that

i=1,1,....m

b(t) [u— vl
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fort € Jand u,v € R.
(H,) There exists a function p € C(J,R™") and a continuous nondecreasing function ¢ : [1,00) + (0, 00) such that

Bt ) < pHp(w),  (Lu) €T xR,
(Hgs) There exists a constant M, > 0 such that
|f1(t5u)| <M07 (t7U)EJXR, i:172a"'am

(Hy) There exists a constant My > 0 such that
MW vae C(J,R).
(Hj) There exists a number > 0 such that

2 r Mo ZL 3. +1) m X
Go ( I“‘;(no‘zli(l)) + M+ = H)) + 30 FED

"> TS , (6)
r 0 i=1T(8,F+1) m i
~ ol (3l 4 ary 4 BB ) s, e
where G = SUD¢e g |g(ta 0)|’ F; = SUD¢e g |f1(tv 0)|7 i=1,2,...,mand
2 |lp|l (r) Mo 32 v A
— 2 M E _— 1 7
W'( (o +1)jL L G + Fﬁl+1)< @

Theorem 3.1. Assume that conditions (H;) — (Hs) hold. Then there exists at least one solution for the non local problem (1).
Proof We consider a subse S of E given by
S={ueE|u|l<r}.

Notice that S is closed, convex and bounded subset of the Banach space F.
In view of Lemma 3.1 , we define an operator

Tult) = o)1t ) + ot [ L= BEIEIEM) e ]+ 3 e i)

Notice that the fixed point problem Tu = u is equivalent to problem (1)-(2). Next we introduce three operators A : £ — F |
B:S+— Fand C: E +— FE as follow
Au(t) = g(t,u(t)),t € J,

and
o) = Il 4 P =X P e pw)
Bu(t) = I®h(t,u(t)) + ) h(e, u(u)
= —_— ' E o h(S,U(S)) N(U)_ZZ 1F61 fl (IOg )/61 1Md8
- ) (o) e e n(w)
1 e e\a—1 hie, u(u))
i [, (osf)" e
and

Cu(t) = ilﬁlfztu ir@ /( t>ﬁilfi(s’:(s))ds.

i=1 =1
Observe that Tu = AuBu + Cu. Now let show that the operators A,B and C satisfy all conditions of Lemma 2.1 in series of

steps
Step 1. First, show that A and C' are Lipschitzian on
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Letu,v € E. Then by (H), for ¢t € J, we have
[Au(t) — Av(t)| = [g(t, u(t)) — g(t,v(t))] < () [u — v < [|Y]] [Ju —v]],

which implies ||Au — Av|| < ||¢||||lu — v for all u,v € E. |9
Therefore, A is a lipschitzian on F with Lipschitz constant Analogously, for any u,v € E, we have

|Cu(t) = Co(t)]

Zfﬁifi(t,u(t)) — ZIﬁifi(t,U(t))|
m 1 t . t Bi—1 | fi(s,u(s)) — fi(s,v(s))] .
Zr(ﬁi)/1 (1 gs) 5 d

. (g) [ (mgt)ﬁ” 6i(5) [u(s) — 0(9)]

; s el e = ol

N

/AN
M1

/N

which implies that

“ i
jcu-col < 3 s ‘” lu=oll.

Thus, C is an Lipschitzian on E with Lipschitz constant >

Step 2. The operator B is completely continuous on S

We first show that the operator B is continuous on E. Let u,, be a sequence in S converging to a point v € S. Then by
Lebesgue dominated convergence theorem, for all ¢ € J, we obtain

i=1 r(51+1)

lim Bu,(t)
n— oo
- m Bi—1 i (€, (Un
L T s, uas) ) = S gy i (log )T Sl
— dim ([ (105" ds +
e F(a) L s (evﬂ(un))
1 e ey a—1 h(e,u(un))
- log =
<a>/1 (1ox5) e
L N h(sun(s)) | Hm ) = ST s 7 (log £)7 T lim Slestead) g
= T log — lim ds +
F(OZ) 1 n—00 S lim g(e,ﬂ(un))
nk— oo
1 e ey a—1 h(e, pu(un))
(o) /1 (lo5)  Jim =2EE
- m e e\Bi—=1 fi(e,u(u
1 t t a—1 h(S,U(S)) /j/(’u/) — Zi:l %\/‘1 (log g) wds
= T log — ds +
Pla) Jy \ s s gle, ulw)
L[ enamth(e p(u))
. log = e, piu))
r(a)/l (to=) ——
= Bu(t).

Thus implies that Bu,, — Bu point-wise on J. Further it can be shown that Bu,, is equicontinuous sequence of functions. So
Bu,, — Bu uniformly and the operator B is continuous on S.
Next we will prove that the set B(S) is uniformly bounded in S. For any u € S, we have
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a— m € e [37‘,71 (e pu(u
L /t (log t> " (s, u(s)) p(w) = 3252, % Ji (log €) wds
«

Bud) = 1 P gles ()
1 € e\~ h(e, u(u))
—@/1 <log;) - ds|
S A R PN O R R I e
S T i U s g(e, p(w)
1[0 eyet |h(e, u(w))
+= log — ds,
F(a)/ ( s) s
Ly [p(s)l () pln) | |0 ry Sy (g g)™ " Bestas
S @/ (logs) s ’g<e,u<u>>‘+ gle, p(u)
Lo enat [p(s)] le(u(w)]
+F( )/1 (1 g) s ds,
2 € e\ p(s)e(r) Y T 5 T(8) f1 (10 7)57 ' Mod
< F(a)/l (1 S) B ds + My + %
2 |pll () Mo Y2 iy _
Tlat+1) TM0T a ok

For all t € J. Therefore, < K; which shows that B is uniformly bounded on S.
Now, we will show that B(.S) ia an equicontinuous set in E. Let 71, 72 € J with 7y < 79 and w € S. Then we have

N

m Bi—=1 fi(e,p(u
L™ (10g )" Meto) ) = ST g Sy (log §)™ Bl
—_— log ) ds +
g(e, pu(u))

¢ exe—1 h(e, u(u))
- log = 2SR
I(«) /1 ( o8 5) s ds
Bi=1 fulenw)

L/Tl (1 Tl>a—1 his, u(s)) p) — S s (log )P et g

T@) ), V%% s g(e, p(w))

b [ (o) M),

I(«) s
< i [ (o) S [ (10 ™)
< i [ (o) g [ b ) R e g [ )
L To 71\]2" ! h(s,u(s = T2\~ 1 h(s, u(s
< ﬁ / [(logz)—(logzﬂ h( ()) <1a> / (g ) Hax) s())ds’

s ) (] P L 2y

T1

Wich is independent of uw € S. as 71 — 7o the right side of the above inequality tends to zero. Therefore, it follows from
Arzela-Ascoli theorem that B is a completely continuous operator on S

Step 3. Hypothesis (3) of Lemma 2.3 is satisfied

Let u € F and v € S be arbitrary elements such that w = AuBv + Cu. Then we have
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u(t) < [Au(@)] [Bo(t)] + |Cu(?)]

! 1 p(s,u(s 0) -3 X Bi=1 filen(v)) g
<ttt s [ (o) R 2 I {i( );) :
IR LYY FRID < SRS i (WA Ry ACRTC) DY
F(a)/1 <lgs) s d|+|;F(Bi)/1 (lgs> P
r My, . B b s uls
< |g(tyu(t))|{M+M1+ oS Gf<ﬂz+1>}+|zr(1&) / (logz) filoruls)) g
r M :11%
< <|g<t,u<t>>—g<t,o>|+|g<t,o>){m+M1+ 22 GW’“}
L T (s u(s) = Fils,0)] +1fils,0)])
+;F(5i)/1 (log8> s ds
r M Zn . - Bi— i
< (T||¢|+Go){%+M1+ 12 W)} S o [ (st) el R,
r M i=1 T(B;+1) r i
< <r||w|+00>{2pgj'f<l))+Ml+ 22 GFW’}+ZW-

which leads to

2|pll¢(r)
UL ARV
Tlat1) 0t G

Jull < (TII¢II+G0)< T + 1)

<

Moz’ilrl> m TR
i=1 T3, 11) ZTH%IH 0
+ -

Therefore u € S.
Step 4. Finally we show that AM + p < 1, that is, (H4) of Lemma 2.3 hold.
Since

m 1
= ||B 2||pl o(r) Mo 22, TG 1)
up < sup |B < —FF2L 4+ M+ i )

1B(S)|| = i S{s | Bu(t )} ( ) 1

Therefore, by (Hy) we have

w||M+ZF'B¢;”1) <1

where A = |[¢|| and p = D", F(Eill)
Thus all the conditions of Lemma 2.3 are satisfied and hence the operator equation u = AuBu + Cu has a solution in S. In

consequence, the problem (1)(2) has a solution on .J. Thus completes the proof.

4. Existence and Uniqueness Results

This section is for the study of the existence and uniqueness of solution of the non local boundary value problem (1). This
result is obtained by using the Banach fixed point theorem and Arzila-Ascolii theorem.
Theorem 4.1. Assune that conditions (H; — Hs) holds. If

2||pll ¢(r) M Mo 3
M(a+1) G

N
+Zr<ﬁi+1>] <t

i=1

ol |3

Then the non-local boundary value problem of Caputo-type Hadamard have a unique solution.
Proof. Define the operator 7' : X — X associated with the problem (1) by
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Tult) = o)1) + gt () [ =IO o ) + 3 17 gttt @)

Now, let show that the operator 1" have a fixed point in B, which represents a unique solution of the non local boundary value
problem (1). So the proof will be given in two steps
Step 1. Define the set B, as follow
By ={u € X;|lulx <p},

where p is a positive real constant chosen so that

2G [|]pll ¢(p)
Ia+1)

= 1
i=1 ¢

Gt =P

First, show that TB, C B,. Fort € Jand v € B,

[Tu(t)] =

g(e, p(u))

¢ L (s, u(s u)— zni % 16 log € it 7fi(e’lf(u))d8
i o s -

[ () s

- m € e\Bi—1 | fi(e,u(u
1 /t< t)“ U k(s u(s))] ()| + X2 gy S (log €) [slentu)] g
log — ds +
! s lg(e; ()]

(g &) el ) 5= L (bgff” it ()],
s s _ ) J1 s s

u) =S TP file, p(u g,
gt DIt u(e) + gt ) |2 ”—Iah<e,u<u>>]+Zfﬁzfi<t,u<t>>‘

IN
Y
~

<
=

—

ﬁ‘

< ot [ [ (i) 2 ] = ﬂgf((llmi)))ﬁ -
SoIACO p(mu)'d} *i | | (l‘)gzyil s

=1

< |g(t,u(®))| [F(Qa) /j (log Z)a_l Mj(u)lds + My + 2t F(Engf(fe,(;‘)(i)i))ml Spds
+Z NG / ( ) Mod
< M+M1+ Ozzném +MO§;1“(62-1+1)

Which show that T" maps B, into itself.
Step 2. Let show that the operator T' : B, — B, is a contraction.
Letu,v € X and t € J. The use of assumptions gives



IN

IN

IN

IN
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[Tu(t) — To(t)|

w)— S I8 fa (e, u(u L.
ot )T, u(0) + ) [ = o ”—Iah<e,u<u>>}+Zzﬁzfi<t,u<t>>

v) — m Bi (e, (v m
00070 00) 90,000 MR LD e pap] 3017 100

‘g(t,u(t))[1 /t (log t>a_1 Ao ule)) gy pw) = S v )g(fel ilfg)))ﬂ 1Md

T

BT ACDIE S oy (A

—gltoen| = [ log - " hso(s)) ,, #0) ~ S e Sy (og eyl fulewtw) g
ol ()

s g(e, u(v))
i [ ) Rt 5 ()

g(t,u(t))ﬁ/l (log DM h(s’:<5))ds—g(t,u<t))r(1®/lt (log z)a_l @ds

G p(v) it F(B ) Ji (log € )ﬁ - Md
g(eju(u)) g(e,,u(v)) g(e /”'( ))

ity ﬁ Ji (log f)ﬁi_l Mdé’ 1 e e\ h(e, u(u))
gle, u(v)) + 'g(t,u(t))/l (log —) ds

g(t,v(t))la/le <log§)a_1 h(e,/;(v))ds

; ‘ga, u(t)) )

g(t,u(t))r(la)/lt (logz>a_1 h(s’:(smds—g(t,v(t))r(la)/lt <log i)a_l |h($’:(3>>|ds

>t w5y Ji (log

B S i Sy (log € )B el g 1t eyt [hle, u(w))
olt.v(1) e ottty [ (o) LD

U €Y e | L T () — i, 0(0)
fg(t,v(t))m/l (1og7) . ds +;F(ﬁi)/1 (logs> S ds
wOO o0l 5 [ (10x8) Xt w0 ute) - oto) 1

M, 1 c o

) ) (0] T ) ) o) s [ (1) 2 g

t Bi—1
+Z o) 0 0,

w i=1 1 i
L), sy - o+ VN T, o1+ 3 s
2pll o (r) MYt rmm |, g~ ol

ld’” W+Ml+ e x +;F(ﬁi+1) l[u— ]l
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This implies that the operator 7T is contraction. 5. Example
Then by the Banach fixed point theorem, there exists a
unique point v € X, such that T'w = w, it is a unique solution Consider the following nonlocal boundary value problem of
of the nonlocal boundary value problem (1). Caputo-type Hadamard hybrid fractional integro-differential
The proof completed. equation
() = S0 T it ult 1 .
i |0 %(_t,lu(t)]; Gu®) | St g (eon(u(®) + sin(u(®) ©)

The problem (9) is a particular case of (1) with o = % and
tu(t
filtutey = DL
t
g<t7 u(t)> = § COS(u(f))7
1
h(t,u(t)) = S0 (cos(u(t)) + sin(u(t)).

Clearly, fii=1,..,3 and g, h are continuous functions and satisfy conditions (H1),(Hz) with ¢;(t) = &, ¥(t) = £ and
p(t) = (1+f) and M

Also
t
|fi(t,u) = fi(t,v)| < % |lu — |
e
< Sl
1
t
lg(t,u) —g(t,0)| < 3 |cos(u) — cos(v)]
€
< vl
and
1
h(t,u) — h(t < — |u-—
) = ht0) < gyl
1
< gellu—vl
Now, we have
[l M + Z ”@” = 0.36754333 < 1.

Since all assumptions are hold. According to Theorem 3.1 the problem (9) has at least one solution. To see if this solution is
unique, note that the assumptions are hold, also the condition of Theorem 4.1

llllﬂl

are satisfied. Therefore, from Theorem 4.1 the problem (9) has ¢, Results
a unique solution.

m 1
QMWU+M+%ZHNmn
Fla+1) G

gl
——— | =0.16856373 < 1
P i rany =

2

This paper, discuss two important results, before the prove
of results the problem was trandformed to Hadamard type
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problem. The first one based on Dhage fixed point theorem,
after transforming our nonlocal boundary value problem into
integral equation we defined operator equation, then we
applied the fixed point theorem to get the existence resutl. The
second result was the existence and uniqueness of solution for
our nonlocal boundary value problem, we get this result using
the Banach fixed point theorem.

This work gives as results The existence and uniqueness
results for a nonlocal bounbary value problem of Caputo-type
Hadamard hybrid fractional integro-differential equations in
Banach space, using the fixed point theory.

7. Discussion

In view of the research cited in the introduction we can
see that the problem we studied in this paper is new subject
for fractional differential equations involving the Caputo-type
Hadamard fractional derivative, this studies based on fixed
point theory, more than this we perturbated our problem with
two different type of perturbations (Hybrid type and integro-
differential term) , previous research studied this kind of
problem without perturbation.

8. Conclusions

This work consider the existence and uniqueness results
for a nonlocal bounbary value problem of Caputo-type
Hadamard hybrid fractional integro-differential equations in
Banach space, the problem was perturbated twice and with
new fractional differential derivative. By transforming the
problem into a Volttera integral equation and using the Dhage
fixed point theorem, the existence results of solutions for
the boundary value problem (1) was proved under some
conditions. Then, using the Banach fixed point theorem, the
existence and uniqueness of solution for the boundary value
problem, after transforming the problem into a fixed point
problem.
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