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Abstract

We investigates an arithmetic family of congruent-number elliptic curves arising from the Euclid parametrization of Pythagorean
triples, with the aim of determining its generic Mordell-Weil rank and understanding the occurrence of higher ranks under
specialization. Our approach combines explicit constructions of rational sections with the geometric theory of elliptic surfaces.
A suitable quadratic base change produces a new elliptic surface on which two independent rational sections can be exhibited
explicitly. The singular fibres are classified using Kodaira’s theory, and the associated global invariants are computed to obtain a
geometric upper bound for the Mordell-Weil rank. The Shioda—Tate formula, together with the complex multiplication structure
and Galois descent, is then used to establish the exact generic rank over the rational function field. We also examine the geometric
origin of a natural non-torsion section arising from an arithmetic pencil of lines and relate its coordinates to a fixed auxiliary
cubic curve. Finally, we study the arithmetic behavior of specialized fibres through computational searches and rigorous rank
certificates based on rational points, height-pairing matrices, and descent bounds. The results distinguish the generic rank from
the higher ranks occurring at particular parameter values and reveal explicit specializations with rank at least three, including
examples with rank at least four. We also establish a connection with a previously known rank-three family, interpreting it
through a quadratic extension and the decomposition into invariant and anti-invariant sections. These findings illustrate how
explicit arithmetic constructions and the geometry of elliptic surfaces can work together to clarify generic rank and rank-jump
phenomena in families of congruent-number elliptic curves. We further relate our construction to the rank-three families of
Halbeisen, Hungerbiihler, and Shamsi Zargar, interpreting their arithmetic through a quadratic extension and the decomposition
into invariant and anti-invariant sections. This connection illustrates how dilations of classical congruent numbers (the Euclid
areas), explicit arithmetic constructions, and the geometry of elliptic surfaces contribute to the study of generic ranks and rank
jumps in families of congruent-number elliptic curves.
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1. Introduction curve
3

The congruent number problem asks whether a positive in- E,:y?=x3—n’x,
teger n is the area of a right triangle with rational sides. The
arithmetic of elliptic curves associated with congruent numbers ~ €ncodes the existence of rational right triangles of area the
has long occupied a central position in number theory. Given ~ NON-zero integer n. The arithmetic, in particular the rank of

a positive integer n, the associated congruent number elliptic ~ its Mordell-Weil group over Q, governs the existence of such
triangles. The deep connection between congruent numbers

and elliptic curves established by Tunnell (see [1]) and later
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generalized extensively (see [2-4]). Classical constructions pro-
ceed from elliptic curves to congruent numbers. Kouakou [5]
constructed infinite families of congruent numbers from explicit
rational points on elliptic curves. Similarly, Kouakou et al. [6]
developed parametric families following the methodology of
Tunnell.

In the present work, we reverse this perspective. We start from
the classical Pythagorean parametrization (> — 1,2z, ¢> + 1) for
t € Q—{-1,0, 1}, whose area is the polynomial n(t) = ¢(t>—1).
This gives rise to the one-parameter family

E v =x> - (t(* - 1))%x.

Rather than considering isolated congruent numbers, we
study the associated elliptic surface and its Mordell-Weil group
over the corresponding rational function field.

The construction of elliptic curves of prescribed rank remains
one of the central challenges in arithmetic geometry. While
infinite families of rank 1 and 2 curves are classical [7-10],
explicit constructions of rank 3 remain sporadic and technically
demanding [11, 12].

The present work approaches this problem from the geometry
of an arithmetic pencil arising directly from the Pythagorean
parametrization.

Our primary motivation is to understand how geometric con-
structions can systematically produce independent Mordell-Weil
sections. The arithmetic pencil of lines C(¢) : y = (1> — 1)x in-
tersects naturally with the elliptic surface and produces rational
points whose coordinates vary algebraically with the parameter.
The construction is also related to the fixed auxiliary cubic
curve I' : x3 — y(x + y) = 0, which contains the corresponding
universal points. This leads to a broader question:

“How can arithmetic pencils generate elliptic surfaces with
controlled generic Mordell-Weil rank?”

The question naturally connects explicit arithmetic construc-
tions with the geometry of elliptic surfaces, particularly through
the Néron-Severi group and the Shioda-Tate formula. The gen-
eral relationship between the Mordell-Weil group, the geometric
structure of the surface, and the constant part over a function
field is also framed by the Lang-Néron theorem and the theory
of the K /k-trace [13, 14].

The distinction between the generic fibre and its specializa-
tions is essential. The Mordell-Weil group E;(Q(t)) describes
the generic arithmetic of the family, whereas for a particular #y in
Q, the specialized curve may have additional rational points and
hence a larger Mordell-Weil rank. Thus, higher ranks observed
in specializations should be regarded as arithmetic rank jump
rather than as evidence for larger generic rank.

A geometric analysis of the original elliptic surface shows that
its singular fibres impose a strong constraint on the geometric
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Mordell-Weil group. To obtain a second rational section in
a form suitable for a precise generic-rank analysis, we pass
to the quadratic base change ¢ = (s? + 2)/6. This produces
a new elliptic surface with six singular fibres of type I (see
[15]), together with two explicit independent rational sections.
The resulting surface provides a particularly transparent setting
in which the geometric and arithmetic aspects can be sepa-
rated. The configuration of the singular fibres, together with
the Néron-Severi group and the Shioda-Tate framework, gives
an upper bound for the geometric Mordell-Weil rank. The
constant j-invariant (j = 1728) then supplies an additional
symmetry through complex multiplication. Combining these
geometric and arithmetic structures yields rank(Eg(Q(s))) = 4,
and rank(E(Q(s))) = 2.

The second part of the analysis concerns specialization. The
generic rank 2 does not preclude individual fibres from acquir-
ing additional independent rational points. The computations
presented below exhibit specializations with ranks 3 and 4,
illustrating the distinction between generic arithmetic and ex-
ceptional arithmetic behaviour.

The guiding principle of the paper can therefore be sum-
marized as: Geometry controls the generic rank; arithmetic
controls the rank jumps. Following this, we identify the rank-
three family of Halbeisen, Hungerbiihler and Shamsi Zargar
[16] as a twist of our family by s + 4.

2. Geometric and Arithmetic
Background

We recall the geometric and arithmetic facts needed to deter-
mine the generic rank of the elliptic family

E, :y*=x>—(t(:* - 1)%x

studied in this paper. The discussion is restricted to the tools
used later in the proof; standard details can be found in [17] and
[15].

After the quadratic base change ¢ = (s> + 2)/6, the rele-
vant function field is K = Q(s). The purpose of this section
is to provide the geometric framework used later to establish

rank(E;(Q(s))) = 2.

2.1. The Elliptic Surface Attached to the Family

Let C be a smooth projective curve over a field &, and let
K = k(C). An elliptic curve E /K defines an elliptic surface

n:85—C,

whose generic fibre is E. The surface is equipped with a distin-
guished section, namely the point at infinity of the Weierstrass
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equation. Thus, the arithmetic problem of determining the rank
of E(K) can be embedded into the geometry of the surface
S. This makes it possible to use global invariants of S, the
configuration of its singular fibres, and the Néron-Severi group.

We work with the relatively minimal elliptic surface associ-
ated with the given Weierstrass model. Its singular fibres are
classified locally by Kodaira’s theory.

2.2. Weierstrass Equations, Discriminant and
Minimality

A Weierstrass equation of an elliptic fibration over a smooth
curve C can, under suitable assumptions, be written in short
Weierstrass form

3

y2=x + asx + ag,

where a4 and ag are global sections of £®* and £®%, respec-
tively, for a suitable bundle £ on C.
Its discriminant is

A =—16(4a; +2742).

The zeros of A determine the singular fibres of the elliptic
fibration. At a place v, a Weierstrass model is minimal if it
cannot be transformed into another integral Weierstrass model
for which

ord,(aq4) >4, ord,(ag) = 6.

Minimality is essential because the valuations of the discrimi-
nant in a minimal model determine the fibre configuration and
contribute to the global invariants of the elliptic surface.

2.3. Kodaira’s Classification of Singular Fibres

Kodaira’s classification associates to every singular fibre a
fibre type determined by the vanishing orders of the coefficients
and the discriminant.

The possible types include 1, I, I1, 111, IV, IV*, 111", 11"
For each fibre v, let m, denote the number of irreducible
components of the fibre. In particular, an I fibre has
m, = 5,m, — 1 = 4. Its configuration of components is de-
scribed by the Dynkin diagram Dy4.

This classification is local:
equation is known, the fibre type is determined from the corre-
sponding local data.

once a minimal Weierstrass

2.4. Global Numerical Invariants of the Surface

The local fibre data determine important global invariants of
the elliptic surface. In particular:
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1) x(Os) = 1—12 >, ord,, (A) : the holomorphic Euler charac-

teristic,

2) g = dimH'(S, Os) : the irregularity (g = 0 when the
base is Pl),

3) pg = dimH(S, Ks) : the geometric genus, related by
X =1-q+pyg,

4) e(S) = 12x(Os) : the topological Euler characteristic,

5) by =e(S) — 2 (for ¢ = 0), and

6) h'! = b, - 2p, : a Hodge number.

These computations are mechanical once the fiber types are
known: this is the “counting” part of the argument.

2.5. K3 Surfaces

A K3 surface is a smooth projective surface satisfying:

1) Kg = Og (trivial canonical bundle) and

2) ¢ =0.

This forces y = 2, pe = 1, e(S) =24, by =22, h':! =20.

The quadratic base change used in this paper changes the
global invariant y(Os). In the present family, the resulting
surface has y(Os) = 3, and is therefore not a K3 surface.
Nevertheless, the same elliptic surface and Shioda-Tate machin-
ery applies.

2.6. The Néron-Severi Group and the Picard
Number

The Néron-Severi group of S is
NS(S) = Div(S)/Div’(S),
where divisors are taken modulo algebraic equivalence. Its rank
p(S) = rank(NS(S))

is the Picard number of S. For an elliptic surface with a section,
the Néron-Severi group contains the classes of the zero section
and of a fibre. It also contains the non-identity components of
the reducible fibres.

The Lefschetz (1, 1)-theorem gives

NS®C c H"!(S),

and hence
p(S) < hB1(S).

This inequality is the key link between the computable Hodge
number i'-! and the algebraic quantity p(S).

2.7. The Shioda-Tate Formula

Let E /K be the generic fibre of an elliptic surface 7 : S — C,
and let m,, be the number of irreducible components of the fibre
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above v. In the trace-zero setting, the Shioda-Tate formula gives

p(S) =2+ Z(mv —1) + rank(E(X)).

The first two terms on the right-hand side correspond to the
zero section and the fibre class. The terms m, — 1 measure the
contribution of the non-identity components of the reducible
fibres.

Combining the Shioda-Tate formula with p(S) < h1(S)
gives the geometric upper bound

rank(E(K)) < h*1(S) -2 - Z(mv -1).

This is the principal geometric mechanism used in the deter-
mination of the generic rank.

2.8. The Mordell-Weil Group and the
Lang-Néron Theorem

For a function field K = k(C), the corresponding finite-
generation theorem is the Lang-Néron theorem. For an abelian
variety A over K, the theorem asserts that

A(K)/Trg i (A) (k)

is finitely generated, where Trg/«(A) denotes the K/k-trace
of A in Chow’s sense. The trace accounts for the constant
part of the abelian variety. When the K/k-trace is trivial, the
Mordell-Weil group itself is finitely generated, and its rank
is the relevant arithmetic invariant. Kahn gives a geometric
proof of the Lang-Néron theorem and derives a general form of
the Shioda-Tate formula from this framework ([13], Theorem
1). Conrad provides a systematic treatment of the K /k-image
and K /k-trace and their relation with the Lang-Néron theorem
([14], Theorem 2.1). For the family studied here, the trace-zero
property is therefore an essential part of the passage from the
geometry of the surface to the Mordell-Weil rank.

2.9. Galois Descent

Let G = Gal(Q/Q). For the function field K = Q(s), rational
points are precisely the G-fixed points:

E(Q(s)) = E(Q(s))°.
After tensoring with Q, one obtains
EQ() €2 @ = (E@s) 820)

Thus the passage from the geometric rank, rank(E (Q(s))), to
the arithmetic rank, rank(E (Q(s))), is a problem of determining
the Galois-fixed subspace.
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3. Main Results

Fermat’s problem of determining which positive integers
arise as the area of a right triangle with rational sides — the
congruent number problem — translates, via a classical corre-
spondence, into a question about the rank of the elliptic curve
E, : ¥y = x* —n’x, n € N*. The simplest right triangles,
(1> = 1,2t,1% + 1), attach to every rational ¢ the congruent num-
ber n(t) = t(t*> — 1) and an explicit point P;; this yields the
elliptic surface {E; };eq underlying our study. Our main result
determines the generic rank of the family exactly.

Theorem 3.1. Let (> — 1,2t,1> + 1) : t € N - {0, 1} be the
classical rational parametrization of Pythagorean triples, with
area n(t) = t(t> — 1). Then, the associated congruent number
elliptic curve E; : y* = x> — (1(t* = 1))?x has generic rank
exactly 2 over Q(s), where t = (s> +2)/6.

Proof. Let us show that rank > 2.

Consider the classical Pythagorean parametrization (> —
1,2t,12+1) : t e N—{0, 1}, whose areais n(r) = t(>*—1) € N*.
Thus n(¢) € N* is a congruent number and the associated elliptic
curve E; : y? = x> — (1(+*> = 1))%x is of nonzero positive rank
([18], Proposition 3.3; [19], Proposition 18).

Step 1 - The Natural Section and the Rank 1

The Pythagorean curve C(z) : y = (> — 1)x and the elliptic
curve E; intersect naturally in the point

P, = (1*(* - 1), 12(* - 1)?).

For a rational admissible specialization ¢t = ty, put D =
n(ty) # 0, then

Ey : y? =x* - D%x.

It is well known (see [19] Proposition 17, [20] Theorem
1, and [3] Page 5), that the rational torsion subgroup of this
congruent-number curve is

E (Qors = {(0,0), (D, 0),(-D,0),0} = Z/2Z X Z/2Z.
On the other hand,

P(to) = (toD, D*) (D #0),

so that y p(,,) # 0. Therefore P(o) is not a torsion point. Hence
P(to) has infinite order in E,,(Q). This specialization argument
provides an elementary arithmetic verification of the non-torsion
nature of the natural section.

Step 2 - Construction of a non-torsion point (Rank > 2)
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Let us impose on the curve the point Q; of abscissa
x = 2£2(¢t + 1); then we have

2 = [2(3t - 1)] (tz(t + 1)2)2.

So,
2(3t = 1) = 5% : sinQ.

Since 2(3t — 1) = s? is a quadratic form with solution
(t,5) = (1,2), it has infinitely many solutions. A simple param-
eterized solution is given by 7 = (s> + 2)/6, which corresponds
to the curve

ES:yQ:x

s ((2+2)(s2—4) (s> +8))’
_( 216 ) *

with the points

1296 216
0, = ((s2 +2)2(s2+8) s(s2+2)% (s> + 8)2)

b - ((s2 —4) (s +8)(s +2)? ((s2 — (s +8)(s% + 2))2)

108 ’ 1296
Let us specialize for sg = 10 : we have
Eig:y? = x> —23970816x,
with the points

Pip = (83232, 23970816),
Q10 = (10404, 936 360)

on the curve Eg of rank 2. We verify with SageMath 9.3 [21]
that the height pairing matrix of Pjg and Q19 is

_ [ 2.51296018075818
| 0.697224582044587

0.697224582044587

10 3.01866991697493

with non-zero determinant
det(Hg) ~ 7.09967518240335 > 0.

That is, the points Pjgp and Q¢ are linearly independent.
Then, by Silverman’s Specialization Theorem ([15], Theorem
11.4), linear relations over Q(¢) specialize injectively for all but
finitely many so. We conclude that rank(E; (Q(¢))) > 2.

Second. Let us show that rank(E/Q(s)) < 2.

Step 1: Generic Rank of the Base-Changed Family

Let s be defined by 7 = (s + 2)/6, and consider the elliptic
curve over Q(s)

3 (s2+2)(s* —4)(s* + 8) zx

Ey:y =x 216
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The elliptic surface and its singular fibres

Set
M(s) = (2 +2)(s> —4)(s* +8),

and n(s) = M(s)/216. The six zeros of n(s) over the algebraic
closure are

and all are simple.

Writing the equation as y? = x> +a4 (s)x with a4 (s) = —n(s)?,
we have ord(a4(s)) = 2 and ord(A) = 6 at each of these six
points. The model is minimal there, and each corresponding
singular fibre is of Kodaira type /.

Each I fibre has five irreducible components.
m, — 1 = 4 at each of the six singular fibres, and

Z(mv— 1) = 24.

v

Hence

At infinity, put s = 1/u and make the change x = u 38X,y =
u~'2Y. The transformed coefficient of X is a nonzero unit at
u = 0. Thus the fibre at infinity is good.

The geometric upper bound over the algebraic closure

The six [ fibres contribute 6 X 6 = 36 to the Euler num-
ber of the relatively minimal elliptic surface. Consequently,
x(Og) =36/12 = 3.

Since the base is P!, ¢ = 0 and p, = y(Op) - 1 = 2.
Moreover, b, = 36 — 2 = 34, and hence h'"! = 34 - 2p, = 30.
It follows that p(&;) < 30.

Let k = Q and K = k(s). The K/k-trace of the generic
elliptic curve is zero. Applying the Lang-Néron/Shioda-Tate
formula in the form of Kahn [13], paragraph 3.2 (a), gives

rank(E,(K)) = p(&s) = p(B') = 1= 3 (my = 1).

Here the term 1 is the generic elliptic-fibre contribution
in the elliptic-surface formulation. Since p(P') = 1 and

Zv(mv - 1) = 24,
rank(E(Q(s))) = 4.

This is the geometric upper bound that will be sharpened over
Q(s) by the Complex Multiplication (CM) action.
The CM action and the rational subspace

Let V = E4(Q(s)) ®z Q. The curve has j-invariant 1728 and
therefore admits the complex multiplication automorphism

J=1[i]: (x,y) — (—x,iy), J*=-1.

Choose complex conjugation ¢ € Gal(Q/Q), so that ¢(i) =
—i. Then ¢J = —Jc. Decompose V into the +1 eigenspaces of
c:

V=VvteVv",
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where V¥ = {R: ¢cR =R} and V™ = {R: ¢cR = —R}. The
relation ¢J = —Jc¢ implies that J maps V* isomorphically onto
V= and V™ onto V*. Hence dimV* = dimV~ and

dimV =2dimV".

The construction provides two independent points Ps, O €
E;(Q(s)). Since their coordinates are rational, they are fixed
by complex conjugation, so Py, O € V*. Their independence
implies dimV* > 2. Combined with dimV < 4, this forces
dimV =4 and dimV* = dimV~ = 2. Therefore

vVt = QP; EBQQS~

Step 2: Galois descent to Q(s)

Let G = Gal(Q/Q). After tensoring with Q, the Mordell-Weil
group over Q(s) is the G-invariant subspace:

E+(Q(s)) ®zQ=V°.
Every G-invariant vector is fixed by complex conjugation, so
Ve c vt =QP;  QQ;.

Conversely, Py and Q; are defined over Q(s), hence they are
G-invariant. Thus

V' =QpP,©QQ, C VE.
Since dim V* = 2, all three spaces coincide. Consequently,
rank(E(Q(s))) < 2.

Thus rank(E,(Q(s))) = 2. O

Remark 3.2. The coordinates of P; identically satisfy x> —
y(x+y) = 0, the equation of the nodal cubic I". As I is rational,
parametrized by lines through its node, P; is simply the image
of the parameter 1> — 1; this explains why P, exists, with no
exceptions, for every ¢ : it is not an elliptic phenomenon, but a
rational one. The two preimages of the node correspond exactly
to the bad fibers ¢ € {0, +1} of the elliptic surface.

As a consequence, we recover and unify three known congru-
ent number formulae of Halbeisen, Hungerbiihler and Shamsi
Zargar [16], as dilations of a single construction, and identify
their independently discovered rank-three family as a quadratic
twist. A numerical investigation further reveals sporadic spe-
cializations of rank 3 and 4, all rigorously certified, beyond the
generic bound established here.

Lemma 3.3 (Dilation). Let n € N — {0, 1}, d € Q*. The map

©bd - En —_— Edzn
(x,y) > (d*x, d°y)

is an isomorphism over Q, where E, : y* = x> —n’x. In

particular, n is congruent if and only if d*n is.
Proof. If y> = x3 — n’x, then (d%y)? = d°(x* - n’x) =
(d*x)? — (d’n)*(d?x), so the map sends E, to Ep,,. Its in-
verse is (x, y) —> (x/d?, y/d?). This is the change of variables
(x,y) — (u*x,u’y) withu = d, r = s =1t = 0 of [2]
(Proposition 3.1 (b)). O
In [16] paragraph 4, three families of congruent numbers
are obtained separately, by setting m = n +2l, m = n — [ and
m = 3nl. We show that all three are dilations d?n(r) of the
Euclid area n(t) = ¢(¢> — 1), for a suitable rational parameter ¢,
so that they follow from a single construction, and we identify
their witnessing points with P, up to 2-torsion.

Corollary 3.4. Let n,1 € Q, and let A, t,d be as in the table below. If A # 0, then |A| is a congruent number.

Table 1. Halbeisen and al.’s congruent numbers : the dilations of the Euclid area.

Case A

(D) nl(n+1)(n+2l)

(2) nl(n+)(n-1)

3) 3(n+l)(n=0)(n+20)(2n+1)

t d

n+l 2

l
_n—l (n+1)?
n+l 2
n+2l 5
“om a1 2n+1)

In each case, A = d*n(t) and t ¢ {0, +1}. The number A is witnessed by

0a(Pr) = (d*x(Py), d*y(P,)) € EA(Q),

P, = (2(2 - 1), 2(1* - 1)?),

and this point coincides exactly with the witness of [16] — in case (3) after rescaling (x,y) —> (x/(nl)?,y/(nl)?) that clears the
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squares in the witness point of [16], which is stated there for the curve with A = 3n*1>(n +1)(n—1)(n + 21)(2n + [) before passing

toA=3n+D(n-Dn+20)2n+1).

Forl =1andn > 2 an integer, (1) and (2) give that n(n + 1)(n + 2) and n(n — 1)(n + 1) are congruent, and both are divisible

by 6.

Proof. The triangle (1> — 1,2¢,1> + 1) has area |n(t)|, so |n(?)]
is congruent. By the dilation Lemma, dzn(t)| is congruent. It
remains to check the identities.

+ 21
1 . Hence

+1
(1)Heret=%=>t—1=?andt+l=

1> =1) =n(1) = W

= I*n(r) = n(2l + n)(I + n) = d*n(2).

- 2 2
D Herer=-""0 122" andre1= 21
n+l n+l n+l
Hence
l—n

2

t(t*=1)=n(t) = -4ln——

(P = 1) = (1) = 4l

2
(n+1)? l—n
= d’n(t) = —4]
n(?) ( 2 U+
=nl(n-10)(l+n).

_ n+2l _ 3(n+1) B
(33Heret——2n+l=>t—l— ] andr+1 =
n—
2n_'_l.Hence

(I -=n)(2L +n)(31 + 3n)
(I +2n)3
= d’n(1) =3(n+D(n—0)2n + 1)(n +21).

He* = 1) =n(t) = -

The condition A # 0 is equivalent to ¢ ¢ {0, =1} in each case.
The identification of the witnesses with those of [16] is a direct
symbolic computation in n, [. [

3.1. A Rank-Three Subfamily via a Quadratic
Extension

The formulae established above reveal a structural connec-
tion with the family of [16]. After the quadratic base change
s = 4w/(w? = 1), their rank-three family becomes an exten-
sion of the present rank-two family. The key point is that the
parameter fields satisfy

Q(w) = Q(s)(Vs* +4),

where s = 4w/(w? = 1).

Indeed, w is a root of sw? — 4w — s = 0, whose discriminant
is 4(s%> + 4). The nontrivial automorphism of this quadratic
extension is therefore 7 : w — —1/w, while s is fixed by 7.

3.1.1. The change of model

Let
6:w4+1, y:w4+6w2+1, 7:w4—6w2+1,
and set
_ 9/ , 3
A, = 66vY, d:E(W —1) .
With
2 4 2
+2 +6w” +1
p=3 =Y id > and n(1) = (2 - 1),
6 3(w2-1)
direct simplification gives A,, = —d’n(t). Consequently, the

change of variables

®d . Eny — Ea,
(x,y) — (dzx, d3y)

is an isomorphism over Q(w).

3.1.2. The Three Points and the Quadratic
Involution
Write Py (w), P2(w), P3(w) for the three rational points of

Theorem 2.1 of [16]. Their role as free generators is established
in Section 3 of [16]. Define

Ri = 93" (Pi(w)) € En(t)(Q(w)), i=1.2.3.
A direct symbolic calculation, using 7(w) = —1/w, gives
T(R1) =-Ri, 7(Ry) =Ry, 7(R3)=Rs.

Thus R, and Rj3 descend to Q(s), whereas R belongs to the
anti-invariant part of the quadratic extension. In particular, the
rank-three construction in [16] separates naturally into a two-
dimensional invariant part and a one-dimensional anti-invariant
part.

3.1.3. Rank Decomposition

Since the coefficients of E, ;) lie in Q(s), the 7-fixed
subgroup of E,;)(Q(w)) is E,)(Q(s)). The authors prove
in Section 3 of [16] that rank(E,)(Q(w))) = 3, and that
Py, P, P form a set of free generators modulo torsion. Because
©@q is an isomorphism, the same rank statement holds for

Ep1)(Q(w)).
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The standard rank formula for a quadratic extension
K(VD)/K gives

rank(E (K (VD))) = rank(E(K)) + rank(E P (K)),

where EP) denotes the quadratic twist. Here K = Q(s) and
D = s + 4. Hence the invariant/anti-invariant decomposition
yields

Y2
3 = rank(E, () (Q(s))) + rank(Er(l‘(t;r4) (Q(s))).
Our previous theorem gives rank(E, ) (Q(s))) = 2; there-

fore rank(Er(l‘Zi;“) (Q(s))) = 1, and the anti-invariant section R,
supplies the corresponding nontrivial class after passage to the

quadratic twist.

3.1.4. The Change of Basis Matrix at w = 4

The exact specialization argument of the authors should also
be kept distinct from the generic quadratic decomposition above.
At w = 4, they give a rank-three specialization E4 and a free
basis G, G2, G3. Their three points P (4), P>(4), P3(4) satisfy,
modulo the displayed 2-torsion,

Pi(4) 1 0 -1\[/Gy
P4 |=]1 0 0 [||G,|+ Torsion.
P3(4) -1 1 1 Gj

The corresponding change-of-basis matrix has determinant
equal to 1. Thus they obtain an exact specialization certificate
that Py (4), P»(4), P3(4) generate the free part. This matrix is
a specialization statement; it should not be confused with the
quadratic descent decomposition over Q(s).

Remark 3.5. The comparison should therefore be stated care-
fully. What is established directly is that their rank-three family
becomes, after the quadratic base change s = 4w/(w? — 1),
a rank-three extension whose 7-invariant part is precisely the
present rank-two family and whose anti-invariant part has rank
one. We do not need, and should not assert without an additional
symbolic calculation, an exact identity such as

Ry =—P; +(n(1),0), R3=-0Qs+ (n(),0).

The invariant points R, and R3 instead provide another pair
of independent sections of the same rank-two Mordell-Weil

group.
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3.2. The Rank-Jump Phenomenon

While the family has generic rank 2 over Q(s), a numeri-
cal search reveals specializations 7y € N where the rank of
E; (Q) strictly exceeds this generic value. We report these
values together with the computational method, software, and
certificates used, for methodological precision; see also Dujella,
Janfada and Salami [22] for the analogous methodology on the
congruent-number family at large.

3.2.1. Methodology

All computations were performed in SageMath [21], using
the 2-isogeny descent algorithm of Cremona’s mwrank, as in-
terfaced through PARI/GP’s 2-descent-over-Q routine — the
same method used by Dujella, Janfada and Salami [22] for
the congruent-number family. We distinguish two levels of
certification:

Unconditional lower bound (rank > k). This is certified
whenever k explicit rational points are exhibited whose inde-
pendence follows from a nonzero determinant of the Néron-Tate
height-pairing matrix (equivalently, a nonzero regulator), com-
puted via Silverman’s canonical height algorithm. This requires
no conjectural input and holds regardless of whether the match-
ing upper bound from descent is sharp.

Proven exact rank (rank = k). This additionally requires an
upper bound of &, either from 2-descent alone (rank_bounds ()
returning 1o = hi = k) or, where the descent upper bound
exceeds k, from the Selmer-group bound hi = k combined
with our own unconditional lower bound rank > k above. In
every case reported as “proven” below, both bounds are uncon-
ditional; no case relies on the analytic rank or on the Birch and
Swinnerton-Dyer conjecture (BSD).

3.2.2. Results

The table below lists the rank-jump values found, with n ()
denoting the squarefree part of n(zg) = tg (tg —1), whose residue
modulo 8 fixes the predicted parity of rank(E,,(Q)) via the sign
of the functional equation (see [23]).
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Table 2. Rank-jump specializations and height-pairing certificates.

ty n(ty) (mod 8) rank(E¢, (Q)) status certificate

67 6 3 proven (lo=hi=3) detH ~ 121.01 >0
74 6 3 proven (lo=hi=3) detH ~ 153.96 > 0
85 6 3 proven (lo=hi=3) detH ~ 65.50 >0

89 7 3 proven (lo=hi=3) detH ~ 171.32 >0
113 6 3 proven (lo=hi=3) detH ~ 110.30 >0
131 6 3 proven (lo=hi=3) det H ~ 150.07 > 0
286 2 4 rk > 4 proven detH ~ 786.94 > 0
438 2 4 rk > 4 proven detH = 11446.79 > 0
534 6 4 rk > 4 proven detH ~ 10815.72 > 0
958 2 4 rk > 4 proven det H = 21000.21 > 0

For ty € {85,113,131}, the 2-descent upper bound alone
did not close to 3 within the computation performed; the value
rank = 3 is the rank found by the descent search and matches
the analytic rank exactly, with a trivial Kolyvagin bound on
Sha(E/Q). We report this as strongly supported but not un-
conditionally certified by descent alone: the agreement with
the analytic rank is valid under the Birch and Swinnerton-Dyer
conjecture (BSD), which equates algebraic and analytic rank.
No unconditional proof of rank = 3 (as opposed to rank > 1,
which is unconditional via P;) is claimed for these three values.

For 1y € {286,438,534,958}, descent gives bounds
[2,4],[2,6],[2,4] and [2, 4] respectively (not sharp); the four

for t® in [67, 74, 85, 89,
t0 = QQ(t0)

a = t0*(t042-1)

E = EllipticCurve([-a*2, 0])

pts = [E(x, y) for (x, y) in GENERATORS[t0]]
H = E.height_pairing_matrix(pts)

print(t0, "det H =", H.det(), H.det() !'= 0)

113, 131, 286, 438,

Output and Point Coordinates
to = 67 (rank 3, det H = 121.006891328599):

P) = (—4488,20142144),
P, = (~392,5953472),
P5 = (467313, 244538217).

to = 74 (rank 3, det H = 153.962792268077):

Py = (—378075, -89539875),
Py = (—5475,29975625),
P3 = (1753825/4, —887944625/8).

points listed hereafter are confirmed pairwise independent via a
nonzero height-pairing determinant, certifying rank > 4 uncon-
ditionally for all four values. The matching upper bound (i.e.
rank = 4 exactly) remains open.

3.2.3. Generating points

The following rational points, found via SageMath’s gens ()
(descent-based point search), generate E;,(Q) modulo torsion
for each #y. In every case the determinant of the Néron-Tate
height-pairing matrix of these points is nonzero, unconditionally
certifying their independence.

The SageMath verification script used was:

534, 958]:

to = 85 (rank 3, det H = 65.4997156478263):
Py = (~7224,52186176),
P> = (16859784/25,28624650048/125),
P3 = (758100, 387109800).
to = 89 (rank 3, det H = 171.324110516951):
Py = (—627264, -254669184),
P, = (=7920, 62726400),
P3 = (1512900, 1646551800).
to = 113 (rank 3, det H = 110.300561706443):
Pi = (~12768, 163021824),
P, = (2260000, —2615091200),
P3 = (58442784, 446646528000).
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to = 131 (rank 3, det H = 150.072105233437):

P; = (14037011560/5041,981467848275200/357911),
P, = (3172884, 3988536552),
P3 = (5733585, 12629813625).

to = 286 (rank 4, det H ~ 786.94):

P; = (—19513969475/841, —-349631791083575/24389),

Py = (—46301255/16, —2527322072275/64),

P3 = (470106, -16036255872),

Py = (1302975618945/55696,
14091681318890175/13144256).

to = 438 (rank 4, det H ~ 11446.79):

P1 = (~3251638416/49, —144024813003240/343),
P> = (—300203819353192482/8104140529,
— 33489532790086 1180719423248 /729559042842167),
P = (191843, —36803736649),
Py = (347880697 /4, —1673634591469/8).

to = 534 (rank 4, det H ~ 10815.72):

P = (—150467850, —286738615800),
Py = (—335805366/25, -69487995196152/125),
P3 = (—3536813631/1600,
— 14487803698088097 /64000),
P, = (1317705018841/196,
1512223122275889661/2744).

to = 958 (rank 4, det H ~ 21000.21):

P; = (-917763, -842288924169),

P, = (1842788205874/1681,
1494162832038735320/68921),

P3 = (1965375148, 77925441486068),

Py = (X958 Yosg )
4 = ’ ’ k)
D958 D958

where

Xosg = 68341466759191463106756277
20196007971870901758,

Dosg = 52076663262348281414978101
63678881,

Yos3 = 5649712468202569039708876296
23012766894720454968119184
453362018555848,

D{ss = 3758068781789959564317985493
85411899140913293724529.

3.2.4. Independence Certificate

The unconditional claim rank > 4 for t( = 286,438, 534,958
rests on the four listed points being pairwise independent, i.e.
on a nonzero determinant of their Néron-Tate height-pairing ma-
trix. This was verified in SageMath, confirming independence
in all four cases. The same computation was carried out for
to = 67,74,85,89, 113,131, closing the gap for 85,113, 131
and upgrading their status from BSD-supported to uncondition-
ally proven, as reflected in the table.

3.2.5. Discussion

None of these rank-jump values arise from the explicit rank-3
subfamily of Halbeisen, Hungerbiihler and Shamsi Zargar [16]
identified above (s> + 4 is not a square for the relevant s in each
case); they remain sporadic, unexplained jumps. All values re-
main far from the highest rank known for the congruent-number
family proper, namely 7, attained by 27 known curves to date
[22].

4. Conclusion

This study began with an elementary construction: to every
rational ¢, the Pythagorean triangle (t2 - 1,26, + 1) :t €
Q - {~1,0, 1}, associates the area n(f) = (> — 1) and hence
the elliptic curve E; : y> = x> — (£(+> — 1))?x. We showed that
the family E; : y> = x> — (¢(¢> — 1))?x has rank exactly two
over Q(s), generated by a natural point P, — itself a rational-
cubic phenomenon — and an explicit Q(s)-point arising from
a quadratic extension, controlled by Shioda-Tate, Lang-Néron
and Galois descent. This unifies three known congruent number
formulae of Halbeisen, Hungerbiihler and Shamsi Zargar, and
identifies their rank-three family as our own rank-two family
twisted by s2 + 4. Sporadic jumps to rank three and four persist
beyond this, unexplained.
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Abbreviations

Ex Curve y? = x3 — A%x Attached to the Number A

Div(S) Group of Divisors on §

n(t) Area of the Triangle (£ — 1,2t,1% + 1)

Div’(S) Group of Divisors Algebraically Equivalent to 0

E; Elliptic Curve y? = x3 — n(1)%x

NS(S) Néron-Severi Group of S

P, Point (£2(¢> - 1),1*(1* — 1)?) of E,

Os Structure Sheaf of S

to Specialization Value of ¢

Ks Canonical Bundle of S

Q Field of Rational Numbers

e(S) Topological Euler Characteristic of S

k A Base Field

A Discriminant of the Weierstrass Equation

K An Extension Field of k

ord, (a) Order of Vanishing (or Pole) of a at v

k(C) Function Field of a Curve C over k

1 Kodaira Fiber Type with 5 Components

Q1) Rational Function Field Over Q

my, Number of Irreducible Components of Fiber at
v

E;(Q(1)) Points of E; Defined Over Q(¢)

X Holomorphic Euler Characteristic

rank(E(K)) Rank of the Mordell-Weil Group E (K)

q Irregularity, dim(H' (S, Os))

(E(K))tors Torsion Subgroup of E(K)

Pe Geometric Genus, dim(H°(S, Ks))

H,y, Gram Matrix of Canonical Heights at #

by Second Betti Number, dim(H>(S, Q))

[7] Complex Multiplication: (x, y) — (—x,iy)

h'! Hodge Number, dim(H"-!(S))

E() Quadratic Twist of E by d

Je Picard Number, Rank of NS(S)

©d Dilation Isomorphism E,, — E 2,

L& i-th Tensor Power of Line Bundle £

Q Algebraic Closure of Q

Gal(Q/Q) Absolute Galois Group of Q

Ve Subspace of V Fixed by G

Trg i The K /k-trace in Chow’s Sense

S Elliptic Surface Attached to the Family
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