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Abstract: Graph energy is an important concept in spectral graph theory with applications in mathematics and chemistry. In
this paper, we study the Laplacian minimum domination energy of derived graphs of some standard graphs. The main aim is to
obtain formulas, properties, and bounds for this energy measure. The study considers derived graphs of star graphs, complete
bipartite graphs, friendship graphs, and healthy spider graphs. Using minimum dominating sets, minimum domination adjacency
matrices, and Laplacian minimum domination matrices, the eigenvalues of these derived graphs are determined. Based on
these eigenvalues, explicit formulas for the Laplacian minimum domination energy are obtained. Further, some basic properties
related to eigenvalues are established. Upper and lower bounds for the Laplacian minimum domination energy are also derived
using matrix methods and classical inequalities such as the Cauchy-Schwarz inequality. The results extend existing work on
graph energy by combining domination concepts, Laplacian matrices, and derived graphs. The formulas, properties, and bounds
obtained in this paper provide a better understanding of the spectral behavior of derived graphs and may be useful for further
research in graph theory and its applications.
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1. Introduction The Laplacian energy was introduced by Zhou and Gutman

in 2006 [9]. For G, let n and m denotes the cardinality of

Gutman introduced the concept of graph energy in 1978 [7].  vertices set and edges set. Then, Laplacian matrix L = L;; is
Let G be a simple and connected graph with n vertices and  defined as follows:

m edges and let A = (a;;) be the real symmetric adjacency —1 if, v; and vj are adjacent.
square matrix of order n x n of the graph G with real eigen (Lij) = 0 if,u; and v; are not adjacent.
values A1, Ag, ..., A, and their sum is equal to zero. The energy d; if v; = ;.
of a graph G is given by;
Where d; is the number of edges incident to each wv;.
n Consider 31, B2, B3, ..., Bn as the characteristic roots of matrix
£(G) = Z |Ail. L and G. Then, Laplacian energy LE(G) is given by;
i=1
Theories on the mathematical concepts of graph energy can LE(G) = i: 18; — 2ﬂ|

be seen in [2-6, 11, 16] and the references cited there in. For P ' n

various upper and lower bounds for energy of a graph can be

found in papers [4, 6] and it was observed that graph energy Here ¢ is the number of edges, p be the vertices and 27’” is
has chemical applications in the molecular orbital theory of  the average degree of G.

conjugated molecules [8].
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1.1. Derived Graph

In this paper, we consider simple graphs, which are the
graphs without directed, multiple,or weighted edges, and
without self loops. Let G be such a graph and let its vertex
set be V(G) = {v1,v2,...,v,} and edge set be E(G) =
{e1,e2,...,en}. The distance between the vertices v; and v;
is equal to length of a shortest path between v; and v;.

Definition 1.1. Let the derived graph is also a simple graph
denoted by G'p, is the graph having the same vertex set as G,
in which two vertices are adjacent if and only if their distance
in Gis 2 [17].

Definition 1.2. The adjacency distance matrix of derived
graph Gp of order n x n is defined by, A(Gp) = (d;;), where

(diy) = . 1 if, d(i,j) = 2,
if Otherwise.

where d(4, j) is distance between 4 and j.

The characteristic polynomial of A(Gp) is defined as;
fu(Gp,X) = det(A(Gp) — o).
The characteristic equation is; det(A(Gp) — al) = 0.
Let aq, g, ..., au, are the derived eigenvalues of A(Gp).
The energy of derived graph G p is defined as;

n
=2_lail.
i=1

1.2. Minimum Domination Energy of Derived Graph

Let G be a simple graph of order n with vertex set
V(G) = {v1,ve,...,v,} and size m with edge set E(G) =
{e1,€a,...,em}. A subset D of V(G) is called a dominating
set of G if every vertex of V(G) — D is adjacent to some vertex
in D. Any dominating set with minimum cardinality is called
a minimum dominating set. Let D be a minimum dominating
set of a graph G.

Definition 1.3. The minimum domination adjacency matrix
of derived graph G p of order n x n is defined by;

Anmp(Gp) = (dij), where
1if, v; € D,

0 if Otherewise.
where D is minimum dominating set of G and d(i.j) is distance
between ¢ and j.
The characteristic polynomial of Ay/p(Gp) is defined as;
fn(GD; )\) = det(A]\/[D(GD) — )\I)
The characteristic equation is; det(Apyp(Gp) — AI) =0
Let A, A2, ..., A\, are the minimum dominating derived

eigenvalues of Ayrp(Gp).
Then minimum domination energy of derived graph Gp is
defined as;

Zw

&vp(Gp)

1.3. Laplacian Minimum Dominating Energy of Graph

If D(G) is the diagonal matrix of vertex degree of
G with respect to minimum dominating set and Ag(G)
is the minimum domination adjacency matrix. Then
L,(G) = D(G) — Ax(G). Consider (51, B2, B3, ..., Bn t
be the eigenvalues of L;(G). Then the laplacian minimum
dominating energy of graph G is;

Zwﬁ%

. Here m is the number of edges, n be the vertices and 2™ is
the average degree of G.

LE,(G

1.4. Laplacian Minimum Dominating Energy of Derived
Graph

If D(Gp) is the diagonal matrix of vertex degree of G
with respect to minimum dominating set and Ap/p(Gp)
is the minimum domination adjacency matrix of derived
graph. Then LM Dy (Gp) = D(G) — Ayp(Gp). Consider
B1, P2, B3, ..., Bn, to be the eigenvalues of LM Dy (G p). Then
the laplacian minimum dominating energy of graph Gp is;

Z|@f—|

Here m is the number of edges, n be the vertices and 277" is
the average degree of G p.

LMDE(Gp)

2. Laplacian Minimum Domination
Energy of Some Standard Derived
Graphs

Definition 2.1. A graph G with {vq,vs,v3, ..., v, } as a set
of vertices in which vy, vs, ..., v,, are connected to a common
vertex v1 which has a degree n — 1, denoted by K ,, [10].

Theorem 2.1. The laplacian minimum domination energy of

derived star graph, Kp; ) is n+1 [4n? — b5n —1].
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Proof. Consider Kp(1,,) is derived star graph with {v1,v2,v3,...,v,} is the vertex set and MDS of K D(1,n) 18
{u1,us,us, ..., u, }. Then

1 0 0 0 0 O
0 1 111
01 0 1 1 1
Aup[Kpanl =

01 1 011

01 1 1 1

0 1 1 o L0
m 0 0 0 0 O]

0 1 0 0 0 O

00 1 00 0

D[KD(I,n)]:

000 100

0 0 O 0 1 0
10 0 O 0 0 1] (n+1)x (n+1)

LMD[Kpan| = D[Kpanl — Aubp[EKpa,n)

n 0 0 0
011 1 11
0 1 1 1 1 1
o 11 ... ... ....1 11
o1 1 ... ... ....1 11
o1 1 ... ... ... 11

L d (n+1)x (n+1)

The Characteristic polynomial is: [3 — (n — 1)][8 — n][8]" .
The Characteristic equation is: [3 — (n — 1)][8 — n][8]"~! = 0.
Then,

-1 0
Specyp[Kp(1,n)) = (n 1 Tll ) '

In this graph, number of vertices = n + 1 and number of edges = n(= m).
Average degree = f—_fl

Hence the laplacian minimum domination energy of Kp(y ) is;
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2n |1+| 2n
. n—
n+1 n+1

LMDE[Kpa ] =[n—1)—

2n
n -+
n?—1-2n n?+n—2n
|+
n+1 n+1
2n(n —1)
+|——]

n+1
_ [4n? — 5n — 1]
_TLJrl n n .

1

+lo- ==l -1)

Definition 2.2. A complete bipartite graph K, ,, is a graph Theorem 2.2. The laplacian minimum domination energy of
in which each vertex in set A is adjacent to each vertex in set  derived complete bipartite graph, K p (., ») is m}m [m3 +n3 —
B, with |A| = m & |B| = n [10]. n? — 3mn(3 +m + n)].

Proof. Consider Kp(y,,) is derived star graph with {v1,v2,v3,...,0,} is the vertex set and MDS of Kpmmn) 1is
{u1,ug,vs, ..., u,}. Then

1 1 1 0 0 O
111 000
1 1 1 0 0 O
AppKpmn)] =
0 0 0 0 11
0 0 O 1 0 1
o 0o 0 ... ... ... 1 1 0] (m+n)x (m+n)
(m 0 0 0 0 O]
0 n O 0O 0 O
0 0 n 0O 0 O
D[Kp(m,n)] =
000 m 0 0
0 0 O 0 m O
_0 0 O 0 O m_ (m+n)><(m+”)

LMD[KD(m,n)] = D[KD(mn)] - AMD[KD(m,n)]

n—1 1 1 ee oe. ... 0 0 0
1 n—1 1 . ... ... 00 O
1 1 n—1 ... ... ... 0 0 0
0 0 0 m 1 1
0 0 0 1 m 1
0 0 0 1 m

i 4 (m+n)x (m+n)
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The Characteristic polynomials is: [3 — (m +n — 1)][8 — (m +n — 2)][8 — (m — )] [B — (n — 2)]" L.
The Characteristic polynomials is: [3 — (m +n — 1)][8 — (m +n — 2)][8 — (m — D)™ B - (n -2

Then,
m+n—1 m4+n—-2 m-—-1 n—2
SPBCMD[KDm,nﬂ( 1 1 m—1 n—1>‘

Number of vertices = m + n and number of edges = mn.

_ 2mn
Average degree = ~1-%.

Hence the laplacian minimum domination energy of Kp(p, n) is;

2mn
LMDE|Kp(m.n] = -1)— 1
K] = [0+~ 1) — 270
2
+lm4+n—-2- mn |1
m+n
2mn
+m—-1- |.(m —1)
m-+n
2mn
+n—2— [.(n—1)
m+n
_m?® +n? — 3mn — m?n — n*m — n?|
B m-4+n
_[m® +n® —n? = 3mn(3+m+n)]
B m-+n '

Definition 2.3. A graph in which any two distinct vertices
are adjacent is called complete graph, K, [10].
Theorem 2.3. Let K p,, be the minimum domination derived

number of triangles are connected in common central vertex
[13].
Theorem 2.4. The laplacian minimum domination energy

(3n2—2n+42)

graph of complete graph. Then LM DEyp[Kpy] = 1. derived friendship graph Fp,, is 2 T

Definition 2.4. A friendship graph F}, is a graph in which n

Proof. Consider Fp,, is derived star graph with {v1, va,v3, ..., v, } is the vertex set and MDS of Fp,, is {u1,us,vs, ..
Then

oy Uy}

AmplFpn] =
1 0 0 0 O]
0 0 0 1 1 1
0 0 0 1 1 1
0 0 O 01 1

()
o
o
—
(=)
()

000 0 o oo ot 10 0] o
2n 0 0 0 0 0]
0 20 000
0 0 2 000

D[FDn} =

o o
o o
o N
N O
o o

L A (2n+1)><(2n+1)
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LMD[FDn] = D[FDn] - AMD[FDH]

2n—1 0 0 . ... 0 00
0 20 ... ... ... 111
0 02 ... ... ... 111
0 00 11
0 00 120
[0 000 e 10 2] o

The Characteristic polynomial is: 37 ~1[3 — 2n][3 — (2n — 1)][8 — 2]™.
The Characteristic equation is: 3"~ 1[3 — 2n][8 — (n2 — 1)][8 — 2]" = 0.
Then,

0 2n 2n—1 2
SpeCMD[FD"]:<n—1 1 1 n)

Number of vertices = 2n + 1 and number of edges = 3n.

_ _6n
Average degree = 575

Hence the laplacian minimum domination energy of F'p,, is;

LMDE[Fp,] =0 - 2n6i 7l (n=1)+2n— 2:1 7l
Fln— 1o S @ )
= 2n1+1|6n2—4n+4|
= 2n1+12[3n2—2n+2].

Definition 2.5. Let GG be a Healthy spider graph with 2n +1  spider graph. Then the laplacian minimum domination energy
vertices and 2n edges,denoted by H s, [1]. of Hsp,, is %H(Qn +5).
Theorem 2.5. Let Hsp, be the derived graph of healthy

Proof. Consider H sp,, is derived star graph with {vy, vo, vs, ..., v, } is the vertex set and MDS of Hsp,, is {u1, ua, vs, ..., uy .
Then

0 0 O 1 1 1

0 1 1 0 0 O

0 1 1 0 0 0
AyplHspy] =

1 0 0 0 0 0

1 0 0 0O 0 O

1 0 0 0 0 O

L 4 (2n+1)x(2n+1)
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o
[\
o

D[HSDTL] =

o
o
o

LMD[HSDn] = HSDn — A]WD[HSDn]

n 0 0
0
0 1 1

—_
—_

1 00
1
1 00

o

1
0
0

o

0
1
0

o

The Characteristic polynomial is: 3”[3 — (n 4 1)][8 — n][8 — 1]»~1).
The Characteristic equation is: 5" [3 — (n + 1)][3 — n][8 — 1]~V = 0.

Then,

Specyrp|[HSspn] = <n

Number of vertices = 2n + 1 and number of edges = 2n.

_ _4n
Average degree = 577,

Hence the laplacian minimum domination energy of F'p,, is;

(an]
(an]

—_
o

4 (2n+1)x(2n+1)

o

= O

4 (2n+1)x(2n+1)

0 n+1 n 1
1 n—1)"

LMDE|[Fp,] = [0 — 2n4i [(n = 1) +|n+1- 2n4i T
ln— 2n4il|.1+( -5 411).71
= 2n1—|— 1\2712 + 51
= 2n1—|— 1 [2n® + 5n]
3. Properties of Minimum Domination where M = 5 370 (di — ki)* + (n — 1).
Derived Graphs Energy Proof. 1) We know that, the sum of eigenvalues of

Theorem 3.1. For a given derived graph Gp vertex set,
V(Gp) = {v1,v2,..,v,} and edge set E(Gp) =
{e1,€2,...,em } along with minimal dominating set K =
{ui,ug,...;u.}. If B1,Ps,..., B, are the eigenvalues of
LMD(Gp). Then

) > Bi = 2|E] - |K].

2) S, 8 =20,

LMD(Gp) is trace of LM D(Gp). Then

> Bi=)Y Li
i=1 i—1
=Y d;i— K|
i=1

= 2|E| - |K].
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2) We have,

> LigLys
i=1 j=1
2+ ZL

=1 i#]
= (di — ki) +22

i=1 i<J

= i(dl - k‘l)Q + 2(n — 1)

S =
=1

Where M = £ 3" (d; — k;)? + (n — 1) and
ki = 1, veD;
0, v¢D.

Theorem 3.2. Consider a derived graph Gp along with
minimum dominating set K. if the addition of modulus of all
values of LM D(Gp) eigenvalues is a non-irrational number.
Then LM DE(Gp) = |K|(mod?2).

Proof. Let 31, B2, ..., By, are the eigenvalues of LM D(Gp) in
which g1, s, ..., 8, are positive and the remaining are non-
positive, then

Z |61| - (515627 "'aﬁ’r) - (ﬁT+1aﬁT+27 7671)
i=1
p
> 1Bil = 2(B1, Bay s Br) — (B1, B2y s Bp)
=1
p
LMDE(Gp) = 2(B1, B2, -, B) = Y _ Bi
=1
LMDE( )_2(61”827 7BT)_|K|
. LMDE(Gp) = |K|(mod2)

4. Bounds for Laplacian Minimum
Domination Energy Derived Graphs

Theorem 4.1. Let G p be a derived graph of order n and size
m. If K isit’s M DS of a derived graph, then

LMDE(Gp) < V2Mn + 2m.

Proof. We have Cauchy Schwarz inequality, which is;

O awb)? < (3> 12)

Leta; =1and b; = |Bz‘

Hence,
n n n
(Z 116:i])* < Z 12, Z |87
i=1 i=1 =1
STBIP<nd |16
i=1 i=1
> 18i| < V2Mn.
i=1
By Triangular inequality,
2m 2m
1Bi — —| < |Bil + |—|
n n

So1s - <Y I+ 12
=1 =1 1=1

LMDE(Gp) < V2Mn + 2m.

Theorem 4.2.1f (5, is the largest eigenvalue of A =
LMD(Gp), then 5, > w.

Proof. Let X be any non-zero vector. Then by [16], We have

Br(A) = maxxzo{ S5}
o B> JJ;“JJ — 2”"K‘;D(GD), where J is a unit matrix
1,1,1,...,1]

Similar to Koolen and Moulton’s [11] upper bound for
energy of a graph, upper bound for LM D(Gp) is given in
the following theorem.

Theorem 4.3. If G p is a derived graph with n vertices and
m edges and |K| + 2(n — 1) > m, then LMDE(Gp) <

B fn = Dl2m — (2177,

Proof. We have Cauchy-Schwarz inequality;

(D aib)® < (D a)(D_b)
i=21 ‘

=2

Let a; = 1 and bz = |ﬁz|

(Z |8:1)?

[LMDE(Gp) - f1]* <

< Z 12 Z |6iI?

(n* 1)[2M B

LMDE(Gp) < By +1/(p — DI2M — B3],

Let f(z) = x + \/(n—1)[2M — 22] For decreasing
function f/(z) <0

-~ 11— (n—1)zx
(n—=1)[2M—=z2] —

oM
=T 25
Since 2M > m, we have /2 < 2M < 3,

S f(B) < F(BE)
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Thatis, LMDE(Gp) < f(B1) < f(21)
= LMDEG < f(2M)

= LMDE(Gp) < 2+ /(n - 1)[2M — (22L)2)

Theorem 4.4. For any derived graph Gp with n, m are
cardinality of vertices and edges and K is cardinality of MDS.
Then,

LMDE(Gp) < V/2Mn — 4m? + 4mK.

Proof. We have Cauchy-Schwarz inequality;

(O aibi < (> )

Letaizlandbi: |5177

(31— 2 SNOICES s

=1
" 4m?  4g <
2
S'p[_ @JrZ?*FZﬂJ
=2 i=2 =2
4m? 4
< nl2M + ~ 50— == (2m - K))]
Z\ﬂz——| < 2Mn — 4m? + 4mK
LMDE(Gp) < v/2Mn — 4m? + 4mK.

Theorem 4.5. For any derived graph Gp with n, m are
cardinality of vertices and edges and D = |det[LM D(Gp)]|.
Then,

LMDE(Gp) > \/2M +n(n—1)D7% —2m.

Proof. Consider,

\ZWF sz Zw]

= (Z 16:*) + Z 1Bi1185]-
i=1 i#j
Therefore,
Z'ﬁlHﬁjl - sz Z‘BZF
i#£] i=1

Using the relation between arithmetic mean and geometric

mean for (n? — n) terms, we have

sznﬂp ([T 18:118;1) 7=

#J i#]

Z|ﬁz|lﬁj| > ( Hw 2n=1)) S -

#J i#£j
> 1Bil1B;1 = n(n — 1) [ J(B8:*™)
i#j i#j
(Z 18:1)* — Z 18i]> > n(n — 1) H(\Bilz/")
i=1 i=1 i
(Z 1Bi))> = 2m > n(n — 1) H(\Bilz/")
i=1 i#j
(Z Bi)? > 2M +n(n —1) H(I&-\”")
i=1 i

Therefore,

iwl‘ > [2M +n(n— l)ﬁDz/".

i=1 i#j

Now, we know that
2m 2m
1Bl = |=—=1 < 1B = =~
ZI&I*Z |<Z\6ﬁf|
i=1
n
> 1Bil —2m < LMDE(Gp)

i=1

LMDE(Gp) > > _|Bi| — 2m

i=1

Therefore

LMDE(Gp) = \/2M + n(n — 1)D% - 2m.

5. Conclusions

In this paper, we studied the Laplacian minimum
domination energy of derived graphs. We obtained formulas
for this energy for several standard graphs, including star
graphs, complete bipartite graphs, friendship graphs, and
healthy spider graphs. = We also established important
properties and derived upper and lower bounds. These results
contribute to a better understanding of graph energy and may
be useful for further research in graph theory.
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Abbreviations

LE Laplacian Energy
LMDE Laplacian Minimum Domination Energy
MDS Minimum Dominating Set
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