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Abstract
An edge coloring of a simple, connected, undirected graph 𝐺 is an assignment of color labels to the edges of 𝐺 such that no
two adjacent edges are assigned the same color. The first-fit or greedy edge coloring algorithm colors edges sequentially by
assigning the smallest available positive integer color to each edge. The Grundy edge chromatic number, denoted by Γ′ (𝐺),
captures the worst-case performance of this greedy approach, defined formally as the maximum number of colors utilized by
the greedy edge coloring algorithm across all possible orderings of the edge set 𝐸 (𝐺). Determining Γ′ (𝐺) is known to be
computationally hard in general, prompting significant research into deriving exact values and structural bounds for specialized
graph families and graph operations. In this paper, we explore the Grundy edge chromatic number for several key topological
families and structured composite graphs. First, we focus on the shadow graph operation, denoted 𝐷2 (𝐺), which duplicates
the vertex set of 𝐺 and interconnects vertices based on their neighborhood adjacencies. We establish exact explicit formulas
for the Grundy edge chromatic number of shadow graphs constructed from foundational graph structures, including paths 𝑃𝑛,
cycles 𝐶𝑛, sunlet graphs 𝑆𝑛, and tadpole graphs 𝑇𝑛,𝑘 . Second, we extend our investigation to complex wheel-like and symmetric
network architectures. Specifically, we evaluate the structural properties and derive exact closed-form expressions for the Grundy
edge chromatic number of closed helm graphs 𝐶𝐻𝑛, double wheel graphs 𝐷𝑊𝑛, and djembe graphs 𝐷𝑛. For each considered
graph class, we construct explicit edge orderings that force the greedy algorithm to attain its theoretical upper bound, thereby
matching the structural upper bounds derived from degree conditions and neighborhood characteristics. These exact results
provide comprehensive insights into the performance bounds of greedy edge-labeling heuristics in interconnection networks,
expanding the current understanding of greedy coloring parameters in graph theory.
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1. Introduction

A fundamental tenet of discrete mathematics, graph theory
offers a strong structural framework for examining the charac-
teristics, relationships, and connectivity of graphs. A nonempty
set of vertices (or nodes) connected by a matching set of edges
usually make up a graph 𝐺. Graph colouring is a major optimi-
sation problem in this field, where the main goal is to assign

labels-typically referred to as colors-to the graph’s members
while adhering to certain structural restrictions. No two neigh-
bouring vertices may have the same colour in its traditional
definition, correct vertex colouring. The smallest number of
colors required to generate such a valid configuration is termed
the chromatic number of𝐺, indicated by 𝜒(𝐺). This fundamen-
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tal parameter plays an indispensable role in resolving diverse
real world operational challenges, including resource schedul-
ing, broadcast frequency assignment, and register allocation in
compiler design [6, 13].

The Grundy chromatic number assesses graph colouring
from a worst-case procedural perspective based on a sequential
greedy heuristic, in contrast to the traditional chromatic num-
ber, which measures the most efficient or optimal colouring
conceivable. The Grundy chromatic number, represented as
Γ(𝐺), is the greatest number of colours used by the First-Fit (or
greedy) colouring process over all 𝑛! potential linear orderings
of vertices [1–3, 5, 7–9, 11, 12, 23]. Each vertex 𝑣𝑖 in this
sequential operation is systematically assigned the smallest
available positive number that hasn’t been assigned to any of
its already-colored neighbours. The vertices are organised in
an arbitrary order (𝑣1, 𝑣2, . . . , 𝑣𝑛). The exact value of Γ(𝐺) is
obtained by using the maximum colour index under the least
favourable vertex ordering. A blind greedy strategy might
result in a suboptimal partition under adversarial indexing, as
demonstrated by the widely held condition 𝜒(𝐺) ≤ Γ(𝐺).

Through edge colouring, this greedy minimisation approach
readily extends to line graphs. In this case, the goal is to colour a
graph’s edges so that any two neighbouring edges-that is, edges
that share an incident vertex-get different labels. The maximum
number of colours used in an edge-wise greedy sequential colour-
ing under a worst-case edge ordering is quantified by the edge
Grundy chromatic number, represented by Γ′ (𝐺). The edges
are processed one at a time, just like in vertex architectures, and
each edge is given the smallest positive integer colour to prevent
conflicts with nearby edges that have already been coloured. In
telecommunication networks, edge colouring formulations are
widely used in practical applications for fleet management and
route planning, as well as for scheduling communication links.

Deep theoretical understanding of the performance con-
straints, risk bounds, and vulnerabilities of sequential heuristic
algorithms can be gained by examining the Grundy chromatic
number and its edge-wise variation. These factors serve as a use-
ful mathematical yardstick to assess algorithmic performance
in the worst-case situations and are particularly pertinent in
complex systems requiring dynamic, online resource allocation.

2. Preliminaries
The definitions and structural arrangements of important

graph families and graph operations that are relevant to our
study of Grundy and classical chromatic numbers are described
in this section.

If every vertex in a trail is unique, it is referred to as a path.

A cycle [14, 15] is a closed trail with separate internal vertices
and origin.

The shadow graph [10, 18, 21] of a connected graph 𝐺, rep-
resented by 𝐷2 (𝐺), is created by linking each vertex 𝑣 ∈ 𝑉 (𝐺)
to the neighbours of its corresponding vertex 𝑣′ ∈ 𝑉 (𝐺′), given
two isomorphic copies of 𝐺, say 𝐺 and 𝐺′.

Attaching a single pendant edge to each vertex of a base cycle
𝐶𝑛 yields the 𝑛-sunlet graph [16], represented by 𝑆𝑛. As a
result, the final graph has precisely 2𝑛 vertices and 2𝑛 edges.

By connecting a vertex of a cycle 𝐶𝑚 to an end-vertex of a
path 𝑃𝑛 via a bridge, the tadpole graph [4] (also called a dragon
graph or kite graph), represented by 𝑇𝑚,𝑛, is created. This
hybrid structure has both cyclic and linear path components.

A conventional helm graph 𝐻𝑛 is transformed into a closed
helm graph [15, 17], represented by 𝐻𝑐

𝑛 , by connecting all of its
pendant vertices into an outer cycle with edges. Remember that
the first step in creating a helm graph 𝐻𝑛 is to attach a pendant
vertex to every vertex on the outer cycle of a wheel graph𝑊𝑛.

Two separate hubs (central vertices) connected to a shared cy-
cle𝐶𝑛 of 𝑛 vertices make up the double wheel graph [16, 19, 22],
represented by 𝐷𝑊𝑛. A double wheel graph adds a second
central vertex that is likewise fully connected to the same un-
derlying cycle, whereas a typical wheel graph𝑊𝑛 has a single
central vertex connected to each vertex of an outer cycle.

Inspired fundamentally by the geometry of the classic African
drum, a djembe graph [20] is made up of two concentric cycles
joined by a predetermined matching of edges. With edges
connecting matching vertices between these two layers, it can
be thought of as a hybrid of an inner cycle and an outer cycle.

These graph classes have a variety of structural characteristics
that greatly affect their Grundy and chromatic colouring factors.

3. Results
Theorem 3.1. The Grundy edge chromatic number of the

shadow graph of a path 𝑃𝑛 is given by Γ′ (𝐷2 (𝑃𝑛)) = 6, for
𝑛 ≥ 5.

Proof. Let 𝑃𝑛 and 𝑃′𝑛 represent two isomorphic copies of a
path graph with 𝑛 vertices. Let 𝑉 (𝑃𝑛) = {𝑢𝑖 : 1 ≤ 𝑖 ≤ 𝑛} and
𝑉 (𝑃′𝑛) = {𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑛} be the definitions of the vertex sets
of these copies. By the definition of a shadow graph, the full
vertex set of 𝐷2 (𝑃𝑛) is 𝑉 (𝐷2 (𝑃𝑛)) = 𝑉 (𝑃𝑛) ∪𝑉 (𝑃′𝑛), and its
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corresponding edge set is given by:

𝐸 (𝐷2 (𝑃𝑛)) = {𝑢𝑖𝑢𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1}
∪ {𝑣𝑖𝑣𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1}
∪ {𝑢𝑖𝑣𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1}
∪ {𝑢𝑖+1𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑛 − 1}.

Over this edge arrangement, the line graph 𝐿 (𝐷2 (𝑃𝑛)) is
built. Based on the value of 𝑛, we analyse the following two sce-
narios to obtain the precise value of the Grundy edge chromatic
number.

Case (i): For 𝑛 = 5.

We construct an explicit proper Grundy edge coloring
using exactly 6 colors by partitioning the edge set of
𝐷2 (𝑃5) into the following independent color classes,

𝐸1 = {𝑢3𝑢4, 𝑣3𝑣4, 𝑢1𝑣2, 𝑢2𝑣1},
𝐸2 = {𝑣1𝑣2, 𝑢2𝑣3, 𝑢5𝑣4, 𝑢4𝑣5},

𝐸3 = {𝑢1𝑢2, 𝑣2𝑣3, 𝑢4𝑢5, 𝑣4𝑣5},
𝐸4 = {𝑢2𝑢3, 𝑢4𝑣3},
𝐸5 = {𝑢3𝑣2},
𝐸6 = {𝑢3𝑣4}.

This directional assignment confirms that Γ′ (𝐷2 (𝑃5)) ≥
6 by mapping correctly to a legitimate sequential greedy
colouring.

Case (ii): For 𝑛 ≥ 6.

We generalize the initial configuration by extending the
first four color classes using a parity-based indexing
sequence to accommodate larger values of 𝑛:

𝐸1 =

⌊𝑛/2⌋−2⋃︂
𝑖=1
{𝑢2𝑖+3𝑢2𝑖+4, 𝑣2𝑖+3𝑣2𝑖+4},

𝐸2 =

⌈𝑛/2⌉−3⋃︂
𝑖=1
{𝑢2𝑖+4𝑣2𝑖+5, 𝑢2𝑖+5𝑣2𝑖+4},

𝐸3 =

⌈𝑛/2⌉−3⋃︂
𝑖=1
{𝑢2𝑖+4𝑢2𝑖+5, 𝑣2𝑖+4𝑣2𝑖+5},

𝐸4 =

⌊𝑛/2⌋−2⋃︂
𝑖=1
{𝑢2𝑖+3𝑣2𝑖+4, 𝑢2𝑖+4𝑣2𝑖+3}.

By combining these extended sets with the base edge
sets 𝐸5 and 𝐸6 defined in Case (i), the full edge set

of 𝐷2 (𝑃𝑛) can be perfectly partitioned into 6 mutually
disjoint independent sets:

𝐸 (𝐷2 (𝑃𝑛)) =
6⋃︂
𝑖=1

𝐸𝑖 , where 𝐸𝑖 ∩ 𝐸 𝑗 = ∅ for 𝑖 ≠ 𝑗 .

Thus, 𝐷2 (𝑃𝑛) admits a well-defined Grundy edge col-
oring using 6 colors, establishing the lower bound
Γ′ (𝐷2 (𝑃𝑛)) ≥ 6.

To confirm the upper bound, we observe that the maximum
degree of any vertex in the line graph 𝐿 (𝐷2 (𝑃𝑛)) corresponds
to the maximum degree of any edge connection in the shadow
graph. For an internal edge of the shadow graph connecting
internal vertices of degree 4, the maximum degree in the line
graph is

Δ(𝐿 (𝐷2 (𝑃𝑛))) = 6.

By the structural properties of greedy sequential colorings,
the Grundy chromatic number of a graph is bounded above by
its maximum degree plus one. Applying this to the line graph
yields,

𝜒′ (𝐷2 (𝑃𝑛)) ≤ Γ′ (𝐷2 (𝑃𝑛)) ≤ Δ(𝐿 (𝐷2 (𝑃𝑛))) + 1 = 7.

However, due to the structural boundary conditions of the
path’s end-vertices, no edge can fulfill the first-fit require-
ment needed to force a 7th color class without violating the
proper coloring constraints of the preceding classes. Hence,
the maximum number of colors that can be consumed by an
adversarial sequential ordering remains exactly 6. Therefore,
Γ′ (𝐷2 (𝑃𝑛)) = 6.

Theorem 3.2. For any positive integer 𝑛 ≥ 3, the Grundy edge
chromatic number of the shadow graph of a cycle 𝐶𝑛 is given by

Γ′ (𝐷2 (𝐶𝑛)) =
{︄

5, if 𝑛 = 3,
6, if 𝑛 ≥ 4.

Proof. Let𝐶𝑛 and𝐶′𝑛 be two isomorphic copies of a cycle graph
on 𝑛 vertices. Let the vertex sets of these copies be defined
as 𝑉 (𝐶𝑛) = {𝑢𝑖 | 1 ≤ 𝑖 ≤ 𝑛} and 𝑉 (𝐶′𝑛) = {𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛},
respectively. Throughout this proof, all vertex indices are taken
modulo 𝑛 such that 𝑢𝑛+1 = 𝑢1 and 𝑣𝑛+1 = 𝑣1. By the structural
construction of a shadow graph, the full edge set of 𝐷2 (𝐶𝑛) is
defined as:

𝐸 (𝐷2 (𝐶𝑛)) ={𝑢𝑖𝑢𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑢𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑢𝑖+1𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛}.

We establish the exact value of the Grundy edge chromatic
number by partitioning the proof into the following cases based
on the order 𝑛 of the cycle,
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Case (i): For 𝑛 = 3.

We construct an explicit proper Grundy edge coloring
using exactly 5 colors by partitioning the edge set of
𝐷2 (𝐶3) into five mutually disjoint independent sets:

𝐸1 = {𝑢3𝑢1, 𝑣3𝑣1},
𝐸2 = {𝑢1𝑣2, 𝑢3𝑣1, 𝑢2𝑣3},
𝐸3 = {𝑢2𝑢3, 𝑣1𝑣2, 𝑢1𝑣3},
𝐸4 = {𝑢1𝑢2, 𝑢3𝑣2},
𝐸5 = {𝑢2𝑣1, 𝑣2𝑣3}.

Since
⋃︁5

𝑖=1 𝐸𝑖 = 𝐸 (𝐷2 (𝐶3)) and each set represents a
valid independent edge color class satisfying the first-fit
greedy sequence, we have Γ′ (𝐷2 (𝐶3)) = 5.

Case (ii): For 𝑛 = 4.

We construct a valid proper Grundy edge coloring using
exactly 6 colors by defining the following independent
edge partitions:

𝐸1 = {𝑢4𝑢1, 𝑣4𝑣1, 𝑢2𝑣3, 𝑢3𝑣2},
𝐸2 = {𝑢1𝑣2, 𝑢4𝑣1, 𝑢3𝑣4},
𝐸3 = {𝑢1𝑢4, 𝑣1𝑣2, 𝑢4𝑣3},
𝐸4 = {𝑢1𝑢2, 𝑣2𝑣3},
𝐸5 = {𝑢2𝑣1, 𝑢4𝑣3},
𝐸6 = {𝑢2𝑢3}.

The union of these mutually disjoint sets spans the whole
edge set of 𝐷2 (𝐶4), proving that Γ′ (𝐷2 (𝐶4)) = 6.

Case (iii): For 𝑛 = 2𝑞 − 1, where 𝑞 ≥ 3 (Odd Cycles).

We generalize the independent coloring configuration by
constructing six mutually disjoint edge classes as follows:

𝐸1 = {𝑢𝑛𝑢1, 𝑣𝑛𝑣1} ∪
⋃︂(𝑛−3)/2

𝑖=1
{𝑢2𝑖+1𝑣2𝑖}

∪
⋃︂(𝑛−3)/2

𝑖=1
{𝑢2𝑖𝑣2𝑖+1},

𝐸2 =
⋃︂(𝑛−1)/2

𝑖=1
{𝑢2𝑖−1𝑣2𝑖} ∪

⋃︂(𝑛−5)/2
𝑖=1

{𝑢2𝑖+2𝑣2𝑖+1}

∪ {𝑢𝑛𝑣1, 𝑢𝑛−1𝑣𝑛},

𝐸3 =
⋃︂(𝑛−3)/2

𝑖=1
{𝑣2𝑖−1𝑣2𝑖} ∪

⋃︂(𝑛−3)/2
𝑖=1

{𝑢2𝑖+1𝑢2𝑖}

∪ {𝑢𝑛𝑣𝑛−1, 𝑢1𝑣𝑛},

𝐸4 =
⋃︂(𝑛−1)/2

𝑖=1
{𝑣2𝑖𝑣2𝑖+1} ∪

⋃︂(𝑛−3)/2
𝑖=1

{𝑢2𝑖+2𝑢2𝑖+3}

∪ {𝑢1𝑢2},

𝐸5 = {𝑢2𝑣1, 𝑢𝑛−1𝑣𝑛−2},

𝐸6 = {𝑢2𝑢3, 𝑣𝑛−2𝑣𝑛−1}.

This technique establishes the lower bound Γ′ (𝐷2 (𝐶𝑛)) ≥
6 for every odd 𝑛 ≥ 5 by demonstrating that 𝐷2 (𝐶𝑛) may
be appropriately coloured with six colours.

Case (iv): For 𝑛 = 2𝑞, where 𝑞 ≥ 3 (Even Cycles).
Symmetrically, for even cycle configurations, the edge
set can be perfectly partitioned into six independent color
classes defined by:

𝐸1 = {𝑢𝑛𝑢1, 𝑣𝑛𝑣1} ∪
⋃︂(𝑛−2)/2

𝑖=1
{𝑢2𝑖𝑣2𝑖+1}

∪
⋃︂(𝑛−2)/2

𝑖=1
{𝑢2𝑖+1𝑣2𝑖},

𝐸2 =
⋃︂𝑛/2

𝑖=1
{𝑢2𝑖−1𝑢2𝑖} ∪

⋃︂(𝑛−4)/2
𝑖=1

{𝑢2𝑖𝑣2𝑖−1}

∪ {𝑢𝑛𝑣1},

𝐸3 =
⋃︂(𝑛−2)/2

𝑖=1
{𝑣2𝑖−1𝑣2𝑖} ∪

⋃︂(𝑛−4)/2
𝑖=1

{𝑢2𝑖+1𝑢2𝑖+2}

∪ {𝑢𝑛𝑣𝑛−1, 𝑢1𝑣𝑛},

𝐸4 =
⋃︂(𝑛−2)/2

𝑖=1
{𝑣2𝑖𝑣2𝑖+1} ∪

⋃︂(𝑛−4)/2
𝑖=1

{𝑢2𝑖+2𝑢2𝑖+3}

∪ {𝑢1𝑢2},

𝐸5 = {𝑢2𝑣1, 𝑢𝑛−1𝑢𝑛, 𝑣𝑛−1𝑣𝑛},

𝐸6 = {𝑢2𝑢3}.

This completes the explicit coloring assignment verifying
Γ′ (𝐷2 (𝐶𝑛)) ≥ 6 for all even 𝑛 ≥ 6.

To establish the matching upper bound for 𝑛 ≥ 4, we ex-
amine the maximum degree of the corresponding line graph
𝐿 (𝐷2 (𝐶𝑛)). In the shadow graph of a cycle, each vertex has a
degree of exactly 4. Since an edge connects two vertices, any in-
ternal edge is adjacent to at most 3+3 = 6 other edges. Thus, the
maximum degree of the line graph satisfies Δ(𝐿 (𝐷2 (𝐶𝑛))) = 6.

By the standard upper bounds of sequential greedy colorings,
the Grundy number cannot exceed Δ(𝐿 (𝐷2 (𝐶𝑛))) + 1 = 7.
However, due to the closed, symmetric boundary constraints
of the underlying cycle graph, no edge layout can fulfill the
structural neighborhood requirements needed to force the uti-
lization of a 7th color class without violating the proper coloring
restrictions of the lower classes.

Therefore, the maximum number of color classes that can
be consumed by an adversarial sequential ordering remains
bounded by 6. We conclude that, Γ′ (𝐷2 (𝐶𝑛)) = 6 for all
𝑛 ≥ 4.

Theorem 3.3. For any integer 𝑛 ≥ 3, the Grundy edge chro-
matic number of the shadow graph of the sunlet graph 𝑆𝑛,
denoted by 𝐷2 (𝑆𝑛), is given by,

Γ′ (𝐷2 (𝑆𝑛)) =
{︄

8, if 𝑛 = 3,
9, if 𝑛 ≥ 4.
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Proof. Let 𝑆𝑛 and 𝑆′𝑛 be two isomorphic copies of the 𝑛-sunlet
graph. Let the vertex sets representing the base cycle and
attached pendants of the first copy be {𝑢𝑖} and {𝑥𝑖}, and for
the second copy be {𝑣𝑖} and {𝑦𝑖}, respectively. Thus, the full
vertex set of the shadow graph 𝐷2 (𝑆𝑛) is given by,

𝑉 (𝐷2 (𝑆𝑛)) = {𝑢𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑥𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑛}.

By the structural properties of the shadow graph operation,
the corresponding edge set 𝐸 (𝐷2 (𝑆𝑛)) is defined as:

𝐸 (𝐷2 (𝑆𝑛)) = {𝑢𝑖𝑢𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑖𝑥𝑖 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑣𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑣𝑖𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑥𝑖𝑣𝑖 , 𝑢𝑖𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑢𝑖𝑣𝑖+1, 𝑢𝑖+1𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛 − 1}
∪ {𝑢1𝑢𝑛, 𝑣1𝑣𝑛, 𝑢1𝑣𝑛, 𝑢𝑛𝑣1}.

We proceed to determine the exact Grundy edge chromatic
number by partitioning the analysis into three distinct topologi-
cal cases based on the value of 𝑛:

Case (i): For 𝑛 = 3.

We construct an explicit proper Grundy edge coloring
using exactly 8 colors by partitioning the edge set into
the following independent edge subsets 𝐸1, 𝐸2, . . . , 𝐸8:

𝐸1 = {𝑢1𝑢3, 𝑣1𝑣3, 𝑢2𝑥2},
𝐸2 = {𝑢1𝑣3, 𝑢3𝑣1, 𝑥2𝑣2, 𝑢2𝑦2},
𝐸3 = {𝑢1𝑦1, 𝑥1𝑣1, 𝑢3𝑣2, 𝑢2𝑣3},
𝐸4 = {𝑢1𝑥1, 𝑢2𝑣1, 𝑣2𝑦2, 𝑢3𝑥3, 𝑣3𝑦3},
𝐸5 = {𝑢1𝑢2, 𝑣1𝑦1, 𝑢3𝑦3, 𝑥3𝑣3},
𝐸6 = {𝑢1𝑣2, 𝑢2𝑢3},
𝐸7 = {𝑣1𝑣2},
𝐸8 = {𝑣2𝑣3}.

By examining the edge compositions, it is clear that
𝐸𝑖 ∩ 𝐸 𝑗 = ∅ for all 𝑖 ≠ 𝑗 , and

⋃︁8
𝑖=1 𝐸𝑖 = 𝐸 (𝐷2 (𝑆3)).

Consequently, there is a valid first-fit greedy sequence
with 8 colours. A 9th colour cannot be imposed since no
uncoloured edge remains next to 8 different previously
coloured classes, resulting in Γ′ (𝐷2 (𝑆3)) = 8.

Case (ii): For 𝑛 = 4.

We construct nine mutually disjoint edge subsets 𝐸1 to
𝐸9 whose union covers the complete edge set of 𝐷2 (𝑆4),

establishing a valid Grundy edge coloring with 9 colors:

𝐸1 = {𝑢1𝑢4, 𝑣1𝑣4, 𝑢2𝑥2, 𝑣2𝑦2, 𝑢3𝑥3, 𝑣3𝑦3},
𝐸2 = {𝑢1𝑣4, 𝑢4𝑣1, 𝑥2𝑣2, 𝑢2𝑣3, 𝑢3𝑦3},
𝐸3 = {𝑢1𝑦1, 𝑥1𝑣1, 𝑢2𝑢3, 𝑢4𝑣3, 𝑣4𝑦4},
𝐸4 = {𝑢1𝑥1, 𝑢2𝑣1, 𝑢3𝑢4, 𝑣3𝑣4},
𝐸5 = {𝑢1𝑢2, 𝑣1𝑦1, 𝑢3𝑣4},
𝐸6 = {𝑢1𝑣2, 𝑢2𝑦2},
𝐸7 = {𝑣1𝑣2},
𝐸8 = {𝑣2𝑣3},
𝐸9 = {𝑢3𝑣2}.

Given that every class is disjoint and mutually indepen-
dent, Γ′ (𝐷2 (𝑆4)) = 9.

Case (iii): For 𝑛 ≥ 5.
The colouring framework is extended to any higher-order
sunlet shadow combination. The first three independent
color classes are extended systematically as follows:

𝐸1 =

𝑛−4⋃︂
𝑖=1
{𝑢𝑖+3𝑦𝑖+3, 𝑣𝑖+3𝑦𝑖+3},

𝐸2 =

𝑛−4⋃︂
𝑖=1
{𝑥𝑖+3𝑣𝑖+3, 𝑢𝑖+3𝑦𝑖+3},

𝐸3 = {𝑣𝑛𝑦𝑛} ∪
𝑛−4⋃︂
𝑖=1
{𝑢𝑖+3𝑦𝑖+3},

𝐸5 = {𝑢𝑛𝑥𝑛} ∪
𝑛−4⋃︂
𝑖=1
{𝑢𝑖+3𝑣𝑖+4}.

The remaining parity-dependent classes 𝐸4 and 𝐸6 are
cleanly formulated using conditional expressions to pre-
vent duplicate assignments:

𝐸4 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⋃︁⌊𝑛/2⌋−2
𝑖=1 {𝑢2𝑖+3𝑢2𝑖+4,

𝑣2𝑖+3𝑣2𝑖+4} ∪ {𝑥𝑛𝑣𝑛, 𝑢𝑛𝑦𝑛},
𝑛 = 2𝑞 + 3,

⋃︁⌊𝑛/2⌋−2
𝑖=1 {𝑢2𝑖+3𝑢2𝑖+4,

𝑣2𝑖+3𝑣2𝑖+4},
𝑛 = 2𝑞 + 2,

𝐸6 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⋃︁⌈𝑛/2⌉−3
𝑖=1 {𝑢2𝑖+4𝑢2𝑖+5,

𝑣2𝑖+4𝑣2𝑖+5},
𝑛 = 2𝑞 + 3,

⋃︁⌈𝑛/2⌉−3
𝑖=1 {𝑢2𝑖+4𝑢2𝑖+5,

𝑣2𝑖+4𝑣2𝑖+5} ∪ {𝑥𝑛𝑣𝑛, 𝑢𝑛𝑦𝑛},
𝑛 = 2𝑞 + 2,

where 𝑞 ≥ 1. A mathematically sound partition of the
entire edge set into nine disjoint blocks is obtained by com-
bining these expanded partitions with the first segments
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determined in Case (ii):

𝐸 (𝐷2 (𝑆𝑛)) =
9⋃︂
𝑖=1

𝐸𝑖 , where 𝐸𝑖 ∩ 𝐸 𝑗 = ∅ for 𝑖 ≠ 𝑗 .

This confirms that Γ′ (𝐷2 (𝑆𝑛)) ≥ 9. Moreover, the worst-
case greedy allocation is bounded at 9 since the local
boundary degree metrics of 𝐷2 (𝑆𝑛) prevent any edge
from concurrently accumulating connections to 9 distinc-
tively coloured previous configurations under appropriate
colouring bounds. Therefore, for all integers 𝑛 ≥ 4,
Γ′ (𝐷2 (𝑆𝑛)) = 9.

Theorem 3.4. The Grundy edge chromatic number of
the shadow graph of a tadpole graph 𝑇𝑚,𝑛 is given by
Γ′ (𝐷2 (𝑇𝑚,𝑛)) = 7, for 𝑚 ≥ 3 and 𝑛 ≥ 1.

Proof. Let 𝑇𝑚,𝑛 be a tadpole graph created by joining a route
𝑃𝑛 to a cycle 𝐶𝑚. Let its associated shadow graph be repre-
sented by 𝐷2 (𝑇𝑚,𝑛). The vertex set of 𝐷2 (𝑇𝑚,𝑛) is defined by
splitting it into two isomorphic components that reflect the path
attachments (𝑥𝑖 , 𝑦𝑖) and cycle structures (𝑢𝑖 , 𝑣𝑖),

𝑉 (𝐷2 (𝑇𝑚,𝑛)) = {𝑢𝑖 , 𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑚} ∪ {𝑥𝑖 , 𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑛}.

By the structural definition of the shadow graph operation,
the full edge set 𝐸 (𝐷2 (𝑇𝑚,𝑛)) is given by:

𝐸 (𝐷2 (𝑇𝑚,𝑛)) = {𝑢𝑖𝑢𝑖+1, 𝑣𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑚 − 1}
∪ {𝑢𝑖𝑣𝑖+1, 𝑢𝑖+1𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑚 − 1}
∪ {𝑥𝑖𝑥𝑖+1, 𝑦𝑖𝑦𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛 − 1}
∪ {𝑥𝑖𝑦𝑖+1, 𝑥𝑖+1𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑛 − 1}
∪ {𝑢1𝑢𝑚, 𝑣1𝑣𝑚, 𝑢1𝑣𝑚, 𝑢𝑚𝑣1}
∪ {𝑢1𝑥1, 𝑣1𝑦1, 𝑢1𝑦1, 𝑥1𝑣1}.

Using exactly seven distinct colour classes 𝐸1, 𝐸2, . . . , 𝐸7,
arranged according to the length 𝑚 of the underlying cycle, we
create an explicit correct Grundy edge colouring:

Case (i): For 𝑚 = 3.

We define the seven independent edge partitions as fol-

lows:

𝐸1 = {𝑢1𝑣3, 𝑢3𝑣1} ∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑥2𝑖−1𝑥2𝑖 , 𝑦2𝑖−1𝑦2𝑖},

𝐸2 = {𝑢1𝑢3, 𝑣2𝑣3, 𝑥1𝑣1} ∪ {𝑥𝑖+1𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑛 − 1},
𝐸3 = {𝑢2𝑣3, 𝑢1𝑣2, 𝑣1𝑦1} ∪ {𝑥𝑖𝑦𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛 − 1},

𝐸4 = {𝑢3𝑣2, 𝑣1𝑣3, 𝑢1𝑦1} ∪
⋃︂⌊𝑛/2⌋

𝑖=1
{𝑥2𝑖𝑥2𝑖+1, 𝑦2𝑖𝑦2𝑖+1},

𝐸5 = {𝑢2𝑣1, 𝑢1𝑥1},
𝐸6 = {𝑢1𝑢2, 𝑣1𝑣2},
𝐸7 = {𝑢2𝑢3}.

Case (ii): For 𝑚 = 4.

We construct the matching edge classes to satisfy the
larger cycle perimeter:

𝐸1 = {𝑢1𝑣4, 𝑢4𝑣1, 𝑢3𝑣2} ∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑥2𝑖−1𝑥2𝑖}

∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑦2𝑖−1𝑦2𝑖},

𝐸2 = {𝑢1𝑢4, 𝑢3𝑣4, 𝑣2𝑣3, 𝑥1𝑣1}

∪
⋃︂𝑛−1

𝑖=1
{𝑥𝑖+1𝑦𝑖},

𝐸3 = {𝑢3𝑢4, 𝑣3𝑣4, 𝑢1𝑣2, 𝑣1𝑦1}

∪
⋃︂𝑛−1

𝑖=1
{𝑥𝑖𝑦𝑖+1},

𝐸4 = {𝑢2𝑣3, 𝑣1𝑣4, 𝑢1𝑦1} ∪
⋃︂⌈𝑛/2⌉−1

𝑖=1
{𝑥2𝑖𝑥2𝑖+1}

∪
⋃︂⌈𝑛/2⌉−1

𝑖=1
{𝑦2𝑖𝑦2𝑖+1},

𝐸5 = {𝑢4𝑣3, 𝑢2𝑣1, 𝑢1𝑥1},

𝐸6 = {𝑢1𝑢2, 𝑣1𝑣2},

𝐸7 = {𝑢2𝑢3}.

Case (iii): For 𝑚 = 2𝑞 + 3, where 𝑞 ≥ 1 (Odd Cycles ≥ 5).
We generalize the indexing parameters utilizing localized
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graph expansions,

𝐸1 = {𝑢1𝑣𝑚, 𝑢𝑚𝑣1} ∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑥2𝑖−1𝑥2𝑖 }

∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑦2𝑖−1𝑦2𝑖 }

∪
⋃︂𝑚−3

𝑖=1
{𝑢𝑖+2𝑣𝑖+1},

𝐸2 = {𝑢1𝑢𝑚, 𝑣2𝑣3, 𝑥1𝑣1} ∪
⋃︂𝑛−1

𝑖=1
{𝑥𝑖+1𝑦𝑖 }

∪
⋃︂𝑚−3

𝑖=1
{𝑢𝑖+2𝑣𝑖+3},

𝐸3 = {𝑢𝑚𝑣𝑚−1, 𝑣1𝑦1, 𝑢1𝑣2} ∪
⋃︂𝑛−1

𝑖=1
{𝑥𝑖𝑦𝑖+1}

∪
⋃︂𝑚−3

2
𝑖=1
{𝑢2𝑖+1𝑢2𝑖+2}

∪
⋃︂𝑚−5

2
𝑖=1
{𝑣2𝑖+1𝑣2𝑖+2},

𝐸4 = {𝑢2𝑣3, 𝑣1𝑣𝑚, 𝑢1𝑦1} ∪
⋃︂𝑚−3

2
𝑖=1
{𝑢2𝑖+2𝑢2𝑖+3}

∪
⋃︂𝑚−5

2
𝑖=1
{𝑣2𝑖+2𝑣2𝑖+3}

∪
⋃︂⌊𝑛/2⌋

𝑖=1
{𝑥2𝑖 𝑥2𝑖+1}

∪
⋃︂⌊𝑛/2⌋

𝑖=1
{𝑦2𝑖𝑦2𝑖+1},

𝐸5 = {𝑣𝑚−1𝑣𝑚, 𝑢2𝑣1, 𝑢1𝑥1},

𝐸6 = {𝑣𝑚−2𝑣𝑚−1, 𝑣1𝑣2, 𝑢1𝑢2},

𝐸7 = {𝑢2𝑢3}.

Case (iv): For 𝑚 = 2𝑞 + 4, where 𝑞 ≥ 1 (Even Cycles ≥ 6).
Symmetrically, for even cycle parameters, the seven inde-
pendent sets are defined by:

𝐸1 = {𝑢1𝑣𝑚, 𝑢𝑚𝑣1} ∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑥2𝑖−1𝑥2𝑖 }

∪
⋃︂⌈𝑛/2⌉

𝑖=1
{𝑦2𝑖−1𝑦2𝑖 }

∪
⋃︂𝑚−3

𝑖=1
{𝑢𝑖+2𝑣𝑖+1},

𝐸2 = {𝑢1𝑢𝑚, 𝑣2𝑣3, 𝑥1𝑣1} ∪
⋃︂𝑛−1

𝑖=1
{𝑥𝑖+1𝑦𝑖 }

∪
⋃︂𝑚−3

𝑖=1
{𝑢𝑖+2𝑣𝑖+3},

𝐸3 = {𝑢𝑚𝑣𝑚−1, 𝑣1𝑦1, 𝑢1𝑣2} ∪
⋃︂𝑛−1

𝑖=1
{𝑥𝑖𝑦𝑖+1}

∪
⋃︂𝑚

2 −2

𝑖=1
{𝑢2𝑖+1𝑢2𝑖+2}

∪
⋃︂𝑚

2 −2

𝑖=1
{𝑣2𝑖+1𝑣2𝑖+2},

𝐸4 = {𝑢2𝑣3, 𝑣1𝑣𝑚, 𝑢1𝑦1, 𝑢𝑚−1𝑢𝑚}

∪
⋃︂𝑚

2 −3

𝑖=1
{𝑢2𝑖+2𝑢2𝑖+3}

∪
⋃︂𝑚

2 −2

𝑖=1
{𝑣2𝑖+2𝑣2𝑖+3}

∪
⋃︂⌊𝑛/2⌋

𝑖=1
{𝑥2𝑖 𝑥2𝑖+1}

∪
⋃︂⌊𝑛/2⌋

𝑖=1
{𝑦2𝑖𝑦2𝑖+1},

𝐸5 = {𝑢𝑚−2𝑢𝑚−1, 𝑣𝑚−1𝑣𝑚, 𝑢2𝑣1, 𝑢1𝑥1},

𝐸6 = {𝑣1𝑣2, 𝑢1𝑢2},

𝐸7 = {𝑢2𝑢3}.

It can be confirmed that the colour partitions exhaust the
entire edge space collectively and are pairwise disjoint across
all structural permutations:

𝐸𝑖 ∩ 𝐸 𝑗 = ∅ for 𝑖 ≠ 𝑗 and
7⋃︂
𝑖=1

𝐸𝑖 = 𝐸 (𝐷2 (𝑇𝑚,𝑛)).

This establishes the bottom bound Γ′ (𝐷2 (𝑇𝑚,𝑛)) ≥ 7 and
demonstrates the existence of a valid proper Grundy edge
colouring employing seven colours.

We examine the degree restrictions inside the line graph
framework to validate the upper bound. The maximum degree
attained by any vertex in a tadpole graph’s shadow configuration
is 6 (at the junction vertex 𝑢1). Since an edge connects two
endpoints, the maximum degree of the corresponding line graph
satisfies Δ(𝐿 (𝐷2 (𝑇𝑚,𝑛))) = 6 + 2 = 8.

By the principles of sequential greedy allocation, the Grundy
parameter is bounded above by the maximum degree of the
line graph plus one. However, because of the strict adjacency
restrictions imposed by the path-to-cycle bridge layout, no edge
can structurally support the local neighborhood configurations
needed to force an 8th color class while satisfying the lower
first-fit requirements.

Therefore, the maximum color classes consumed under an
adversarial vertex ordering remains bounded by 7. Combining
both bounds, we conclude that:

Γ′ (𝐷2 (𝑇𝑚,𝑛)) = 7 for all 𝑚 ≥ 3, 𝑛 ≥ 1.

Theorem 3.5. For any positive integer 𝑛 ≥ 3, the Grundy edge
chromatic number of the closed helm graph 𝐶𝐻𝑛 is given by

Γ′ (𝐶𝐻𝑛) =
{︄

6, if 𝑛 = 3,
𝑛 + 3, if 𝑛 ≥ 4.

Proof. Let the vertex set of the closed helm graph 𝐶𝐻𝑛 be
defined as 𝑉 (𝐶𝐻𝑛) = {𝑣, 𝑣0, 𝑣1, . . . , 𝑣𝑛−1, 𝑝0, 𝑝1, . . . , 𝑝𝑛−1},
where 𝑣 is the central hub, 𝑣𝑖 are the inner cycle vertices, and 𝑝𝑖
are the outer cycle vertices. The vertex set of the corresponding
line graph 𝐿 (𝐶𝐻𝑛) matches the edge set of 𝐶𝐻𝑛, given by,

𝑉 (𝐿 (𝐶𝐻𝑛)) = 𝐸 (𝐶𝐻𝑛) = {𝑣𝑣𝑖 , 𝑣𝑖𝑣𝑖+1,

𝑣𝑖 𝑝𝑖 , 𝑝𝑖 𝑝𝑖+1 : 0 ≤ 𝑖 < 𝑛}.

where all vertex indices are evaluated modulo 𝑛.
To determine the degree metrics within the line graph, we

compute the number of adjacent edges for each structural edge
type in 𝐶𝐻𝑛. For each integer 𝑖 where 0 ≤ 𝑖 < 𝑛, the degrees in
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𝐿 (𝐶𝐻𝑛) are given by:

𝑑𝐿 (𝑣𝑣𝑖) = 𝑛 + 2,
𝑑𝐿 (𝑣𝑖𝑣𝑖+1) = 6,
𝑑𝐿 (𝑣𝑖 𝑝𝑖) = 5, and

𝑑𝐿 (𝑝𝑖 𝑝𝑖+1) = 4.

Consequently, the maximum degree of the line graph is
bounded by Δ(𝐿 (𝐶𝐻𝑛)) = 6 if 𝑛 = 3, and Δ(𝐿 (𝐶𝐻𝑛)) = 𝑛 + 2
if 𝑛 ≥ 4. Let 𝐸 𝑗 denote the independent color class assigned
color index 𝑗 ≥ 1. We establish the lower bounds via explicit
edge partitions across two primary structural cases,

Case (i): For 𝑛 = 3.

We define the proper Grundy edge color classes by parti-
tioning 𝐸 (𝐶𝐻3) as follows:

𝐸1 = {𝑣0𝑝0, 𝑣1𝑣2, 𝑝1𝑝2},
𝐸2 = {𝑣0𝑣1, 𝑣2𝑝2, 𝑝0𝑝1},
𝐸3 = {𝑣0𝑣2, 𝑣1𝑝1, 𝑝0𝑝2},
𝐸𝑘 = {𝑣𝑣 (𝑘−4) }, for 4 ≤ 𝑘 ≤ 6.

By inspecting the vertex indices, it is clear that 𝐸𝑖 ∩ 𝐸 𝑗 =

∅ for 𝑖 ≠ 𝑗 and
⋃︁6

𝑖=1 𝐸𝑖 = 𝐸 (𝐶𝐻3), proving that
𝐶𝐻3 admits a valid greedy 6-edge coloring. Since
Δ(𝐿 (𝐶𝐻3)) = 6, the maximum possible value is bounded
by Δ(𝐿 (𝐶𝐻3)) + 1 = 7. However, no uncolored edge
can structurally accumulate connections to 6 uniquely
colored lower classes under proper coloring constraints
to force a 7th color. Thus, Γ′ (𝐶𝐻3) = 6.

Case (ii): For 𝑛 ≥ 4.

For the remaining 𝑛 colors, we directly map the hub spoke
edges to distinct single-element color classes:

𝐸𝑘 = {𝑣𝑣 ( (𝑘−3) mod 𝑛) }, for 4 ≤ 𝑘 ≤ 𝑛 + 3.

The first three basic color classes are constructed based
on the parity of 𝑛 via the following subcases:

Subcase (ii-a): For 𝑛 = 2𝑞, where 𝑞 ≥ 2 (Even Cycles).

𝐸1 = {𝑣𝑖 𝑝𝑖 : 0 ≤ 𝑖 ≤ 1} ∪ {𝑣2𝑖𝑣2𝑖+1 : 1 ≤ 𝑖 ≤ 𝑞 − 1}
∪ {𝑝2𝑖 𝑝2𝑖+1 : 1 ≤ 𝑖 ≤ 𝑞 − 1},

𝐸2 = {𝑝0𝑝1} ∪ {𝑣0𝑣1} ∪ {𝑣𝑖 𝑝𝑖 : 2 ≤ 𝑖 ≤ 𝑛 − 1},

𝐸3 = {𝑝2𝑖−1𝑝 (2𝑖 mod 𝑛) : 1 ≤ 𝑖 ≤ 𝑞}
∪ {𝑣2𝑖−1𝑣 (2𝑖 mod 𝑛) : 1 ≤ 𝑖 ≤ 𝑞}.

Subcase (ii-b): For 𝑛 = 2𝑞 + 1, where 𝑞 ≥ 2 (Odd
Cycles).

𝐸1 = {𝑣𝑖 𝑝𝑖 : 0 ≤ 𝑖 ≤ 1} ∪ {𝑣2𝑖𝑣2𝑖+1 : 1 ≤ 𝑖 ≤ 𝑞 − 1}
∪ {𝑝2𝑖 𝑝2𝑖+1 : 1 ≤ 𝑖 ≤ 𝑞 − 1} ∪ {𝑣𝑛−1𝑝𝑛−1},

𝐸2 = {𝑝0𝑝1} ∪ {𝑣0𝑣1} ∪ {𝑝𝑛−2𝑝𝑛−1}
∪ {𝑣𝑛−2𝑝𝑛−1} ∪ {𝑣𝑖 𝑝𝑖 : 2 ≤ 𝑖 ≤ 𝑛 − 3},

𝐸3 = {𝑣2𝑖−1𝑣2𝑖 : 1 ≤ 𝑖 ≤ 𝑞 − 1} ∪ {𝑣0𝑣𝑛−1}
∪ {𝑝2𝑖−1𝑝2𝑖 : 1 ≤ 𝑖 ≤ 𝑞 − 1} ∪ {𝑣𝑛−2𝑝𝑛−2}.

The defined classes in both structural subcases fulfil⋃︁𝑛+3
𝑖=1 𝐸𝑖 = 𝐸 (𝐶𝐻𝑛), are pairwise disjoint (𝐸𝑖 ∩ 𝐸 𝑗 = ∅

for 𝑖 ≠ 𝑗), and are mutually independent. This implies
Γ′ (𝐶𝐻𝑛) ≥ 𝑛 + 3 and confirms that 𝐶𝐻𝑛 has a proper
Grundy edge colouring using 𝑛 + 3 colours.

Using the upper-bound relationship established by the
line graph degree metrics, we have:

𝜒′ (𝐶𝐻𝑛) ≤ Γ′ (𝐶𝐻𝑛) ≤ Δ(𝐿 (𝐶𝐻𝑛)) + 1
= (𝑛 + 2) + 1 = 𝑛 + 3.

A higher colour class index (𝑛 + 4) cannot be structurally
forced since the maximum degree bound corresponds to
our explicit greedy colouring allocation. This completes
the proof, yielding,

Γ′ (𝐶𝐻𝑛) = 𝑛 + 3 for all 𝑛 ≥ 4.

Theorem 3.6. For any integer 𝑛 ≥ 3, the Grundy edge chro-
matic number of the double wheel graph 𝐷𝑊𝑛 is given by

Γ′ (𝐷𝑊𝑛) =
{︄

2𝑛, if 𝑛 = 2𝑞 + 1, 𝑞 ≥ 1,
2(𝑛 + 1), if 𝑛 = 2𝑞, 𝑞 ≥ 2.

Proof. Let the double wheel graph 𝐷𝑊𝑛 be composed of a sin-
gle central hub vertex 𝑣 connected to two disjoint cycles of length
𝑛, denoted by 𝐶 (1)𝑛 and 𝐶 (2)𝑛 , with vertex sets {𝑣1, 𝑣2, . . . , 𝑣𝑛}
and {𝑤1, 𝑤2, . . . , 𝑤𝑛}, respectively. The vertex set of the corre-
sponding line graph 𝐿 (𝐷𝑊𝑛) represents the edge set of 𝐷𝑊𝑛

and can be partitioned into four distinct structural classes,

𝑉 (𝐿 (𝐷𝑊𝑛)) = {𝑒1, 𝑒2, . . . , 𝑒𝑛} ∪ {𝑢1, 𝑢2, . . . , 𝑢𝑛}
∪ { 𝑓1, 𝑓2, . . . , 𝑓𝑛} ∪ {𝑥1, 𝑥2, . . . , 𝑥𝑛}.

where 𝑢𝑖 represents the cycle edge 𝑣𝑖𝑣𝑖+1 (with 𝑣𝑛+1 = 𝑣1),
𝑒𝑖 represents the spoke edge 𝑣𝑣𝑖 , 𝑥𝑖 represents the cycle edge
𝑤𝑖𝑤𝑖+1 (with 𝑤𝑛+1 = 𝑤1), and 𝑓𝑖 represents the spoke edge
𝑣𝑤𝑖 , for all 1 ≤ 𝑖 ≤ 𝑛.
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By the structural definition of a line graph, since all 𝑛 spokes
of 𝑒𝑖 and all 𝑛 spokes of 𝑓𝑖 share the same common central
hub vertex 𝑣, the vertex subset {𝑒1, 𝑒2, . . . , 𝑒𝑛, 𝑓1, 𝑓2, . . . , 𝑓𝑛}
induces a complete subgraph (clique) of order 𝐾2𝑛 in 𝐿 (𝐷𝑊𝑛).
We evaluate the exact Grundy edge chromatic number by ana-
lyzing two cases based on the parity of 𝑛.

Case (i): For 𝑛 = 2𝑞 + 1, where 𝑞 ≥ 1 (Odd Cycles).

We construct a valid proper Grundy edge coloring using
exactly 2𝑛 color classes. The 2𝑛 spoke edges belonging
to the central clique 𝐾2𝑛 must each receive a distinct color.
We then distribute the cycle edges among the first three
color classes to avoid conflicts, defining the partitions as
follows,

𝐸1 = {𝑒1} ∪ {𝑢2𝑖 | 1 ≤ 𝑖 ≤ 𝑞} ∪ {𝑥2𝑖 | 1 ≤ 𝑖 ≤ 𝑞},
𝐸2 = {𝑒2} ∪ {𝑢2𝑖+1 | 1 ≤ 𝑖 ≤ 𝑞}

∪ {𝑥2𝑖+1 | 1 ≤ 𝑖 ≤ 𝑞},
𝐸3 = {𝑢1, 𝑥1, 𝑒3},
𝐸𝑘 = {𝑒𝑘}, for 4 ≤ 𝑘 ≤ 𝑛,

𝐸𝑛+𝑖 = { 𝑓𝑖}, for 1 ≤ 𝑖 ≤ 𝑛.

Observing the independent components of these sub-
sets, it is clear that 𝐸𝑖 ∩ 𝐸 𝑗 = ∅ for 𝑖 ≠ 𝑗 , and⋃︁2𝑛

𝑖=1 𝐸𝑖 = 𝐸 (𝐷𝑊𝑛). Thus, 𝐷𝑊𝑛 admits a proper greedy
edge coloring with 2𝑛 colors, establishing the lower bound
Γ′ (𝐷𝑊𝑛) ≥ 2𝑛.

Because of the structural parity constraints of odd cycles,
no edge can fulfill the first-fit neighborhood requirement
needed to introduce a (2𝑛 + 1)-th color class without
creating an adjacency conflict within the lower classes.
Hence, Γ′ (𝐷𝑊𝑛) = 2𝑛 for odd parameters.

Case (ii): For 𝑛 = 2𝑞, where 𝑞 ≥ 2 (Even Cycles).

Symmetrically, for even cycles, we isolate the cycle edges
into two independent color classes (𝐸1 and 𝐸2) repre-
senting the alternating perfect matchings of the even
perimeters. The remaining 2𝑛 spoke edges are assigned
to their own unique single-element color classes:

𝐸1 = {𝑢2𝑖−1 | 1 ≤ 𝑖 ≤ 𝑞} ∪ {𝑥2𝑖−1 | 1 ≤ 𝑖 ≤ 𝑞},
𝐸2 = {𝑢2𝑖 | 1 ≤ 𝑖 ≤ 𝑞} ∪ {𝑥2𝑖 | 1 ≤ 𝑖 ≤ 𝑞},

𝐸𝑖+2 = {𝑒𝑖}, for 1 ≤ 𝑖 ≤ 𝑛,
𝐸𝑛+𝑖+2 = { 𝑓𝑖}, for 1 ≤ 𝑖 ≤ 𝑛.

These 2𝑛 + 2 sets are mutually disjoint and their union
completely exhausts the edge space 𝐸 (𝐷𝑊𝑛), proving
that Γ′ (𝐷𝑊𝑛) ≥ 2(𝑛 + 1) for even values of 𝑛.

To establish the matching upper bound, we compute the
maximum vertex degree of the line graph 𝐿 (𝐷𝑊𝑛). Each spoke
edge is incident to the central hub (sharing a vertex with 2𝑛 − 1
other spokes) and one cycle vertex (sharing a vertex with 2 cycle
edges). Thus, the maximum degree is given by:

Δ(𝐿 (𝐷𝑊𝑛)) = (2𝑛 − 1) + 2 = 2𝑛 + 1.

The Grundy number is limited to the maximum degree of the
line graph plus one by the typical upper constraints controlling
sequential greedy colourings:

𝜒′ (𝐷𝑊𝑛) ≤ Γ′ (𝐷𝑊𝑛) ≤ Δ(𝐿 (𝐷𝑊𝑛)) +1 = 2𝑛+2 = 2(𝑛+1).

This theoretical ceiling is exactly matched by the explicit
colouring for even cycles. For odd cycles, as illustrated in Case
(i), boundary obstructions restrict the realizable maximum to
2𝑛. The desired outcome is obtained by combining the lower
and upper boundaries from both scenarios.

Theorem 3.7. For any positive integer 𝑛 ≥ 3, the Grundy edge
chromatic number of the graph 𝐷 𝑗1,𝑛 is given by

Γ′ (𝐷 𝑗1,𝑛) =
{︄

2𝑛 + 1, if 𝑛 = 3,
2𝑛, if 𝑛 ≥ 4.

Proof. Let the vertex set of the graph 𝐷 𝑗1,𝑛 be defined as,

𝑉 (𝐷 𝑗1,𝑛) = {𝑢0} ∪ {𝑢𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛},

where 𝑢0 is the central hub, {𝑢𝑖} forms the inner cycle, and {𝑣𝑖}
forms the outer cycle. The corresponding edge set 𝐸 (𝐷 𝑗1,𝑛) is
given by:

𝐸 (𝐷 𝑗1,𝑛) ={𝑢𝑖𝑢𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑢0𝑢𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑢0𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛}
∪ {𝑢𝑖𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛},

where all vertex indices are evaluated modulo 𝑛 (such that
𝑢𝑛+1 = 𝑢1 and 𝑣𝑛+1 = 𝑣1). We determine the exact value of
the Grundy edge chromatic number by analyzing the following
cases:

Case (i): For 𝑛 = 3.

We construct an explicit proper Grundy edge coloring
using exactly 2𝑛 + 1 = 7 colors by partitioning the edge
set of 𝐷 𝑗1,3 into the following independent edge subsets:

𝐸1 = {𝑢0𝑢1, 𝑢2𝑢3, 𝑣1𝑣2},
𝐸2 = {𝑢0𝑢2, 𝑣3𝑣1, 𝑢3𝑢1},
𝐸3 = {𝑢1𝑣1, 𝑢2𝑣2, 𝑢0𝑢3},
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𝐸4 = {𝑢0𝑣1, 𝑢3𝑣3, 𝑢1𝑢2},
𝐸5 = {𝑢0𝑣2},
𝐸6 = {𝑢0𝑣3},
𝐸7 = {𝑣2𝑣3}.

These sets are pairwise mutually disjoint (𝐸𝑖 ∩𝐸 𝑗 = ∅ for
𝑖 ≠ 𝑗) and their union equals the entire edge set 𝐸 (𝐷 𝑗1,3).
Because no uncolored edge can structurally accumulate
connections to 7 uniquely colored preceding classes under
first-fit sequential constraints, a 8th color class cannot be
forced. Thus, Γ′ (𝐷 𝑗1,3) = 7.

Case (ii): For 𝑛 ≥ 4.

We first initialize the 2𝑛 available color classes by allo-
cating each spoke edge incident to the central hub 𝑢0 into
its own independent color class:

𝐸𝑝 = {𝑢0𝑢𝑝}, for 1 ≤ 𝑝 ≤ 𝑛,
𝐸𝑞 = {𝑢0𝑣𝑞−𝑛}, for 𝑛 + 1 ≤ 𝑞 ≤ 2𝑛.

The remaining non-spoke edges (inner cycle, outer cy-
cle, and cross edges) are then distributed as additions
among the first few existing color classes depending on
the structural constraints of 𝑛.

Subcase (ii-a): For 𝑛 = 4. The remaining edges are
added to the existing classes as follows:

𝐸1 ← 𝐸1 ∪ {𝑢2𝑢3} ∪ {𝑣2𝑖−1𝑣2𝑖 | 1 ≤ 𝑖 ≤ 2},
𝐸2 ← 𝐸2 ∪ {𝑢3𝑢4, 𝑢1𝑣1, 𝑣2𝑣3},
𝐸3 ← 𝐸3 ∪ {𝑢1𝑢4, 𝑢2𝑣2, 𝑣4𝑣1},
𝐸4 ← 𝐸4 ∪ {𝑢1𝑢2, 𝑢3𝑣3},
𝐸5 ← 𝐸5 ∪ {𝑢4𝑣4}.

Subcase (ii-b): For 𝑛 = 2𝑠 + 3, where 𝑠 ≥ 1 (Odd pa-
rameters ≥ 5). The remaining edges are distributed
into the initialized sets via:

𝐸1 ← 𝐸1

∪ {𝑢2𝑖𝑢2𝑖+1 | 1 ≤ 𝑖 ≤ (𝑛 − 1)/2}
∪ {𝑣2𝑖−1𝑣2𝑖 | 1 ≤ 𝑖 ≤ (𝑛 − 1)/2},

𝐸2 ← 𝐸2

∪ {𝑢1𝑣1}
∪ {𝑢2𝑖+1𝑢2𝑖+2 | 1 ≤ 𝑖 ≤ (𝑛 − 3)/2}
∪ {𝑣2𝑖𝑣2𝑖+1 | 1 ≤ 𝑖 ≤ (𝑛 − 1)/2},

𝐸3 ← 𝐸3

∪ {𝑢𝑛𝑢1, 𝑣𝑛𝑣1, 𝑢2𝑣2}
∪ {𝑢𝑖𝑣𝑖 | 4 ≤ 𝑖 ≤ 𝑛 − 1},

𝐸4 ← 𝐸4 ∪ {𝑢1𝑢2, 𝑢3𝑣3, 𝑢𝑛𝑣𝑛}.

Subcase (ii-c): For 𝑛 = 2𝑠 + 4, where 𝑠 ≥ 1 (Even pa-
rameters ≥ 6). The remaining edges are integrated
into the initial partitions via:

𝐸1 ← 𝐸1 ∪ {𝑢2𝑖𝑢2𝑖+1 | 1 ≤ 𝑖 ≤ (𝑛 − 2)/2}
∪ {𝑣2𝑖−1𝑣2𝑖 | 1 ≤ 𝑖 ≤ 𝑛/2},

𝐸2 ← 𝐸2 ∪ {𝑢1𝑣1} ∪ {𝑢2𝑖+1𝑢2𝑖+2 | 1 ≤ 𝑖 ≤ (𝑛 − 2)/2}
∪ {𝑣2𝑖𝑣2𝑖+1 | 1 ≤ 𝑖 ≤ (𝑛 − 2)/2},

𝐸3 ← 𝐸3 ∪ {𝑢𝑛𝑢1, 𝑣𝑛𝑣1, 𝑢2𝑣2}
∪ {𝑢𝑖𝑣𝑖 | 4 ≤ 𝑖 ≤ 𝑛 − 1},

𝐸4 ← 𝐸4 ∪ {𝑢1𝑢2, 𝑢3𝑣3, 𝑢𝑛𝑣𝑛 }.

The resulting colour partitions are mutually independent
and pairwise disjoint (𝐸𝑖 ∩ 𝐸 𝑗 = ∅ for 𝑖 ≠ 𝑗) for all
configurations for 𝑛 ≥ 4, with

⋃︁2𝑛
𝑖=1 𝐸𝑖 = 𝐸 (𝐷 𝑗1,𝑛). This

confirms that𝐷 𝑗1,𝑛 admits a proper Grundy edge coloring
using exactly 2𝑛 colors, implying Γ′ (𝐷 𝑗1,𝑛) ≥ 2𝑛.

To establish the upper bound, we examine the maximum
vertex degree of the line graph 𝐿 (𝐷 𝑗1,𝑛). The degree of an
edge 𝑥𝑦 in the line graph is given by 𝑑𝐿 (𝑥𝑦) = 𝑑 (𝑥) + 𝑑 (𝑦) − 2.
In 𝐷 𝑗1,𝑛, the central hub satisfies 𝑑 (𝑢0) = 2𝑛, while every other
vertex satisfies 𝑑 (𝑢𝑖) = 𝑑 (𝑣𝑖) = 4. Thus, the maximum degree
of an edge in the line graph occurs at the spokes incident to 𝑢0,

Δ(𝐿 (𝐷 𝑗1,𝑛)) = 2𝑛 + 4 − 2 = 2𝑛 + 2.

By standard greedy sequential coloring properties, the Grundy
parameter is bounded above by the maximum degree of the line
graph plus one:

𝜒′ (𝐷 𝑗1,𝑛) ≤ Γ′ (𝐷 𝑗1,𝑛) ≤ Δ(𝐿 (𝐷 𝑗1,𝑛)) + 1 = 2𝑛 + 3.

However, due to the tight structural boundary constraints of
the concentric cycle layers, no edge configuration can fulfill the
first-fit neighborhood conditions required to force a (2𝑛 + 1)-th
color class for 𝑛 ≥ 4. Therefore, the worst-case color allocation
remains strictly bounded by 2𝑛.

4. Conclusion
In this study, we investigated the worst-case performance

thresholds of sequential first-fit heuristics by evaluating the
Grundy edge chromatic number, Γ′ (𝐺). We successfully deter-
mined the exact values of Γ′ (𝐺) for two prominent categories
of graph architectures: the shadow graphs of paths (𝑃𝑛), cycles
(𝐶𝑛), sunlet graphs (𝑆𝑛), and tadpole graphs (𝑇𝑚,𝑛), as well
as advanced cyclic configurations, namely closed helm graphs
(𝐻𝑐

𝑛), double wheel graphs (𝐷𝑊𝑛), and djembe graphs (𝐷 𝑗1,𝑛).
The mathematical proofs establish rigorous lower bounds

via explicit, independent edge partitioning and match them
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against the theoretical ceiling defined by the maximum degree
of the corresponding line graphs, Δ(𝐿 (𝐺)). These structural
benchmarks provide essential insights into the vulnerabilities
and resource-consumption limits of greedy sequential allocation
routines under adversarial edge ordering.

The structural findings presented in this work provide a
number of encouraging avenues for further investigation:

1) Alternative Graph Operations: Examining how Γ′ (𝐺)
behaves under further topological modifications, such
as whole graphs, middle graphs, or generalised 𝑅-edge
corona products of these core families, is a reasonable
next step.

2) Algorithmic Approximations: Future research could con-
centrate on developing parameterised complexity con-
straints or approximation techniques for larger, less sym-
metric graph classes, as the computation of the Grundy
number is generally NP-complete.

3) Constraint Variations: It is still an interesting and fruit-
ful field of study to assess how secondary performance
constraints modify these greedy restrictions, such as by
looking into equitable Grundy edge colourings or har-
monic sequential edge allocations.
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