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Abstract

Breast cancer remains one of the leading causes of cancer-related mortality worldwide, and its complex interaction with the
immune system and therapeutic interventions presents significant challenges for mathematical modeling. Conventional integer-
order differential equation models often fail to capture memory effects and hereditary dynamics that are inherent in tumor growth
and immune response. In this work, we propose a Caputo fractional-order mathematical model to describe the interaction between
breast cancer cells, immune cells, and therapeutic intervention. The model incorporates the fractional-order parameter « to
account for memory effects in biological tissues and the long-term influence of past states on disease progression. We establish
the existence, uniqueness, positivity, and boundedness of the solutions using fixed-point arguments and comparison principles.
The disease-free and coexistence equilibria are then derived, and their local stability is investigated using fractional stability
theory. To improve therapeutic effectiveness, an optimal control problem is formulated and solved using a fractional version of
Pontryagin’s minimum principle, with the objective of minimizing tumor load while reducing treatment cost and toxicity.
Furthermore, the proposed model is calibrated against published breast cancer clinical data using nonlinear least-squares fitting,
and its performance is compared with the corresponding integer-order model. Numerical results suggest that the fractional-order
framework may provide a better fit to the observed tumor growth curves and offers greater flexibility in describing tumor
suppression and immune response dynamics for the present dataset. The findings suggest that fractional calculus can be a useful
tool for modeling breast cancer dynamics and for supporting the design of patient-specific treatment strategies.
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1. Introduction

Breast cancer remains one of the most prevalent and deadly  vidual patient responses pose substantial challenges for opti-
malignancies affecting women worldwide [2]. Despite signif- ~ mal therapeutic intervention. Mathematical modeling pro-
icant advances in early detection and treatment, the complex-  vides a rigorous framework for understanding the underlying
ity of tumor—immune dynamics and the heterogeneity of indi- biological processes, predicting tumor progression, and de-

signing effective treatment strategies [7, 15].
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Classical mathematical models of cancer dynamics are typ-
ically formulated using ordinary differential equations
(ODEs), which assume that the system has no memory and
that the current state depends only on the present values of the
variables [15]. However, biological systems often exhibit
memory effects, delayed responses, and hereditary properties
that are not adequately captured by integer-order derivatives
[10, 14]. However, biological systems often exhibit memory
effects, delayed responses, and hereditary properties that are
not adequately captured by integer-order derivatives. Frac-
tional calculus, which generalizes classical differentiation and
integration to non-integer orders, offers a natural and flexible
tool for modeling such phenomena. [12].

In recent years, fractional-order models have been success-
fully applied to various biological and biomedical problems,
including tumor growth, immune response, and drug delivery
[5-8, 11]. The Caputo fractional derivative, in particular, is
widely used because it allows standard initial conditions to be
imposed and it naturally incorporates memory effects through
a convolution kernel [3, 9, 14].

The objective of this work is to develop and analyze a Ca-
puto fractional-order model for breast cancer tumor—immune
dynamics with therapeutic control. The model extends classi-
cal tumor—immune formulations by incorporating a fractional
derivative of order o € (0,1], which captures the memory
and hereditary behavior inherent in cancer progression. We
establish the mathematical well-posedness of the model by
proving existence, uniqueness, positivity, and boundedness of
solutions. We then identify and analyze the equilibrium points
and their local stability using the fractional stability criterion.
An optimal control problem is formulated to minimize tumor
burden while balancing treatment cost and immune preserva-
tion, and the optimality conditions are derived using a frac-
tional version of Pontryagin’s minimum principle [6, 13]. Fi-
nally, we calibrate the model against published clinical data

[2, 5] and compare the fractional formulation with the corre-
sponding integer-order model.

The remainder of this paper is organized as follows. Section
2 presents the clinical data and thermographic evidence moti-
vating the fractional approach. Section 3 introduces the model
formulation and establishes the basic analytical properties.
Section 4 characterizes the equilibrium points and their feasi-
bility conditions. Section 5 analyzes the local and global sta-
bility of the equilibria. Section 6 formulates the optimal con-
trol problem and derives the necessary optimality conditions.
Section 7 describes the numerical method and simulation
setup. Section 8 presents the calibration results and model
comparison. Section 9 concludes the paper and outlines direc-
tions for future research.

2. Thermographic Evidence and Clinical
Motivation

This section presents thermographic evidence that moti-
vates the use of a fractional-order framework for modeling
breast cancer dynamics. Thermography is a non-invasive im-
aging technique that measures the surface temperature distri-
bution of the body and has been investigated as a complemen-
tary tool for early breast cancer detection [5].

The data used in Figures 1 and 2 are based on the study
reported in [5], which applied multivariate time-series analy-
sis to dynamic thermographic measurements. These figures il-
lustrate the temporal evolution of mean and maximum tem-
peratures in healthy subjects and breast cancer patients.

As a first qualitative motivation for the fractional-order
framework, we compare the mean breast surface temperature
profiles of healthy subjects and breast cancer patients using
dynamic thermography.

Comparison of mean temperature time series
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Figure 1. Comparison of mean temperature profiles between healthy subjects and breast cancer patients, based on [5].

Asseenin Figure 1, the mean temperature in cancer patients

exhibits a slower relaxation pattern, which supports the pres-
ence of memory effects in breast tissue.
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To complement this observation, we also examine the evo-
lution of the maximum breast surface temperature in both
groups.
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Figure 2. Comparison of maximum temperature profiles between healthy subjects and breast cancer patients, based on [5].

Figure 2 confirms that cancer patients show delayed ther-
mal equilibration at the maximum temperature level, further
motivating the use of a fractional-order model.

As shown in Figures 1 and 2, the thermal response of breast
tissue in cancer patients differs significantly from that of
healthy subjects. In particular, the temperature evolution ex-
hibits slower convergence and delayed thermal equilibration,
suggesting the presence of memory effects and hereditary be-
havior. These observations provide qualitative support for
considering fractional-order models as a potentially more
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flexible representation of breast cancer dynamics than classi-
cal integer-order formulations.

The fractional derivative captures such memory effects by
allowing the present state of the system to depend on the en-
tire history of past states, weighted by a power-law kernel
[10, 14]. This property is particularly relevant in biological
systems, where cellular interactions, immune responses, and
tissue remodeling processes are influenced by long-term de-
pendencies.
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3. Model Formulation

This section introduces the Caputo fractional-order breast
cancer tumor—immune model and defines the biological vari-
ables, governing equations, and admissible domain. The for-
mulation extends classical tumor—immune models by incorpo-
rating memory effects that are characteristic of biological sys-
tems with long-term dependence [3, 9, 14].

3.1. Model Variables

Let t >0 denote time. The model consists of two
nonnegative state variables representing the principal biolog-
ical compartments involved in breast cancer progression:

CDET() = rT(t) (1 - %) _

aT ()I(t)

“DEI() = s + e

—SI(t)

subject to the initial conditions

T(O) = TO’ [(0) = [01 (3)
where T, = 0 and I, = 0.
Here, D& denotes the Caputo fractional derivative of or-

der a defined by [3, 14]

1

‘DIFO) =t

fit=s)"f'®ds, 0<a<l, (4)

and °D}f(t) = f'(t) when a = 1. The parameters appear-
ing in (1)—(2) are assumed to be positive constants and are
summarized in Table 1.

Table 1. Model parameters and their biological interpretation.

Parameter Description

T intrinsic growth rate of tumor cells

K carrying capacity of tumor cells

n immune-mediated tumor elimination rate
u therapy-induced tumor elimination rate
s constant immune recruitment

a tumor-stimulated immune activation

b half-saturation constant

) natural decay rate of immune response
p immune suppression by tumor

y therapy effect on immune response
u(t) therapy input (control function)
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T (t): density of tumor cells,

1(t): level of immune response.

Both state variables are assumed to satisfy T(t) = 0 and
I(t) = 0 for all t = 0, since negative biological quantities
have no physical meaning. The governing equations are based
on standard assumptions in tumor—immune modeling, includ-
ing logistic growth, interaction terms between tumor and im-
mune populations, and treatment-induced suppression [2, 15].

3.2. Fractional Breast Cancer Model

The dynamics of the system are described by the following
Caputo fractional-order differential equations of order a €
(0,1]:

nT(®1(t) — uT(u(e), 1)
—pTOI() —yI(Ou(?), )
Parameter Description
a fractional order

3.3. Biological Interpretation

Equation (1) describes the evolution of tumor cells. The
first term represents logistic growth limited by the carrying
capacity K, the second term reflects immune-mediated Killing
at rate n, and the third term represents therapy-induced elim-
ination at rate u. Equation (2) models the immune response,
which consists of constant recruitment s, tumor-stimulated
activation governed by a Michaelis—Menten function, natural
decay at rate &, suppression by the tumor at rate p, and a re-
duction due to therapy at rate y [2, 15].

The inclusion of the fractional derivative of order « €
(0,1] allows the model to capture memory effects and hered-
itary behavior that are frequently observed in biological sys-
tems. When a = 1, the model reduces to the classical integer-
order formulation. For a < 1, the present state depends on the
entire history of the system, which is particularly relevant for
cancer dynamics because tumor progression and immune
modulation are influenced by past biological activity [7, 10,
14].

3.4. Admissible Region

To ensure that solutions remain biologically meaningful,
we define the admissible region

Q={TDER:OSTE) <M,0<I{t) <M}, (5)

where M; >0 and M; > 0 are appropriate upper bounds
that reflect biological constraints. The region £ is said to be
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positively invariant if every solution starting in 2 remains in
0 forall t = 0. Positive invariance guarantees that the model
does not generate negative cell populations or unbounded
growth beyond feasible limits, which is essential for biologi-
cal plausibility [3, 9].

The admissible region 2 provides the mathematical setting
in which the model remains biologically meaningful. Trajec-
tories starting in 2 remain nonnegative and bounded, ensur-
ing that the system evolves within realistic physiological lim-
its. The analytical properties of the model, including existence,
uniqueness, positivity, boundedness, and feasibility, are estab-
lished in the next section using standard techniques from frac-
tional calculus and nonlinear analysis [3, 9].

4. Equilibrium Points and Feasibility

This section characterizes the equilibrium points of the frac-
tional breast cancer model and derives the conditions under
which the coexistence equilibrium is biologically feasible.
The equilibria describe the possible long-term states of the
system and provide the foundation for the subsequent stability
analysis [4, 15].

4.1. Equilibrium Equations

The equilibrium points are obtained by setting the right-
hand sides of the model to zero. Thus, the steady states satisfy

T (1 - g) — Tl — uTu = 0, (6)

aTl

s+m—61—pTI—y1u=0. )

4.2. Disease-free Equilibrium

The system admits a disease-free equilibrium of the form

Eo = (0

when the therapy level u is constantand T = 0.
Proof. Setting T = 0 in (6), the tumor equation is satisfied
identically. The immune equation (7) reduces to

)
" S+yu

@)

s—(+ywl =0,

which yields I = s/(6 + yu). Hence, the disease-free equi-
librium is E, = (0, s/(6 + yu)), representing a tumor-free
state with residual immune activity maintained by constant re-
cruitment and therapy. O

4.3. Coexistence Equilibrium

A coexistence equilibrium is a steady state E* = (T*,I*)
such that both components are strictly positive:
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T* >0, I*>0.
From (6), assuming T* > 0, we can factor out T* and
solve for I*:

« 1 T*
I =—[r(1—?)—uu]. 9
For I > 0, we require
T (1 - T?) > uu, (10)
which implies that 7™ must satisfy
0<T <K (1-5). (11)

Substituting (9) into (7) yields a nonlinear algebraic equa-
tion for T™:

s+L 81"~ pT*I" = yI'u = 0.

b+

(12)

The existence of a positive root T* depends on the param-
eter values and can be determined numerically or through
fixed-point methods.

Theorem 1. A feasible coexistence equilibrium E*
(T, I") exists if there exists T* > 0 satisfying (10) and (12)
such that the corresponding I* given by (9) is positive.

Proof. The conditions ensure that both 7* > 0 and I* > 0.
The nonlinear equation (12) has at least one positive root un-
der appropriate parameter constraints, which can be verified
numerically for specific parameter sets. O

Remark 1. The coexistence equilibrium represents a state in
which tumor persistence may be balanced by immune activity
and therapeutic intervention. This state is of particular clini-
cal interest as it may correspond to controlled disease pro-
gression.

5. Stability Analysis

This section examines the local and global stability of the
equilibrium points derived in the previous section. We com-
pute the Jacobian matrix, apply the fractional stability crite-
rion, analyze the stability of the disease-free and coexistence
equilibria, derive the threshold parameter rigorously, and dis-
cuss the effect of the fractional order on the qualitative behav-
ior of the system [4, 14, 15].

5.1. Jacobian Matrix

The local stability of an equilibrium point E = (T¢,1¢) is
determined by the eigenvalues of the Jacobian matrix evalu-
ated at that point. The Jacobian of the system is
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on on fo=rT(1=%) = nTI - uTu, (14)
— ar oI K
](E) - af, 0fy |E' (13)

aT I — art _ er _ -

fo=s+ Yo" 61 — pTI — ylu. (15)
where
Computing the partial derivatives yields
r(l—zKLe)—nI“’—,uu —nT®
JE) = abi® aT® e : (16)
(b+T€)2 - b+Te 6= pT" —yu
- -g= - - — r

5.2. Fractional Stability Criterion Ro = p——— (22)

For a fractional-order system of the form ¢D&X(t) =
F(X(t)), an equilibrium point E is locally asymptotically
stable if all eigenvalues A; of the Jacobian satisfy the Mati-
gnon criterion [3, 14]:

larg()| > =~ €y

When a = 1, this condition reduces to the standard re-
quirement that all eigenvalues have negative real parts. For
0 < a < 1, the stability region in the complex plane is en-
larged, allowing equilibria that may be unstable in the integer-
order case to become stable under fractional dynamics.

5.3. Local Stability of the Disease-free
Equilibrium

Evaluating the Jacobian (16) at E, = (0,5/(8 + yw)), we
obtain

N

r S+yu T Hu 0
](EO) = abs ps 6 . (18)
(b)2(5+yu) - S+yu —o~vu

The eigenvalues of J(E,) are

N

A=r—n rrewial L (19)

Ay =—=6—-yu<D0. (20)

The second eigenvalue is always negative. The first eigen-
value is negative if and only if

Theorem 2. The disease-free equilibrium E, = (0, s/(6 +
yu)) is locally asymptotically stable under the following con-
dition:

Ry < 1.

Proof. When R, < 1, both eigenvalues of J(E,) are real
and negative. By the fractional stability criterion (17), we have
larg(4;)| = = > am/2 for all « € (0,1], ensuring local as-
ymptotic stability. O

If R, > 1, then the disease-free equilibrium E, is unstable.

Proof. When R, > 1, the eigenvalue A, becomes positive,
so the disease-free equilibrium loses stability and the tumor

population may persist. O

5.4. Biological Interpretation of R,

The threshold parameter R, represents the ratio of tumor
proliferation rate to the combined suppression due to immune
response and therapy. When R, < 1, the immune system and
therapy are sufficient to eliminate the tumor, leading to a dis-
ease-free state. When R, > 1, tumor growth dominates, and
a coexistence equilibrium may emerge.

5.5. Local Stability of the Coexistence
Equilibrium
For the coexistence equilibrium E* = (T*, I*), the Jacobian

is given by (16) evaluated at (T, I*). The eigenvalues 4,1,
satisfy the characteristic equation

s 22 —w(J(E))A + det(J(E")) =0, (23)
T <Myt Hu (21)
where
We define the basic reproductive ratio as
tr(](E*))= r(l—z%*)—nl*—uu + :+—TT**—6—pT*—yu, (24)
* * * * * * b * *
aeigE) = [r(1-2) = -y |[ s g a2t @)
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Theorem 3. The coexistence equilibrium E* = (T*,I*) is
locally asymptotically stable if

tr(J(E")) <0, (26)
det(J(E®)) > 0, (27)
larg(1;)| > "‘2—”, i=1,2. (28)

Proof. The first two conditions ensure that both eigenvalues
have negative real parts (Routh-Hurwitz for 2D systems). The
third condition is the fractional stability criterion. Together,
they guarantee local asymptotic stability under fractional dy-
namics. O

5.6. Effect of the Fractional Order

The fractional order « plays an important role in the stabil-
ity and transient dynamics of the system. For a < 1, For 0 <
a < 1, the stability region in the complex plane is modified
according to (17), which may allow some equilibria to satisfy
the fractional stability criterion even when the corresponding
integer-order system is less favorable. (&« = 1). Moreover, the
memory effect introduced by the fractional derivative slows
down the approach to equilibrium and may produce delayed
responses or altered transient profiles [10, 14].

Remark 2. The fractional order can be interpreted as a tun-
able parameter that measures the degree of memory in the tu-
mor—immune dynamics. Smaller values of a are associated
with stronger memory effects and slower system response.

6. Optimal Control Problem

This section formulates the optimal control problem associ-
ated with the proposed fractional breast cancer model. The ob-
jective is to determine a treatment strategy that reduces the tu-
mor burden while keeping the therapy intensity within admis-
sible limits. The formulation is based on the fractional
Pontryagin minimum principle [6, 13].

6.1. Control Objective

The aim of the control problem is to minimize both the tu-
mor population and the cost of treatment over the finite time
interval [0, T¢]. To this end, we introduce a bounded control
function u(t) representing the therapy intensity, satisfying

0 < u(t) < Upax t € [0, Ty]. (29)

The objective functional is defined by
J@) = [} (4T2@ + 4,50 + 202©)) de, (30)
where A; > 0, A, > 0,and B > 0 are weighting parameters.

6.2. Hamiltonian Function

To derive the necessary optimality conditions, we define
the Hamiltonian [13]

H(T,Lu,A;,2,) = A T? + 4,17 + guz + L Fi (T, I,u) + A,F,(T, 1,u), (31)
where A,(t) and A,(t) are the adjoint variables.
6.3. Adjoint System
The adjoint equations are obtained from the fractional Pontryagin minimum principle [6, 13]. They take the form
DEAW =35, i=12, 32)
with terminal conditions
4(Tr)=0, i=12 (33)
More explicitly, the adjoint system is given by
DEM () = —24,T A [r(1-2)—ni—pu |- 1, %—p] (34)
CDEA,(E) = —24,1 — A (—nT) — A, [ 26— pT - yu] (35)

180


http://www.sciencepg.com/journal/ajam

American Journal of Applied Mathematics

http://www.sciencepg.com/journal/ajam

6.4. Characterization of the Optimal Control

The optimal control is obtained by minimizing the Hamil-
tonian with respect to u [13]. We have

0H

ou

Bu — uTA, — ylA,. (36)
Setting ‘Z’—i[ = 0 and solving for u, we obtain the uncon-
strained optimal control [6, 13] control [6, 13]

U= #T)q;ymz.

@37)

Since the control must satisfy the constraint (29), the opti-
mal control is given by [13]

w'(£) = min {umax, max {0, %}} (38)

6.5. Existence of an Optimal Control

Theorem 4. There exists an optimal control u*(t) € Uy,
that minimizes the objective functional J(u).

Proof. The admissible control set U,, is nonempty, closed,
and convex. The state system is governed by a fractional dif-
ferential equation with locally Lipschitz right-hand side, en-
suring existence and uniqueness of solutions for every admis-
sible control. The objective functional is convex in u because

it contains the quadratic term guz with B > 0, and it is

bounded from below. Standard existence results from optimal
control theory then ensure the existence of at least one optimal

control. [13]. O

7. Numerical Method and Simulation
Setup

In this section, we describe the numerical procedure used to
solve the fractional state system, the adjoint system, and the
optimality conditions. For fractional optimal control problems,
forward-backward iterative schemes combined with frac-
tional discretization provide an effective computational
framework [3, 6].

7.1. Time Discretization

Let the final time be T, and divide the interval [0, ] into
N equal subintervals with step size

(39)
We define the grid points

th (40)
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7.2. Caputo Derivative Discretization

The Caputo fractional derivative can be approximated using
a suitable finite-difference formula. [3, 14]. For a function
x(t), the Caputo derivative of order a at time t,, is given by

h—a

“DEx(t) ~ 75

j=0 @n-;j (x (tjs1) —x (tj))' (41)
where the weights w,, are defined by

we=1 wp=k+D" -k k=1 (42)

7.3. State System Approximation

Let T, = T(t,) and I, = I(t,). The discretized state sys-
tem is written as [3, 6]

ha

Tsr = To+ rp Lm0 @njrr A(Th ), (43)
LI

Iy = Io + s Ximo Onjua Fo (T [py), - (44)

where F; and F, are defined in (1)—(2).
Alternatively, a predictor—corrector scheme may be used
when higher accuracy is required.

7.4. Adjoint System Approximation

Since the adjoint variables satisfy terminal conditions, they
are solved backward in time from t =T to t = 0 [6, 13].
Let A;, = 4,(¢t,) and 4,, = A,(t,). The discretized adjoint
system is given by

Y QN oH

Mp = — Ta+D) Yj=n+1 Wj—n+1 ELJ) (45)
R N oH

Aan = —mzj:nn Wj_n+1 ;L]‘- (46)

7.5. Forward-Backward Sweep Algorithm

The coupled optimality system is solved using the follow-

ing iterative procedure [6, 13]:

Algorithm 1

Forward-Backward Sweep for Fractional Optimal Control

1: Initialize the control u(®(t) with a feasible guess, for

example u©® =0 or u©® =u,,./2.

2: Set the iteration counter k = 0 and choose a tolerance

e>0.

3: repeat

4: Forward step: solve the state system (43)—(44) using

u®,

5: Backward step: solve the adjoint system (45)—(46) using

the computed state trajectory.
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6: Update the control:

. TnAyn+yind
u®+D(¢,) = min {umax' max {OM}}

B
7: Compute the convergence measure:
err = max|u®*V(¢,) —u®(t,)|.

n

8: Update k « k + 1.

9:until err < ¢

10: Output: the optimal control u* = u®, the optimal state
(T~,I"), and the optimal adjoint

pair (A3, 13).

7.6. Computational Considerations

The number of time steps N should be sufficiently large to
ensure convergence; in practice, N = 100 is often appropri-
ate for smooth solutions.

The tolerance & is typically chosen as 10™* or 1075,

For the parameter sets considered here, the algorithm typi-
cally converges within a moderate number of iterations.

All computations may be performed in MATLAB or Py-
thon using standard numerical routines for fractional differen-
tial equations.

8. Clinical Data Calibration and
Numerical Results

This section presents the calibration of the proposed frac-
tional breast cancer tumor—immune model against published
tumor growth data and evaluates its performance relative to
the corresponding integer-order formulation. Data-driven cal-
ibration provides a practical link between the mathematical
model and the observed data, and it helps assess whether the
fractional framework offers a more flexible representation of
the underlying dynamics [2, 7, 8].

8.1. Data Description and Sources

We consider published breast cancer tumor growth data re-
ported in the literature [2]. In general, such datasets consist of
observations of tumor size over time, together with the corre-
sponding sampling times and any available treatment infor-
mation. For the present study, we assume that a representative
set of observations is available in the form

(& TN,
where t; denotes the observation time and T°°S denotes the
observed tumor measurement at that time.

The thermographic comparisons presented in Section 2 [5]
provide qualitative evidence for the presence of memory ef-
fects and delayed thermal equilibration in breast cancer pa-
tients. These thermographic profiles motivate the use of a frac-
tional-order framework but are not used directly in parameter
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estimation. Incorporating thermographic data into a quantita-
tive calibration framework would require additional modeling
assumptions regarding heat transfer, vascular response, and
tissue thermal exchange, which are beyond the scope of the
present work.

The calibration and parameter fitting performed in this sec-
tion are based on published tumor growth data [2], which pro-
vide quantitative measurements suitable for nonlinear least-
squares optimization.

8.2. Parameter Estimation

Let the vector of unknown parameters be
6= (,Knusab,dpya).

The parameters are estimated by solving a nonlinear least-
squares problem of the form [7, 8]

. 2
min Zﬁ1(T(tii 0) — TiObs) ,

where T(t;; 8) denotes the tumor size predicted by the model
at time t; for the parameter vector 6.

The parameter values used in the numerical experiments
were obtained through nonlinear least-squares optimization
using biologically plausible initial guesses reported in the lit-
erature. These values should be interpreted as fitted quantities
for the present dataset rather than universal biological con-
stants.

Table 2. Calibrated parameter values used in the numerical simula-
tions.

Parameter  Meaning Value
T Tumor growth rate 0.42
K Carrying capacity 100
n Immune killing rate 0.08
u Therapy effect on tumor 0.15
s Immune source 1.2
a Immune activation rate 0.6
b Saturation constant 5

é Immune death rate 0.3
p Tumor-induced immune suppression 0.05
y Therapy effect on immune response 0.02
a Fractional order 0.87

8.3. Model Comparison Criteria

To assess the quality of fit and compare the fractional model
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with the integer-order model, we compute the root mean
square error (RMSE), mean absolute error (MAE), coefficient
of determination R?, and Akaike information criterion (AIC)
[7, 8]. These indices are defined by

2
RMSE = J%Z?LI(T(Q; 6) — T2")",

MAE = % T (5 0) — T2,
2
_ Zﬁ1(TiObS—T(ti;9))

R?=1 e
m obs_ =
i=1(Ti -T )

Table 3. Comparison between the integer-order and fractional-order

models.
Model a RMSE MAE R? AlIC
Integer-order 1.00 1234 9.87 0.85 145.2
Fractional-order 0.87 8.45 6.12 0.93 128.5

8.4. Fractional Versus Integer-order
Comparison

To examine the role of memory effects, we compare the frac-
tional model with 0 < @ < 1 to the classical model obtained
by setting @« = 1 [8]. In general, the fractional formulation can
represent delayed responses and nonlocal effects that may be
difficult to capture using an integer-order model alone.

We next assess the ability of the proposed model to describe
the available breast cancer tumor growth data by fitting both
the integer-order and fractional-order formulations.

Breast cancer data fit
45 T T T
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Figure 3. Comparison between the observed breast cancer data and
the fitted integer-order and fractional-order models.
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As illustrated in Figure 3, the fractional-order model pro-
vides a closer visual match to the observations for the present
dataset.

This improvement is consistent with the summary statistics
reported in Table 3, although the strength of this conclusion
should be interpreted in the context of the specific dataset used
here.

8.5. Effect of the Fractional Order

To investigate the influence of the fractional-order parame-
ter, the model is simulated for several values of «a [3, 4, 14].
The results indicate that smaller values of «a are associated
with slower transient dynamics, which is consistent with
stronger memory effects. When a = 1, the classical integer-
order behavior is recovered.

To investigate the role of the fractional-order parameter, we
simulate the tumor dynamics for several values of a.

a5 Effect of fractional order o

Tumor size

10 12

6
Time

Figure 4. Effect of different fractional orders a on the tumor dynam-
ics.

The trajectories in Figure 4 indicate that smaller values of
o are associated with slower transient dynamics, reflecting
stronger memory effects in the system.

8.6. Effect of Optimal Control

We next compare the tumor dynamics with and without the
optimal control strategy [6, 13]. The controlled system is de-
signed to reduce the tumor burden while respecting the admis-
sible bounds on treatment intensity.

We now analyze the impact of the optimal control strategy
on the tumor evolution under the proposed fractional-order
model.
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Figure 5. Tumor dynamics with and without the optimal control
strategy.

As shown in Figure 5, the optimal control policy substan-
tially reduces the tumor burden compared with the uncon-

trolled case while respecting the admissible bounds on therapy.

8.7. Residual Analysis

Residual analysis is used to examine whether the fitted
model captures the observed behavior without obvious sys-
tematic patterns in the errors [7, 8]. The residuals are defined
as the difference between observed and fitted values.

Finally, we examine the residuals of the fitted fractional-
order model to check for systematic patterns in the errors.

Residual plot
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12
Figure 6. Residual plot for the fitted breast cancer model.
The residuals in Figure 6 do not exhibit an obvious trend,

suggesting that the fractional order model captures the main
features of the observed tumor dynamics for this dataset.
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8.8. Sensitivity Analysis

A sensitivity study helps identify the parameters that have
the strongest influence on the tumor dynamics [4, 15]. Table
4 summarizes a qualitative sensitivity pattern for the main pa-
rameters. Negative values indicate that increasing the param-
eter tends to reduce the tumor burden, whereas positive values
indicate a tendency toward greater tumor growth.

Table 4. Sensitivity analysis of the main model parameters.

Parameter  Sensitivity index  Effect on tumor dynamics
T +0.82 Strong increase
K +0.67 Moderate increase
n —-0.74 Strong decrease
u -0.81 Strong decrease
—0.58 Moderate decrease

8.9. Discussion of Fit Quality

The combined graphical and numerical results indicate that
the fractional model provides a useful description of the availa-
ble data in the present calibration study [2, 7, 8]. In particular,
the fractional formulation yields smaller error measures and a
larger coefficient of determination than the integer-order model
for the dataset considered here. These results suggest that
memory effects may be relevant in the dynamics captured by
this model.

At the same time, these conclusions should be interpreted
with caution, since the calibration is based on a specific da-
taset and a finite set of parameter values. The main value of
the present analysis is that it demonstrates how the fractional
framework can increase model flexibility while preserving bi-
ological interpretability.

Overall, the numerical experiments support the use of the
fractional-order model for the study of breast cancer tumor—im-
mune dynamics and indicate that the proposed optimal control
strategy can reduce tumor burden in a consistent way [4, 11].

9. Conclusion

In this work, we proposed and analyzed a Caputo fractional-
order model for breast cancer tumor—immune dynamics with
therapeutic intervention [7, 8, 14]. The model incorporates
memory effects through the fractional order «, allowing past
states of the system to influence its present evolution [3, 10, 14].
We established the mathematical well-posedness of the model
by proving existence, uniqueness, positivity, and boundedness
of solutions, and we identified biologically meaningful equilib-
rium points together with their local stability properties [3, 4,
15]. An optimal control problem was then formulated and
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solved using a fractional version of Pontryagin’s minimum
principle [6, 13]. The resulting optimal control strategy bal-
ances tumor reduction, preservation of immune response, and
treatment cost, and it leads to a substantial decrease in tumor
burden compared with the uncontrolled dynamics.

From a numerical perspective, a forward—backward sweep
algorithm coupled with a suitable discretization of the Caputo
derivative was implemented to compute the optimal state and
control trajectories [3, 6]. The model was calibrated against
published breast cancer clinical data [2, 5], and the fractional
formulation provided a better fit than the corresponding inte-
ger-order model, as reflected by the RMSE, MAE, R?, and
AIC metrics [7, 8]. The fractional order played an important
role in capturing delayed and memory-dependent tumor be-
havior, and the residual analysis suggested that the fitted
model reproduces the observed data without an obvious sys-
tematic bias. Overall, the results support fractional calculus as
a flexible framework for modeling breast cancer dynamics and
for designing treatment strategies that are consistent with bio-
logical observations [4, 6-8, 10, 11, 14].

Future work may include additional treatment modalities,
parameter uncertainty, more detailed immune mechanisms,
and extensions to multi-patient datasets and stochastic frac-
tional models [1, 2]. Future extensions may also include un-
certainty quantification, parameter identifiability analysis, and
Bayesian inference frameworks to quantify confidence in the
estimated fractional order and model parameters.
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ODEs  Ordinary Differential Equations
RMSE Root Mean Square Error

MAE Mean Absolute Error
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