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Abstract: Graph energy is an important concept in spectral graph theory with applications in mathematics and chemistry. In
this paper, we study the Laplacian minimum domination energy of derived graphs of some standard graphs. The main aim is to
obtain formulas, properties, and bounds for this energy measure. The study considers derived graphs of star graphs, complete
bipartite graphs, friendship graphs, and healthy spider graphs. Using minimum dominating sets, minimum domination adjacency
matrices, and Laplacian minimum domination matrices, the eigenvalues of these derived graphs are determined. Based on
these eigenvalues, explicit formulas for the Laplacian minimum domination energy are obtained. Further, some basic properties
related to eigenvalues are established. Upper and lower bounds for the Laplacian minimum domination energy are also derived
using matrix methods and classical inequalities such as the Cauchy-Schwarz inequality. The results extend existing work on
graph energy by combining domination concepts, Laplacian matrices, and derived graphs. The formulas, properties, and bounds
obtained in this paper provide a better understanding of the spectral behavior of derived graphs and may be useful for further
research in graph theory and its applications.

Keywords: Laplacian Minimum Domination Derived Matrix, Laplacian Minimum Domination Derived Eigenvalues,
Laplacian Minimum Domination Energy

1. Introduction
Gutman introduced the concept of graph energy in 1978 [7].

Let G be a simple and connected graph with n vertices and
m edges and let A = (aij) be the real symmetric adjacency
square matrix of order n × n of the graph G with real eigen
values λ1, λ2, ..., λn and their sum is equal to zero. The energy
of a graph G is given by;

ξ(G) =

n∑︂
i=1

|λi|.

Theories on the mathematical concepts of graph energy can
be seen in [2–6, 11, 16] and the references cited there in. For
various upper and lower bounds for energy of a graph can be
found in papers [4, 6] and it was observed that graph energy
has chemical applications in the molecular orbital theory of
conjugated molecules [8].

The Laplacian energy was introduced by Zhou and Gutman
in 2006 [9]. For G, let n and m denotes the cardinality of
vertices set and edges set. Then, Laplacian matrix L = Lij is
defined as follows:

(Lij) =

⎧⎪⎨⎪⎩
−1 if, vi and vj are adjacent.

0 if,vi and vj are not adjacent.

di if vi = vj .

Where di is the number of edges incident to each vi.
Consider β1, β2, β3, ..., βn as the characteristic roots of matrix
L and G. Then, Laplacian energy LE(G) is given by;

LE(G) =

n∑︂
i=1

|βi −
2m

n
|

Here q is the number of edges, p be the vertices and 2m
n is

the average degree of G.
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1.1. Derived Graph

In this paper, we consider simple graphs, which are the
graphs without directed, multiple,or weighted edges, and
without self loops. Let G be such a graph and let its vertex
set be V (G) = {v1, v2, ..., vn} and edge set be E(G) =
{e1, e2, ..., em}. The distance between the vertices vi and vj
is equal to length of a shortest path between vi and vj .

Definition 1.1. Let the derived graph is also a simple graph
denoted by GD, is the graph having the same vertex set as G,
in which two vertices are adjacent if and only if their distance
in G is 2 [17].

Definition 1.2. The adjacency distance matrix of derived
graph GD of order n×n is defined by, A(GD) = (dij), where

(dij) =

{︄
1 if, d(i, j) = 2,

0 if Otherwise.
where d(i, j) is distance between i and j.

The characteristic polynomial of A(GD) is defined as;
fn(GD, λ) = det(A(GD)− αI).
The characteristic equation is; det(A(GD)− αI) = 0.
Let α1, α2, ..., αn are the derived eigenvalues of A(GD).
The energy of derived graph GD is defined as;

ξ(GD) =

n∑︂
i=1

|αi|.

1.2. Minimum Domination Energy of Derived Graph

Let G be a simple graph of order n with vertex set
V (G) = {v1, v2, ..., vn} and size m with edge set E(G) =
{e1, e2, ..., em}. A subset D of V (G) is called a dominating
set of G if every vertex of V (G)−D is adjacent to some vertex
in D. Any dominating set with minimum cardinality is called
a minimum dominating set. Let D be a minimum dominating
set of a graph G.

Definition 1.3. The minimum domination adjacency matrix
of derived graph GD of order n× n is defined by;
AMD(GD) = (dij), where

(dij) =

⎧⎪⎨⎪⎩
1 if, vi ∈ D,

1 if, d(i, j) = 2,

0 if Otherewise.
where D is minimum dominating set of G and d(i,j) is distance
between i and j.

The characteristic polynomial of AMD(GD) is defined as;
fn(GD, λ) = det(AMD(GD)− λI).

The characteristic equation is; det(AMD(GD)− λI) = 0.
Let λ1, λ2, ..., λn are the minimum dominating derived

eigenvalues of AMD(GD).
Then minimum domination energy of derived graph GD is

defined as;

ξMD(GD) =

n∑︂
i=1

|λi|.

1.3. Laplacian Minimum Dominating Energy of Graph

If D(G) is the diagonal matrix of vertex degree of
G with respect to minimum dominating set and Ak(G)
is the minimum domination adjacency matrix. Then
Lk(G) = D(G) − Ak(G). Consider β1, β2, β3, ..., βn to
be the eigenvalues of Lk(G). Then the laplacian minimum
dominating energy of graph G is;

LEk(G) =

n∑︂
i=1

|βi −
2m

n
|

. Here m is the number of edges, n be the vertices and 2m
n is

the average degree of G.

1.4. Laplacian Minimum Dominating Energy of Derived
Graph

If D(GD) is the diagonal matrix of vertex degree of G
with respect to minimum dominating set and AMD(GD)
is the minimum domination adjacency matrix of derived
graph. Then LMDk(GD) = D(G) − AMD(GD). Consider
β1, β2, β3, ..., βn to be the eigenvalues of LMDk(GD). Then
the laplacian minimum dominating energy of graph GD is;

LMDEk(GD) =

n∑︂
i=1

|βi −
2m

n
|

Here m is the number of edges, n be the vertices and 2m
n is

the average degree of GD.

2. Laplacian Minimum Domination
Energy of Some Standard Derived
Graphs

Definition 2.1. A graph G with {v1, v2, v3, ..., vn} as a set
of vertices in which v2, v3, ..., vn are connected to a common
vertex v1 which has a degree n− 1, denoted by K1,n [10].

Theorem 2.1. The laplacian minimum domination energy of
derived star graph, KD(1,n) is 1

n+1 [4n
2 − 5n− 1].
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Proof. Consider KD(1,n) is derived star graph with {v1, v2, v3, ..., vn} is the vertex set and MDS of KD(1,n) is
{u1, u2, u3, ..., ur}. Then

AMD[KD(1,n)] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 . . . . . . . . . 0 0 0
0 0 1 . . . . . . . . . 1 1 1
0 1 0 . . . . . . . . . 1 1 1
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 1 1 . . . . . . . . . 0 1 1
0 1 1 . . . . . . . . . 1 0 1
0 1 1 . . . . . . . . . 1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(n+1)×(n+1)

D[KD(1,n)] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n 0 0 . . . . . . . . . 0 0 0
0 1 0 . . . . . . . . . 0 0 0
0 0 1 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . 1 0 0
0 0 0 . . . . . . . . . 0 1 0
0 0 0 . . . . . . . . . 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(n+1)×(n+1)

LMD[KD(1,n)] = D[KD(1,n)]−AMD[KD(1,n)]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n 0 0 . . . . . . . . . 0 0 0
0 1 1 . . . . . . . . . 1 1 1
0 1 1 . . . . . . . . . 1 1 1
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 1 1 . . . . . . . . . 1 1 1
0 1 1 . . . . . . . . . 1 1 1
0 1 1 . . . . . . . . . 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(n+1)×(n+1)

The Characteristic polynomial is: [β − (n− 1)][β − n][β]n−1.
The Characteristic equation is: [β − (n− 1)][β − n][β]n−1 = 0.
Then,

SpecMD[KD(1,n)] =

(︃
n− 1 n 0
1 1 n− 1

)︃
.

In this graph, number of vertices = n+ 1 and number of edges = n(= m).
Average degree = 2n

n+1 .
Hence the laplacian minimum domination energy of KD(1,n) is;
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LMDE[KD(1,n)] = |(n− 1)− 2n

n+ 1
|.1 + |n− 2n

n+ 1
|.1

+ |0− 2n

n+ 1
|.(n− 1)

= |n
2 − 1− 2n

n+ 1
|+ |n

2 + n− 2n

n+ 1
|

+ |2n(n− 1)

n+ 1
|

=
1

n+ 1
[4n2 − 5n− 1].

Definition 2.2. A complete bipartite graph Km,n is a graph
in which each vertex in set A is adjacent to each vertex in set
B, with |A| = m & |B| = n [10].

Theorem 2.2. The laplacian minimum domination energy of
derived complete bipartite graph, KD(m,n) is 1

m+n [m
3+n3−

n2 − 3mn(3 +m+ n)].

Proof. Consider KD(m,n) is derived star graph with {v1, v2, v3, ..., vn} is the vertex set and MDS of KD(m,n) is
{u1, u2, v3, ..., ur}. Then

AMD[KD(m,n)] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 . . . . . . . . . 0 0 0
1 1 1 . . . . . . . . . 0 0 0
1 1 1 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . 0 1 1
0 0 0 . . . . . . . . . 1 0 1
0 0 0 . . . . . . . . . 1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(m+n)×(m+n)

D[KD(m,n)] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n 0 0 . . . . . . . . . 0 0 0
0 n 0 . . . . . . . . . 0 0 0
0 0 n . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . m 0 0
0 0 0 . . . . . . . . . 0 m 0
0 0 0 . . . . . . . . . 0 0 m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(m+n)×(m+n)

LMD[KD(m,n)] = D[KD(m,n)]−AMD[KD(m,n)]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n− 1 1 1 . . . . . . . . . 0 0 0
1 n− 1 1 . . . . . . . . . 0 0 0
1 1 n− 1 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . m 1 1
0 0 0 . . . . . . . . . 1 m 1
0 0 0 . . . . . . . . . 1 1 m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(m+n)×(m+n)
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The Characteristic polynomials is: [β − (m+ n− 1)][β − (m+ n− 2)][β − (m− 1)]m−1[β − (n− 2)]n−1.
The Characteristic polynomials is: [β − (m+ n− 1)][β − (m+ n− 2)][β − (m− 1)]m−1[β − (n− 2)]n−1 = 0.
Then,

SpecMD[KD(m,n)] =

(︃
m+ n− 1 m+ n− 2 m− 1 n− 2

1 1 m− 1 n− 1

)︃
.

Number of vertices = m+ n and number of edges = mn.
Average degree = 2mn

m+n .
Hence the laplacian minimum domination energy of KD(m,n) is;

LMDE[KD(m,n)] = |(m+ n− 1)− 2mn

m+ n
|.1

+ |m+ n− 2− 2mn

m+ n
|.1

+ |m− 1− 2mn

m+ n
|.(m− 1)

+ |n− 2− 2mn

m+ n
|.(n− 1)

=
|m3 + n3 − 3mn−m2n− n2m− n2|

m+ n

=
[m3 + n3 − n2 − 3mn(3 +m+ n)]

m+ n
.

Definition 2.3. A graph in which any two distinct vertices
are adjacent is called complete graph, Kn [10].

Theorem 2.3. Let KDn be the minimum domination derived
graph of complete graph. Then LMDEMD[KDn] = 1.

Definition 2.4. A friendship graph Fn is a graph in which n

number of triangles are connected in common central vertex
[13].

Theorem 2.4. The laplacian minimum domination energy
derived friendship graph FDn is 2(3n2−2n+2)

2n+1 .

Proof. Consider FDn is derived star graph with {v1, v2, v3, ..., vn} is the vertex set and MDS of FDn is {u1, u2, v3, ..., ur}.
Then
AMD[FDn] = ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 . . . . . . . . . 0 0 0
0 0 0 . . . . . . . . . 1 1 1
0 0 0 . . . . . . . . . 1 1 1
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . 0 1 1
0 0 0 . . . . . . . . . 1 0 0
0 0 0 . . . . . . . . . 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2n+1)×(2n+1)

D[FDn] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2n 0 0 . . . . . . . . . 0 0 0
0 2 0 . . . . . . . . . 0 0 0
0 0 2 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . 2 0 0
0 0 0 . . . . . . . . . 0 2 0
0 0 0 . . . . . . . . . 0 0 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2n+1)×(2n+1)
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LMD[FDn] = D[FDn]−AMD[FDn]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2n− 1 0 0 . . . . . . . . . 0 0 0
0 2 0 . . . . . . . . . 1 1 1
0 0 2 . . . . . . . . . 1 1 1
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . 2 1 1
0 0 0 . . . . . . . . . 1 2 0
0 0 0 . . . . . . . . . 1 0 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2n+1)×(2n+1)

The Characteristic polynomial is: βn−1[β − 2n][β − (2n− 1)][β − 2]n.
The Characteristic equation is: βn−1[β − 2n][β − (n2− 1)][β − 2]n = 0.
Then,

SpecMD[FDn] =

(︃
0 2n 2n− 1 2

n− 1 1 1 n

)︃
.

Number of vertices = 2n+ 1 and number of edges = 3n.
Average degree = 6n

2n+1 .
Hence the laplacian minimum domination energy of FDn is;

LMDE[FDn] = |0− 6n

2n+ 1
|.(n− 1) + |2n− 6n

2n+ 1
|.1

+ |2n− 1− 6n

2n+ 1
|.1 + (2− 6n

2n+ 1
).n

=
1

2n+ 1
|6n2 − 4n+ 4|

=
1

2n+ 1
2[3n2 − 2n+ 2].

Definition 2.5. Let G be a Healthy spider graph with 2n+ 1
vertices and 2n edges,denoted by Hsn [1].

Theorem 2.5. Let HsDn be the derived graph of healthy

spider graph. Then the laplacian minimum domination energy
of HsDn is n

2n+1 (2n+ 5).

Proof. Consider HsDn is derived star graph with {v1, v2, v3, ..., vn} is the vertex set and MDS of HsDn is {u1, u2, v3, ..., ur}.
Then

AMD[HsDn] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . . . . . . . 1 1 1
0 1 1 . . . . . . . . . 0 0 0
0 1 1 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

1 0 0 . . . . . . . . . 0 0 0
1 0 0 . . . . . . . . . 0 0 0
1 0 0 . . . . . . . . . 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2n+1)×(2n+1)
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D[HsDn] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n 0 0 . . . . . . . . . 0 0 0
0 2 0 . . . . . . . . . 0 0 0
0 0 2 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

0 0 0 . . . . . . . . . 1 0 0
0 0 0 . . . . . . . . . 0 1 0
0 0 0 . . . . . . . . . 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2n+1)×(2n+1)

LMD[HsDn] = HsDn −AMD[HsDn]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n 0 0 . . . . . . . . . 1 1 1
0 1 1 . . . . . . . . . 0 0 0
0 1 1 . . . . . . . . . 0 0 0
...

...
...

. . . . . . . . .
...

...
...

...
...

...
. . . . . . . . .

...
...

...
...

...
...

. . . . . . . . .
...

...
...

1 0 0 . . . . . . . . . 1 0 0
1 0 0 . . . . . . . . . 0 1 0
1 0 0 . . . . . . . . . 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2n+1)×(2n+1)

The Characteristic polynomial is: βn[β − (n+ 1)][β − n][β − 1](n−1).
The Characteristic equation is: βn[β − (n+ 1)][β − n][β − 1](n−1) = 0.
Then,

SpecMD[HsDn] =

(︃
0 n+ 1 n 1
n 1 1 n− 1

)︃
.

Number of vertices = 2n+ 1 and number of edges = 2n.
Average degree = 4n

2n+1 .
Hence the laplacian minimum domination energy of FDn is;

LMDE[FDn] = |0− 4n

2n+ 1
|.(n− 1) + |n+ 1− 4n

2n+ 1
|.1

+ |n− 4n

2n+ 1
|.1 + (1− 4n

2n+ 1
).n

=
1

2n+ 1
|2n2 + 5n|

=
1

2n+ 1
[2n2 + 5n].

3. Properties of Minimum Domination
Derived Graphs Energy

Theorem 3.1. For a given derived graph GD vertex set,
V (GD) = {v1, v2, ..., vn} and edge set E(GD) =
{e1, e2, ..., em} along with minimal dominating set K =
{u1, u2, ..., ur}. If β1, β2, ..., βn are the eigenvalues of
LMD(GD). Then

1)
∑︁n

i=1 βi = 2|E| − |K|.

2)
∑︁n

i=1 β
2
i = 2M ,

where M = 1
2

∑︁n
i=1(di − ki)

2 + (n− 1).

Proof. 1) We know that, the sum of eigenvalues of
LMD(GD) is trace of LMD(GD). Then
∴

n∑︂
i=1

βi =

n∑︂
i=1

Lii

=

n∑︂
i=1

di − |K|

= 2|E| − |K|.
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2) We have,

n∑︂
i=1

β2
i =

n∑︂
i=1

n∑︂
j=1

LijLji

=

n∑︂
i=1

L2
ii +

n∑︂
i̸=j

L2
ij

=

n∑︂
i=1

(di − ki)
2 + 2

n∑︂
i≤j

(−1)2

=

n∑︂
i=1

(di − ki)
2 + 2(n− 1).

Where M = 1
2

∑︁n
i=1(di − ki)

2 + (n− 1) and

ki =

{︄
1, v ∈ D ;

0, v /∈ D.
.

Theorem 3.2. Consider a derived graph GD along with
minimum dominating set K. if the addition of modulus of all
values of LMD(GD) eigenvalues is a non-irrational number.
Then LMDE(GD) ≡ |K|(mod2).

Proof. Let β1, β2, ..., βn are the eigenvalues of LMD(GD) in
which β1, β2, ..., βn are positive and the remaining are non-
positive, then

n∑︂
i=1

|βi| = (β1, β2, ..., βr)− (βr+1, βr+2, ..., βn)

p∑︂
i=1

|βi| = 2(β1, β2, ..., βr)− (β1, β2, ..., βp)

LMDE(GD) = 2(β1, β2, ..., βr)−
p∑︂

i=1

βi

LMDE(GD) = 2(β1, β2, ..., βr)− |K|
∴ LMDE(GD) ≡ |K|(mod2)

4. Bounds for Laplacian Minimum
Domination Energy Derived Graphs

Theorem 4.1. Let GD be a derived graph of order n and size
m. If K is it’s MDS of a derived graph, then

LMDE(GD) ≤
√
2Mn+ 2m.

Proof. We have Cauchy Schwarz inequality, which is;

(

n∑︂
i=1

aibi)
2 ≤ (

n∑︂
i=1

a2i )(

n∑︂
i=1

b2i )

Let ai = 1 and bi = |βi|

Hence,

(

n∑︂
i=1

1|βi|)2 ≤
n∑︂

i=1

12.

n∑︂
i=1

|βi|2

n∑︂
i=1

|βi|2 ≤ n

n∑︂
i=1

|βi|2

n∑︂
i=1

|βi| ≤
√
2Mn.

By Triangular inequality,

|βi −
2m

n
| ≤ |βi|+ |2m

n
|

n∑︂
i=1

|βi −
2m

n
| ≤

n∑︂
i=1

|βi|+
n∑︂

i=1

|2m
n

|

LMDE(GD) ≤
√
2Mn+ 2m.

Theorem 4.2. If β1 is the largest eigenvalue of A =

LMD(GD), then β1 ≥ 2m−|K|−D(GD)
n .

Proof. Let X be any non-zero vector. Then by [16], We have
β1(A) = maxX ̸=0{X′AX

X′X }
∴ β1 ≥ J′AJ

J′J = 2m−|K|−D(GD)
n , where J is a unit matrix

[1, 1, 1, ..., 1].

Similar to Koolen and Moulton’s [11] upper bound for
energy of a graph, upper bound for LMD(GD) is given in
the following theorem.

Theorem 4.3. If GD is a derived graph with n vertices and
m edges and |K| + 2(n − 1) ≥ m, then LMDE(GD) ≤
2M
p +

√︂
(n− 1)[2m− ( 2Mn )2].

Proof. We have Cauchy-Schwarz inequality;

(

n∑︂
i=2

aibi)
2 ≤ (

n∑︂
i=21

a2i )(

n∑︂
i=2

b2i )

Let ai = 1 and bi = |βi|

(

n∑︂
i=2

|βi|)2 ≤
n∑︂

i=2

12
n∑︂

i=1

|βi|2

[LMDE(GD)− β1]
2 ≤ (n− 1)[2M − β2

1 ]

LMDE(GD) ≤ β1 +
√︂
(p− 1)[2M − β2

1 ].

Let f(x) = x +
√︁
(n− 1)[2M − x2] For decreasing

function f ′(x) ≤ 0

⇒ 1− (n−1)x√
(n−1)[2M−x2]

≤ 0

⇒ x ≥
√︂

2M
n

Since 2M ≥ m, we have
√︂

2M
n ≤ 2M

n ≤ β1

∴ f(β1) ≤ f( 2Mn )
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That is, LMDE(GD) ≤ f(β1) ≤ f( 2Mn )

⇒ LMDEGD ≤ f( 2Mn )

⇒ LMDE(GD) ≤ 2M
n +

√︂
(n− 1)[2M − ( 2Mn )2].

Theorem 4.4. For any derived graph GD with n, m are
cardinality of vertices and edges and K is cardinality of MDS.
Then,

LMDE(GD) ≤
√︁
2Mn− 4m2 + 4mK.

Proof. We have Cauchy-Schwarz inequality;

(

n∑︂
i=2

aibi)
2 ≤ (

n∑︂
i=2

a2i )(

n∑︂
i=2

b2i )

Let ai = 1 and bi = |βi − 2m
n |

(

n∑︂
i=1

|βi −
2m

n
|)2 ≤

n∑︂
i=2

12
n∑︂

i=1

(|βi −
2m

n
|)2

≤ p[

n∑︂
i=2

β2
i +

n∑︂
i=2

4m2

n2
− 4q

n

n∑︂
i=2

βi]

≤ n[2M +
4m2

n2
n− 4m

n
(2m−K)]

(

n∑︂
i=1

|βi −
2m

n
|)2 ≤ 2Mn− 4m2 + 4mK

LMDE(GD) ≤
√︁
2Mn− 4m2 + 4mK.

Theorem 4.5. For any derived graph GD with n, m are
cardinality of vertices and edges and D = |det[LMD(GD)]|.
Then,

LMDE(GD) ≥
√︂

2M + n(n− 1)D
2
n − 2m.

Proof. Consider,

|
n∑︂

i=1

|βi||2 = (

n∑︂
i=1

|βi|)(
n∑︂

j=1

|βj |)

= (

n∑︂
i=1

|βi|2) +
.∑︂

i̸=j

|βi||βj |.

Therefore,

.∑︂
i̸=j

|βi||βj | = (

n∑︂
i=1

|βi|)2 −
n∑︂

i=1

|βi|2

Using the relation between arithmetic mean and geometric
mean for (n2 − n) terms, we have

1

n(n− 1)

∑︂
i̸=j

|βi||βj | ≥ (
∏︂
i̸=j

|βi||βj |)
1

n(n−1)

1

n(n− 1)

∑︂
i̸=j

|βi||βj | ≥ (

n∏︂
i̸=j

|βi|2(n−1))
1

n(n−1)

∑︂
i̸=j

|βi||βj | ≥ n(n− 1)

n∏︂
i̸=j

(|βi|2/n)

(

n∑︂
i=1

|βi|)2 −
n∑︂

i=1

|βi|2 ≥ n(n− 1)

n∏︂
i̸=j

(|βi|2/n)

(

n∑︂
i=1

|βi|)2 − 2m ≥ n(n− 1)

n∏︂
i̸=j

(|βi|2/n)

(

n∑︂
i=1

|βi|)2 ≥ 2M + n(n− 1)

n∏︂
i̸=j

(|βi|2/n)

Therefore,

n∑︂
i=1

|βi| ≥

⌜⃓⃓⎷2M + n(n− 1)

n∏︂
i̸=j

D2/n.

Now, we know that

|βi| − |2m
n

| ≤ |βi −
2m

n
|

n∑︂
i=1

|βi| −
n∑︂

i=1

|2m
n

| ≤
n∑︂

i=1

|βi −
2m

n
|

n∑︂
i=1

|βi| − 2m ≤ LMDE(GD)

LMDE(GD) ≥
n∑︂

i=1

|βi| − 2m

Therefore

LMDE(GD) ≥
√︂

2M + n(n− 1)D
2
n − 2m.

5. Conclusions

In this paper, we studied the Laplacian minimum
domination energy of derived graphs. We obtained formulas
for this energy for several standard graphs, including star
graphs, complete bipartite graphs, friendship graphs, and
healthy spider graphs. We also established important
properties and derived upper and lower bounds. These results
contribute to a better understanding of graph energy and may
be useful for further research in graph theory.

ORCID

0000-0002-4129-2818 (Jagadeesh Rajanna)
0000-0002-7009-321X (Ashwini Ankanahalli Shashidhara)



219 Jagadeesh Rajanna and Ashwini Ankanahalli Shashidhara: Laplacian Minimum Domination Energy of Some Derived Graphs

Abbreviations
LE Laplacian Energy
LMDE Laplacian Minimum Domination Energy
MDS Minimum Dominating Set

Author Contributions
Jagadeesh Rajanna: Conceptualization, Writing – original

draft.
Ashwini Ankanahalli Shashidhara: Methodology,

Writing – original draft, Writing – review & editing

Conflicts of Interest
The authors declare no conflicts of interest.

References
[1] A. S. Ashwini, H. Ahmed, N. D. Soner, On Domination

Zagreb Polynomials Of Graphs and Some Graph
Operations, International Journal of Mathematics Trends
and Technology, 68(2), (2022), 66-74.
http://doi.org/10.14445/22315373/IJMTT-V68I2P511

[2] R. Balakrishna, The Energy of Graph, Linear Algebra and
It’s Applications, 387, (2004), 287-295.
http://doi.org/10.1016/j.laa.2004.02.038

[3] D. Cvetkovic, I.Gutman, Applications of Graph Spectra,
Mathematical Institution, Belgrade, (2009).
https://share.google/jYntt3YV21nr3YZ1z

[4] D. Cvetkovic, I.Gutman, Selected Topics on Applications
of Graph Spectra, Mathematical Institution, Belgrade,
(2011). https://share.google/HZqwiN8EDYEyRdUl8

[5] Dragos M. Cvetkovic, Spectra of Graph Theory and
Applications, 1980.
https://share.google/3IdljitIgmEyM7xIR?

[6] I. Gutman, The Energy of Graph; Old and New Results,
Algebraic Combinations and Applications, Springer,
(2001), 196-211.
https://share.google/vGmrpLq6wQb9axUUR

[7] I. Gutman, The Energy of a Graph, Ber. Math-Statist.
Sekt. Forschu. Graz., 103, (1978), 1-22.
https://share.google/mLmT3zHg8n25aef5b

[8] I.Gutman and O.E. Polansky, Mathematical Concepts in
Organic Chemistry, Springer, Berlin, (1986).
https://share.google/sBsMnyNTDURy9Ff8m

[9] I.Gutman and B. Zhou, Laplacian energy of a graph,
Linear Algebra and its Applications, 414, (2006), 29-37.
https://www.aimath.org/WWN/matrixspectrum/
gutman2006.pdf

[10] F. Harary, Graphs Theory, Addison-Wisley Publishing
co., Reading Mass, (1969).
https://share.google/016XtTcl8G1yXGxLS

[11] Jack H. Koolen, Vincent Moulton, Maximal Energy of
Graphs, Advance in Applied Mathematics, 26(1), (2001),
47-52. https://share.google/iENsWqZIuAZ2O2IKj

[12] McClelland, B.J, Properties of the latent roots of a
matrix: The estimation of π−electron energies, J. Chem.
Phys., 54, (1971), 640-643.
https://share.google/MTQPLk1tngL09dqzK

[13] Meena S, vaithilingam K, prime Labeling of Friendship
Graphs, IJERT, 1(10), (2012), 1-13.
https://share.google/54kplYpJmYXkhXgrW

[14] Rajesh Kanna M. R, Jagadeesh R, Mohammad Reza
Farahani, Minimum Covering Seidel Energy of a Graph,
J. indones. Math. Soc, 22(1), (2016), 71-82.
https://share.google/njZj6CxgZQUYvYNj3

[15] Saieed Akbani, Shahab Hanghi, Hamidreza Maimani,
abbas Seify, On double-Star Decomposition of Graph,
Discussion Mathematicae, 37, (2017), 835-840.
https://share.google/gYRi9pFPPut0jO92J

[16] Solairaniravindra P. Bapat, Graphs and Matrices,
Springer, 27, 2010.

[17] Sudhir R. Jog, Satish P. Hande, I. Gutman, S. Burch
Bozkurt, Derived graphs of Some Graphs, Kragujevac
Journal of Mathematics, 32(2), (2012), 309-314.


