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Abstract 

In clinical research, longitudinal biomarkers and time-to-event outcomes are often correlated. Standard separate modeling of 

these processes leads to biased estimates due to the failure to account for endogeneity. This study investigates the application of 

the Bayesian joint modeling framework to quantify the association between pulse rate trajectories and mortality risk in cardiac 

patients. A primary focus is placed on comparing various association structures to determine the most effective parameterization 

for medical inference. Data from cardiac patients at an Ethiopian cardiac center were analyzed using a linear mixed model for 

pulse rate and a Cox PH model for time-to-death. Three distinct association structures current value, current value plus slope, 

and shared random effects were estimated via Markov chain Monte Carlo (MCMC) algorithms. The current value plus slope 

association structure provided the best model fit, demonstrating that both the current level of pulse rate and its instantaneous rate 

of change are significant predictors of mortality. Clinical findings also indicated that underweight status and pulmonary 

complications significantly increase the hazard of death, while corrective surgery serves as a protective factor. Joint modeling 

offers a robust unified approach for medical research, yielding more efficient and less biased estimates than separate analyses. 

The choice of association structure is critical; specifically, incorporating the trajectory's slope alongside its current value enhances 

the predictive performance and interpretability of clinical biomarkers in survival analysis. 
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1. Introduction 

In many clinical researches, longitudinal measurements on 

continuous outcomes alongside time-to-event data are col-

lected [1, 2]. Such data structures are particularly prevalent in 

biomedical and behavioral sciences [3]. For instance, in clini-

cal studies, repeated assessments of biomarkers such as blood 

pressure, antibody affinity, or cholesterol levels are often ob-

tained to monitor disease progression and are intrinsically 

linked to events, including mortality, disease onset, or recov-

ery [4]. Substantial interest lies in quantifying the association 

between biomarker trajectories and the event of interest [5, 6]. 

From a methodological standpoint, classical approaches 

treat these outcomes separately: linear mixed effects models 

are used to analyze longitudinal measurements, whereas sur-
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vival models are used for time-to-event outcomes [7-9]. How-

ever, such a framework is often inadequate due to the presence 

of endogeneity between the two processes [8]. Specifically, 

the longitudinal measurements are informative of the underly-

ing event process, implying that the observed biomarker his-

tory at a given time point carries predictive information about 

the future occurrence of the event [10, 11]. Ignoring this in-

trinsic dependence can result in biased parameter estimates, 

loss of efficiency, and invalid inference [12]. 

To address these limitations, joint modeling frameworks 

have been developed, enabling the simultaneous estimation of 

longitudinal and time-to-event processes within a unified 

probabilistic approach [2, 3]. These models explicitly account 

for the dependence between the two outcomes, typically 

through functional association structures, and provide direct 

inference on the relationship between the longitudinal marker 

and the hazard of the event [12, 13]. Consequently, joint mod-

els yield more efficient and less biased estimates while offer-

ing improved predictive performance [15]. 

A key strength of joint modeling lies in its flexibility in 

specifying the association structure between the longitudinal 

and survival submodels [16, 17]. The longitudinal process and 

its relationship with the hazard function can be parameterized 

in multiple ways, including dependence on the current value, 

rate of change, or latent random effects [15]. Each specifica-

tion carries distinct theoretical and practical implications, un-

derscoring the importance of carefully selecting an appropri-

ate association structure [5, 8]. 

Despite methodological advantages and increasing adop-

tion in medical statistics, joint modeling approaches remain 

relatively underutilized in clinical and psychological research 

[7, 14, 15]. This gap is notable given the growing availability 

of rich longitudinal datasets in these fields and the increasing 

importance of understanding how long-term behavioral and 

cognitive trajectories relate to health outcomes and survival 

[11, 13]. 

Motivated by these considerations, the present study fo-

cuses on association structures within the Bayesian joint mod-

eling framework for longitudinal and time-to-event data. Spe-

cifically, it aims to investigate how alternative parameteriza-

tions of the association between the longitudinal process and 

the hazard function influence statistical inference, model fit, 

and interpretability. By providing a rigorous comparative 

analysis, this work seeks to contribute both to methodological 

development and to the prasctical application of joint models 

in complex data settings. 

2. Statistical Framework 

This section outlines the components underlying joint mod-

eling of longitudinal and time-to-event data. For completeness, 

formulations of both the mixed-effects submodel for longitu-

dinal outcomes and the survival submodel for event-time data 

are present, which together define the joint modeling frame-

work. 

Joint modeling, formally introduced by Wulfsohn and 

Tsiatis [18] and further extended in subsequent work [3, 5, 8, 

10, 14], comprises two interconnected submodels: (i) a longi-

tudinal submodel for repeated measurements, and (ii) a time-

to-event submodel that describes the hazard of an event occur-

rence. The defining feature of joint models is the simultaneous 

specification of a joint likelihood, whereby the longitudinal 

and survival processes are linked through shared latent struc-

tures or functional relationships, rather than being modeled in-

dependently through separate marginal likelihoods [11, 12]. 

More specifically, the two submodels are combined by al-

lowing the hazard function in the survival component to de-

pend on certain features of the longitudinal process [10]. 

These features may include the current value, slope, or sub-

ject-specific random effects [5, 8]. This formulation explicitly 

accounts for the endogenous relationship between the re-

peated measurements and the event process. 

2.1. Linear Mixed Effects Submodel 

The longitudinal component consists of repeated measure-

ments of a continuous outcome collected for each individual 

over time. Due to the within-individual association, observa-

tions from the same individual are dependent [19]. Each indi-

vidual is assumed to follow an individual specific trajectory, 

reflecting both population level trends and individual level de-

viations [20]. 

To handle this hierarchical structure, the longitudinal out-

come is typically modeled using a linear mixed effects model, 

which decomposes variability into fixed and random effects 

[21, 22]. The fixed effects capture the average population tra-

jectory, while the random effects account for between-individ-

ual variability by allowing individual-specific deviations from 

the population mean. 

Let 𝑌𝑖𝑗  be a measurement on longitudinal outcome 𝑌 for 

the 𝑖 − 𝑡ℎ  individuals (𝑖 = 1,2, … , 𝑛)  at time 𝑡𝑖𝑗  of visit 

𝑗 (𝑗 = 1,2, … , 𝑛𝑖) . The linear mixed effect model can be 

given by [21, 22]: 

𝑌𝑖𝑗 = 𝑋𝑖𝑗𝛽 + 𝑍𝑖𝑗𝑏𝑖 + 𝜖𝑖,                (1) 

𝑌𝑖𝑗 = 𝜂𝑖(𝑡) + 𝜖𝑖 ,                  (2) 

𝑏𝑖~𝑁(0, 𝛴𝑏), 𝜖𝑖~𝑁(0, 𝛴),  

where 𝛽  is denote fixed effect parameters and 𝑏𝑖  denotes 

the vector of random effects for individual 𝑖  with 

𝑏𝑖~𝑁(0, 𝛴), and 𝛴 is the variance-covariance matrix of the 

random effects (typically a 2 𝑋 2 unstructured matrix with 

random intercept and random slope effects). 𝑋𝑖𝑗  and 

𝑍𝑖𝑗  represent the design matrix containing the predictors for 

the fixed effects coefficients 𝛽 and for the random effects re-

gression coefficients 𝑏𝑖 , respectively (typically 𝑏𝑜𝑖  and 𝑏1𝑖 

for random intercept and slope effects). 
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2.2. Time-to-Event Submodel 

Time-to-event analysis is designed to analyze the distribu-

tion of time until the occurrence of a well-defined event of 

interest [23]. The event time is defined as the elapsed time 

from a specified origin to the occurrence of an event, such as 

death, disease onset, or recovery [24]. 

Let 𝑇𝑖
∗ denote the failure time, 𝐶𝑖 as the censoring time 

and 𝑇𝑖 = 𝑚𝑖𝑛(𝑇𝑖
∗, 𝐶𝑖) as the observed time for 𝑖𝑡ℎ subject. 

The Cox PH model can be written as [23, 24]: 

ℎ𝑖(𝑡) = 𝜆𝑜(𝑡)𝑒𝑥𝑝(𝛼𝑇𝑊𝑖), 𝑡 > 0          (3) 

where 𝜆𝑜(𝑡)  is the baseline hazard function at time 𝑡  and 

𝑊𝑖 is a vector of baseline predictors with corresponding re-

gression coefficients 𝛼. The submodel has two distinct parts. 

First, 𝜆𝑜(𝑡)  describes the hazard when all covariates 𝑊𝑖 

have value zero. Second, the effect parameters 𝛼𝑇𝑊𝑖  de-

scribe how the hazard varies as a function of the explanatory 

covariates 𝑊𝑖. 

2.3. Joint Model 

Joint models provide a framework for simultaneously ana-

lyzing longitudinal and time-to-event data by linking them 

through shared parameters [15]. The dependence between the 

two processes is captured by allowing the hazard of the event 

to depend on individual specific features of the longitudinal 

trajectory [14]. This is achieved through association parame-

ters that quantify the strength and types of association between 

the longitudinal and survival outcome [16]. 

This approach models the hazard of an event as dependent 

on individual specific characteristic of longitudinal trajectory 

and assumes that the risk of an event is a function of the linear 

predictor 𝜂𝑖𝑘(𝑡) and/or the random effects [8, 10, 15]. More 

specifically: 

ℎ𝑖(𝑡|𝐻𝑖(𝑡), 𝑊𝑖) =
lim

∆𝑡→0
𝑃(𝑡≤𝑇𝑖

∗<𝑡+∆𝑡|𝑇𝑖
∗≥𝑡,𝐻𝑖(𝑡),𝑊𝑖)

∆𝑡
, 𝑡 > 0  (4) 

ℎ𝑖(𝑡|𝐻𝑖(𝑡), 𝑊𝑖) = 𝜆𝑜(𝑡)𝑒𝑥𝑝{𝛼𝑇𝑊𝑖 + ∑ 𝑓(𝐻𝑙(𝑡), 𝑏𝑖 , 𝛾𝑙)𝐿
𝑙=1 }, 𝑡 (5) 

where 𝐻𝑖(𝑡) = {𝜂𝑖, 0 ≤ 𝑠 < 𝑡} denotes the history of the un-

derlying longitudinal process up to 𝑡 , 𝜆𝑜(𝑡)  denotes the 

baseline hazard function, and 𝑊𝑖  is a vector of covariates 

with corresponding regression coefficients 𝛼. Functions 𝑓(. ) 

parameterized by vector 𝛾𝑙 , specify which components/fea-

tures of each longitudinal outcome are included in the linear 

predictor of the survival submodel. 

2.4. Association Structures 

The linking function 𝑓(·) in equation (5) have various op-

tions which lead to different forms of association between the 

longitudinal and time to event data. One is called current value 

[2, 25] association (𝛾𝑙𝜂𝑖(𝑡)) in which longitudinal measure 

𝜂𝑖(𝑡)  is predictive of the risk of event at the same time 𝑡 . 

Second one is called current value plus slope [2, 25] associa-

tion(𝛾1 𝜂𝑖(𝑡) + 𝛾2𝜂𝑖
′(𝑡)). This extends the first structure by 

adding the slope term at time 𝑡. The third one is called shared 

random effects s association(𝛾𝑙𝑏𝑖), which includes only the 

random effects from the longitudinal submodel. 

2.4.1. Current Value Association 

The first association structure between the longitudinal and 

the time-to-event submodels is known as the current value [2, 

25], and assumes that for individual 𝑖, the true value 𝜂𝑖(𝑡) of 

the longitudinal measure at time 𝑡  is predictive of the risk 

𝜆𝑖(𝑡) of experiencing the event at that same time 𝑡. 

Association structure takes into account current value asso-

ciation structure [2, 25] is defined as 

𝑓(𝐻𝑖(𝑡), 𝑏𝑖 , 𝛾) = 𝛾𝑙  𝜂𝑖(𝑡),             (6) 

So, The Cox PH submodel with this association structure is 

written as 

ℎ𝑖(𝑡|𝐻𝑖(𝑡), 𝑊𝑖 , 𝑏, 𝛾) = 𝜆𝑜(𝑡)𝑒𝑥𝑝{𝛼𝑇𝑊𝑖 + 𝛾𝑙  𝜂𝑖(𝑡)}, 𝑡 > 0(7) 

The instantaneous risk of the event at time 𝑡 depends on 

the subject-specific true value of the longitudinal outcome at 

that same time, with 𝑒𝑥𝑝(𝛼) representing the relative change 

in hazard associated with a one-unit increase in the current bi-

omarker level. 

2.4.2. Current Value Plus Slope Association 

The second association structure between the time-to-event 

and the longitudinal submodels is known as the current value 

plus slope parameterization [2, 25]. This extends the previous 

structure by adding the rate of change of the measurement at 

time 𝑡, estimated as the derivative of 𝜂𝑖(𝑡) w. r. t. the time 

metric. 

Association structure takes into account current value and 

slope association structure [2, 25] is defined as 

𝑓(𝐻𝑖(𝑡), 𝑏𝑖 , 𝛾) = 𝛾1 𝜂𝑖(𝑡) + 𝛾2𝜂𝑖
′(𝑡),        (8) 

where 𝜂𝑖
′(𝑡) =

𝑑𝜂𝑖(𝑡)

𝑑𝑡
  (𝜂𝑖

′(𝑡) ) is the derivative of 𝜂𝑖(𝑡) with 

respect to the time variable 𝑡. 

So, the time-to-event sub-model is rewritten as 

ℎ𝑖(𝑡|𝐻𝑖(𝑡), 𝑊𝑖 , 𝑏, 𝛾) = 𝜆𝑜(𝑡)𝑒𝑥𝑝{𝛼𝑇𝑊𝑖 + 𝛾1 𝜂𝑖(𝑡) +

𝛾2𝜂𝑖
′(𝑡)}, 𝑡 > 0                 (9) 

where the hazard of experiencing the event at time 𝑡 is now 

assumed to be associated with both the value of 𝜂𝑖(𝑡) and its 

rate of change (slope) 𝜂𝑖
′(𝑡)  at time 𝑡 . The hazard of the 

event at time 𝑡 is jointly determined by the current level of 

the longitudinal marker and its instantaneous rate of change, 

where 𝛾1 captures the effect of the level and 𝛾2 captures the 
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effect of the trajectory’s. For individuals having the same level 

of 𝜂𝑖(𝑡), the hazard ratio for a one-unit increase of the current 

rate of change 𝜂𝑖
′(𝑡) (trajectory) is exp (𝛾2). Identically, for 

individuals having the same rate of change 𝜂𝑖
′(𝑡) one-unit in-

crease of the current value 𝜂𝑖(𝑡) is exp (𝛾1). 

2.4.3. Shared Random Effects Association 

The shared random effects association structure links the 

longitudinal and survival processes through the subject-spe-

cific random effects estimated from the longitudinal submodel 

[16, 17]. In this approach, the random effects capture the un-

observed individual-specific characteristics that jointly influ-

ence both the repeated measurements and the risk of the event. 

The association structure is defined as 

𝑓(𝐻𝑖(𝑡), 𝑊𝑖(𝑡), 𝑏𝑖 , 𝛾) = 𝛾1𝑏0𝑖 + 𝛾2𝑏1𝑖       (10) 

So, the time-to-event sub-model is rewritten as 

ℎ𝑖(𝑡|𝐻𝑖(𝑡), 𝑊𝑖 , 𝑏, 𝛾) = 𝜆0(𝑡)𝑒𝑥𝑝(𝛼𝑇𝑋𝑖 + 𝛾1𝑏0𝑖 + 𝛾2𝑏1𝑖)(11) 

where 𝛾 are the coefficients linking the longitudinal and sur-

vival parts. 

The hazard of the event is determined by subject-specific 

latent characteristics of the longitudinal trajectory, where the 

random intercept captures baseline disease level and the ran-

dom slope captures progression rate, and their effects on risk 

are quantified by 𝛾1 and 𝛾2, respectively. For a random ef-

fects structure (random intercept and slope effects), the ran-

dom effects represent the individual deviations from the sam-

ple average intercept and slope values, and the association pa-

rameters reflect the change in the log hazard for a one-unit 

change in these deviations. 

 
Figure 1. Modeling framework for the joint modeling of longitudinal and survival process. 

2.5. Bayesian Estimation 

Bayesian estimation was adopted because it provides a uni-

fied framework for jointly modeling longitudinal and survival 

outcomes while fully accounting for uncertainty in all model 

parameters [26]. Unlike frequentist approaches, Bayesian in-

ference yields full posterior distributions and credible inter-

vals and is particularly suitable for complex hierarchical 

joint models [27]. The Bayesian framework also allows 

straightforward incorporation of prior information when 

available, although weakly informative priors were used in 

this study so that inference was driven primarily by the ob-

served data. 

2.5.1. Likelihood Function 

The parameters of the joint model were estimated under the 

Bayesian estimation approach using Markov chain Monte 

Carlo (MCMC) algorithms [28, 29]. The time-to-event (𝑇𝑖) 

is independent of the longitudinal measurements (𝑌𝑖𝑗)  and 
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conditional on the random effects 𝑏𝑖 in the joint model. Let 

𝜃1  and 𝜃2  denote the combined parameter vector for sur-

vival and longitudinal process respectively, and 𝜃 = (𝜃1, 𝜃2), 

then the likelihood [26] can be written as 

𝑓(𝜃|𝑇𝑖 , 𝛿𝑖, 𝑌𝑖𝑗) = ∏ ∏ 𝑓(𝑇𝑖 , 𝛿𝑖 , 𝑌𝑖𝑗|𝑏𝑖 , 𝜃)

𝑛𝑖

𝑗=1

𝑛

𝑖=1

 

= ∏ ∏ 𝑓(𝑌𝑖𝑗|𝑏𝑖 , 𝜃2)
𝑛𝑖
𝑗=1

𝑛
𝑖=1 𝑆(𝑇𝑖 , 𝛿𝑖| 𝑏𝑖 , 𝜃1)𝑓(𝑏𝑖|𝜃)(12) 

2.5.2. Posterior Distribution 

The fundamental principle is that the posterior distribution 

is a function of the likelihood function and the prior distribu-

tion [27]. The posterior distribution of the model parameters 

given the observed data 𝜋(𝜃|𝑌𝑖𝑗 , 𝑇𝑖 , 𝛿𝑖) is derived under the 

assumptions that the longitudinal outcomes are independent 

of the event time, the longitudinal outcomes are independent 

of each others, longitudinal responses of each subject for out-

comes are independent, and conditional on the random effects. 

Under these assumptions the posterior distribution is analo-

gous to: 

𝜋(𝜃, 𝑏𝑖|𝑌𝑖𝑗 , 𝑇𝑖 , 𝛿𝑖) =

∏ ∏ 𝑓(𝑌𝑖𝑗|𝑏𝑖,𝜃2)
𝑛𝑖
𝑗=1

𝑛
𝑖=1 𝑆(𝑇𝑖,𝛿𝑖| 𝑏𝑖,𝜃1)𝑓(𝑏𝑖|𝜃) 𝜋(𝜃)

∫ 𝑓(𝑌𝑖𝑗,𝑇𝑖,𝛿𝑖|𝜃,𝑏𝑖) 𝑑𝜃 𝑑𝑏
  

∝ ∏ ∏ 𝑓(𝑌𝑖𝑗|𝑏𝑖 , 𝜃2)
𝑛𝑖
𝑗=1

𝑛
𝑖=1 𝑆(𝑇𝑖 , 𝛿𝑖| 𝑏𝑖 , 𝜃1)𝑓(𝑏𝑖|𝜃) 𝜋(𝜃)(13) 

where 𝜋(𝜃)  is a prior distributions, and 𝜃 = (𝜃1, 𝜃2)  is a 

parameters vector. Similarly, 𝛿𝑖  is indicator function, 𝛿𝑖 =

𝐼(𝑇1
∗ ≤ 𝐶𝑖) such that 𝛿𝑖 = 1 when the event is observed and 

0 when censored. 

In the Bayesian approach, priors were selected to have min-

imal influence on posterior inference. For the parameters of 

the longitudinal submodel, standard default weakly informa-

tive priors recommended in the literature [30] were used. For 

the regression parameters of the survival submodel, independ-

ent normal priors with mean zero and variance 1000, 

N(0,1000)  were specified to represent weak prior infor-

mation, allowing the observed data to dominate the posterior 

estimates. 

The B-spline approximation for the baseline hazard was im-

plemented using the default specification in the Bayesian joint 

modeling framework, providing sufficient flexibility to cap-

ture the underlying hazard over time [2, 25]. 

3. Results 

3.1. Cardiac Dataset 

The data for this study come from a clinical follow-up of 

cardiac patients at cardiac center Ethiopia monitored for bi-

omarkers and survival outcomes. This longitudinal study 

tracks cardiac patients to examine the relationship between 

clinical biomarkers and the risk of death. From total of chil-

dren treated at the center, the study considers a sample of 323 

children [31]. 

This analysis focused on pulse rate as the longitudinal 

marker, which serves as an indicator of physiological stability 

in cardiac patients. Biomarkers were assessed up to six visit 

times for approximately 2-year period. Here, we investigate 

whether an individual’s baseline level of and the subsequent 

change in pulse rate during the follow-up period predicts their 

risk of death. Pulse rate was assessed through repeated meas-

urements recorded during the follow-up period. Conceptual 

relationship between variable were given in Figure 2. Varia-

bles included in the current analyses were: 

Longitudinal Submodel: age at assessment, nutritional sta-

tus, types of cardiac disease (CD), and anemia status. 

Time-to-Event Submodel: Age, nutritional status, types of 

cardiac disease (CD), corrective surgery, and pulmonary hy-

pertension. 

 
Figure 2. Conceptual relationship between covariates and outcome variables. 
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Figure 3. Profile of longitudinal pulse rate data over observation or visit time. 

3.2. Analysis Approach 

Linear mixed-effects model is used to the longitudinal out-

come measured across time on each individual. Cox propor-

tion hazard (Cox PH) regression model was used to model 

time-to-event (death) outcome. Indeed, the joint model di-

rectly includes parameters of the longitudinal fit in the sur-

vival submodel. If the longitudinal submodel does not fit the 

longitudinal data properly, the joint model will estimate inva-

lid joint coefficients. Therefore, the submodel quality was 

checked to ensure that the joint model gives a reliable estima-

tion. 

3.3. Model Selection 

Before estimating the joint model, we perform initial model 

selection steps independently for the longitudinal and the 

time-to-event data. 

3.3.1. Longitudinal Sub-Model Selection 

First, model for the longitudinal data is selected. Linear 

mixed-effects model was used and test for six different models. 

The first model is intercept and the linear slope model, the 

second is quadratic slope model, the third is cubic slope model, 

and the fourth to sixth is spline effects of time with different 

numbers of nodes. To do so, models are fitted and compared 

them on the basis of their Bayesian Information Criterion 

(BIC), where smaller values are preferable [32]. 

Table 1. Random effect model selection for longitudinal submodels. 

Models BIC 

Polynomial of first order 1166.142 

Models BIC 

Polynomial of second order 1170.313 

Polynomial of third order 1175.104 

splines with nodes 2 1170.505 

splines with nodes 3 1174.846 

splines with nodes 4 1181.712 

Based the result Table 1, we retain sub-model Polynomial 

of first order, which will be joined to the upcoming time-to-

event sub-model in the final joint model. 

3.3.2. Survival Submodel Selection 

An optimal time-to-event submodel was selected. To do so, 

Cox PH model [23] was selected that relates the time and oc-

currence of death. A variables selection is done, and for each 

variable the PH assumption was checked. Analysis of these 

data showed that the PH assumption was met for selected var-

iables as in Table 2. 

Table 2. Test of proportional hazard assumption. 

Variables Chisquare p-value 

Age 0.129 0.720 

Nutrition: under weight 2.364 0.271 

CD: Congenital 1.762 0.543 

Corrective surgery: Yes 0.086 0.770 

Pulmonary: Yes 1.342 0.452 

Global 2.136 0.910 
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u
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Table 2 shown the global test of proportional hazard as-

sumption, the test is not statistically significant for each of the 

covariates, and the global test is also not statistically signifi-

cant. Therefore, a proportional hazard was assumed [33]. 

3.3.3. Joint Model 

Finally, the two submodels are combined in joint modeling. 

Various association structures were considered and compared 

in the estimated joint models. To do so, the Deviance Infor-

mation Criterion (DIC) was used, with smaller values indicat-

ing better model adjustments to the data. Three different asso-

ciation structures were considered and, again, use a model 

comparison approach to select the final model. 

Shared Random Effect Association 

The joint model revealed a significant association between 

pulse rate trajectory and survival outcome. Both subject-spe-

cific baseline pulse rate(𝛾𝑏0𝑖
 =  0.065, p <  0.001)  and 

the rate of change in pulse rate over time (𝛾𝑏0𝑖
=

 0.332, p =  0.003) ) were positively associated with the 

hazard of death. This indicates that patients with higher initial 

pulse rates and those experiencing a more rapid increase in 

pulse rate over time are at significantly greater risk of mortal-

ity (Table 3). 

Table 3. Joint model with shared random effect association parameter. 

Covariates 

Longitudinal process 

Value Std. Dev 95% CI Sign. 

Intercept 116.708 1.893 (111.11, 122.31) <0.001 

Obs.time 1.858 0.227 (1.400, 2.298) <0.001 

Age -1.216 0.222 (-1.634, -0.775) <0.001 

CD: Congenital 3.121 2.232 (-1.092, 7.632) 0.153 

Nutrition: Under weight 4.646 1.837 (1.072, 8.212) 0.012 

Anemia: Yes 2.304 1.950 (-1.526, 6.084) 0.235 

 

 Event Process 

Age -0.008 0.048 (-0.112, 0.084) 0.873 

Nutrition: Under weight 1.897 0.682 (0.698, 3.410) <0.001 

CD: Congenital 0.961 0.617 (-0.121, 2.224) 0.085 

Surgery: Yes -0.124 0.768 (-0.724, -0.248) 0.004 

Pulmonary: Yes 1.343 0.416 (0.497, 2.160) 0.003 

𝛾𝑏0𝑖
  0.065 0.018 (0.031, 0.105) <0.001 

𝛾𝑏1𝑖
  0.3321 0.139 (0.097, 0.622) 0.003 

 

In the longitudinal submodel, pulse rate increased signifi-

cantly over time (𝛽 =  1.858, 𝑝 <  0.001)  and was 

higher among underweight patients (β = 4.646, p = 0.012), 

while older age was associated with lower pulse rate 

(𝛽 =  −1.216, 𝑝 <  0.001). In the survival submodel, un-

derweight status (𝛽 =  1.897, 𝑝 <  0.001)  and pulmo-

nary complications (𝛽 =  1.343, 𝑝 =  0.003)  signifi-

cantly increased the hazard of death, whereas undergoing sur-

gery significantly reduced mortality risk (𝛽 =

 −0.124, 𝑝 =  0.004) as give in Table 3. 

Current Value Association 

The joint model with current value association revealed a 

significant relationship between the longitudinal pulse rate 

and survival outcome. The association parameter (𝛾1 =

 0.028, 𝑝 =  0.003) indicates that higher current values of 

pulse rate are associated with an increased hazard of death. 

This suggests that patients experiencing elevated pulse rates 

at a given time point are at significantly greater risk of mor-

tality (Table 4). 
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Table 4. Joint model with current value association structures. 

Covariates 

Event process 

Mean StDev 95% CI Sign. 

Age 0.032 0.067 (-0.100, 0.157) 0.633 

Nutrition: Under weight 1.864 0.698 (0.593, 3.375) 0.002 

CD: Congenital 0.944 0.637 (-0.262, 2.209) 0.120 

Surgery: Yes -1.506 0.702 (-1.608, -1.396) 0.015 

Pulmonary: Yes 1.357 0.392 (0.587, 2.125) 0.002 

𝛾1  0.028 0.011 (0.007, 0.051) 0.003 

 

 Longitudinal process 

Intercept 126.434 3.063 (120.294,132.398) 0.001 

Obs. Time 1.784 0.253 (1.292, 2.287) 0.001 

Age -1.734 0.233 (-2.192, -1.272) 0.001 

CD: Congenital -2.637 2.335 (-7.252, 1.939) 0.262 

Nutrition: Under weight 2.820 1.969 (-0.977, 6.740) 0.147 

Anemia: Yes 1.012 2.090 (-3.047, 5.069) 0.624 

 

In the survival submodel, underweight status (𝛽 =

1.864, 𝑝 = 0.002)  and pulmonary complications (𝛽 =

1.357, 𝑝 = 0.002)  were significant predictors of increased 

mortality, whereas surgery was associated with a significant 

reduction in risk (𝛽 = −1.506, 𝑝 = 0.015). In the longitudi-

nal submodel, pulse rate increased significantly over time 

(𝛽 =  1.784, 𝑝 =  0.001)  and decreased with age (𝛽 =

 −1.734, 𝑝 =  0.001), while other covariates were not sta-

tistically significant (Table 4). 

Current Value plus Slope Association 

The joint model incorporating both current value and slope 

association demonstrated that pulse rate is a significant time-

dependent predictor of mortality. The current value of pulse 

rate was positively associated with the hazard of death 

(𝛾1 =  0.027, 𝑝 =  0.003) , indicating that each unit in-

crease in pulse rate corresponds to a 2.7% increase in mortal-

ity risk. Conversely, the slope of pulse rate was negatively as-

sociated with the hazard (𝛾2 =  −0.703, 𝑝 =  0.007) , 

suggesting that, conditional on the current pulse rate level, pa-

tients with increasing pulse rate trajectories have a lower risk 

of death compared to those with decreasing or stable trajecto-

ries (Table 5). 

In the survival submodel, underweight status (𝐻𝑅 ≈

 6.09, 𝑝 =  0.002) and pulmonary complications (𝐻𝑅 ≈

 3.93, 𝑝 =  0.001) were associated with increased mortal-

ity, while surgery significantly reduced the hazard of death 

(𝐻𝑅 ≈  0.26, 𝑝 =  0.025). The longitudinal submodel in-

dicated that pulse rate increased significantly over time 

(𝛽 =  1.769, 𝑝 =  0.001) and decreased with age (𝛽 =

 −1.736, 𝑝 =  0.001) as given in Table 5. 

Table 5. Joint model with current value and slope association structures. 

 Event process 

Covariates Mean StDev 95% CI Sign. 

Age 0.033 0.065 (-0.102, 0.152) 0.571 

Nutrition: Under weight 1.807 0.664 (0.603, 3.202) 0.002 

CD: Congenital 0.915 0.613 (-0.291, 2.152) 0.131 
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 Event process 

Covariates Mean StDev 95% CI Sign. 

Surgery: Yes -1.346 0.680 (-1.727, -0.969) 0.025 

Pulmonary: Yes 1.369 0.379 (0.619, 2.097) 0.001 

𝛾1  0.027 0.010 (0.006, 0.048) 0.003 

𝛾2  -0.703 0.126 (-1.312, -0.108) 0.007 

 

 Longitudinal process 

Intercept 126.361 1.035 (120.34, 132.22) 0.001 

Obs. Time 1.769 0.254 (1.267, 2.262) 0.001 

Age -1.736 0.232 (-2.190, -1.279) 0.001 

CD: Congenital -2.569 0.304 (-7.154, 1.866) 0.267 

Nutrition: Under weight 2.833 0.938 (-0.964, 6.606) 0.145 

Anemia: Yes 1.081 0.039 (-2.931, 5.053) 0.592 

 

Joint Model Comparison 

Finally, association structures of the estimated joint models 

were compared. To do so, the Deviance Information Criterion 

(DIC) was used, with smaller values indicating better model 

adjustments to the data [33]. 

Table 6. model comparison and selection of joint model. 

Joint Models LPML DIC pD 

Shared random effect -7821.416 15493.36 639.1473 

Current value -7832.877 15506.92 642.3408 

Current value + slope -7816.790 15482.36 639.0599 

 

Based on the DIC values, the evidence is strong to prefer 

the joint model with current value and slope association struc-

tures, which includes the current value and the current rate of 

change as predictors of the risk of death (Table 6). Which in-

dicate the current true value and the current rate of change of 

pulse rate as predictors of the risk of death. Recall that within 

this model, the effect of the current true value in pulse rate on 

the hazard of dying was not different from zero, whereas the 

association between the rate of change in speed and survival 

was strong (Table 6). 

Convergence of the Bayesian joint model was assessed us-

ing trace plots, autocorrelation functions, and posterior den-

sity plots (Figure 4 and Figure 5). The trace plots exhibited 

good mixing with no apparent trends, indicating stationarity 

of the chains. The autocorrelation functions showed rapid de-

cay, suggesting low serial correlation and efficient sampling. 

Additionally, the posterior density plots were smooth and uni-

modal. Overall, these diagnostics confirm that the Markov 

chains converged satisfactorily and that the parameter esti-

mates are reliable. 
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Figure 4. convergence assessment for current value in joint model. 

 
Figure 5. convergence assessment for rate change (slope) in joint 

model. 

4. Conclusion 

The present study underscores the methodological superi-

ority and practical utility of the Bayesian joint modeling 

framework in clinical research where longitudinal biomarkers 

and survival outcomes are interdependent. By analyzing a co-

hort of cardiac patients, the researcher demonstrated that treat-

ing these processes separately ignores critical endogeneity, 

whereas joint models provide a unified probabilistic approach 

that yields more efficient and less biased estimates. 

Our findings reveal that the Current Value plus Slope asso-

ciation structure offers the most robust fit, indicating that the 

instantaneous rate of change in pulse rate rather than just its 

absolute value is a critical, time-dependent predictor of car-

diac mortality. These results underscore the necessity of mov-

ing toward personalized, dynamic risk prediction in clinical 

practice. 

Pulse rate acts as a significant time-dependent predictor of 

mortality. Furthermore, factors such as underweight status and 

pulmonary hypertension significantly elevate the hazard of 

death, while corrective surgery remains a vital protective fac-

tor against mortality. 

Ultimately, this research bridges the gap between complex 

statistical theory and clinical application. We recommend the 

wider adoption of joint modeling in medical and psychologi-

cal research to better utilize rich longitudinal datasets and im-

prove the accuracy of health outcome predictions. 

Abbreviations 

BIC Bayesian Information Criterion 

HR Hazard Ratio 

CD Cardiac Disease 

DIC Deviance Information Criterion 

CI Confidence Interval 

StDev Standard Deviation 

Author Contributions 

Tayu Nigusie Abebe: Conceptualization, Formal Analysis, 

Investigation, Methodology, Project administration, Software, 

Writing – original draft, Writing – review & editing 

Conflicts of Interest 

The author declares no conflict of interests. 

References 

[1] D. Rizopoulos, “ltm: An R package for latent variable 

modeling and item response analysis,” J. Stat. Softw., vol. 17, 

pp. 1-25, 2007. https://doi.org/10.18637/jss.v017.i05 

[2] G. L. Hickey, P. Philipson, A. Jorgensen, and R. Kolamunnage-

Dona, “Joint modelling of time-to-event and multivariate 

longitudinal outcomes: recent developments and issues,” BMC 

Med. Res. Methodol., vol. 16, pp. 1-15, 2016.  

https://doi.org/10.1186/s12874-016-0212-5 

[3] D. Rizopoulos, Joint models for longitudinal and time-to-event 

data: With applications in R. CRC press, 2012.  

https://doi.org/10.1201/b12208 

[4] R. K. Upadhyay, “Emerging risk biomarkers in cardiovascular 

diseases and disorders,” J. Lipids, vol. 2015, no. 1, p. 971453, 

2015. https://doi.org/10.1155/2015/971453 

[5] D. Rizopoulos, G. Molenberghs, and E. M. E. H. Lesaffre, 

“Dynamic predictions with time‐dependent covariates in 

survival analysis using joint modeling and landmarking,” 

Biometrical J., vol. 59, no. 6, pp. 1261-1276, 2017.  

https://doi.org/10.1002/bimj.201600238 

http://www.sciencepg.com/journal/bsi


Biomedical Statistics and Informatics http://www.sciencepg.com/journal/bsi 

 

84 

[6] K. G. Arbeev, I. Akushevich, A. M. Kulminski, S. V 

Ukraintseva, and A. I. Yashin, “Joint analyses of longitudinal 

and time-to-event data in research on aging: Implications for 

predicting health and survival,” Front. public Heal., vol. 2, p. 

228, 2014. https://doi.org/10.3389/fpubh.2014.00228 

[7] M. Sudell, R. Kolamunnage-Dona, and C. Tudur-Smith, “Joint 

models for longitudinal and time-to-event data: a review of 

reporting quality with a view to meta-analysis,” BMC Med. Res. 

Methodol., vol. 16, no. 1, p. 168, 2016.  

https://doi.org/10.1186/s12874-016-0272-6 

[8] G. L. Hickey, P. Philipson, A. Jorgensen, and R. Kolamunnage-

Dona, “Joint models of longitudinal and time-to-event data 

with more than one event time outcome: a review,” Int. J. 

Biostat., vol. 14, no. 1, p. 20170047, 2018.  

https://doi.org/10.1515/ijb-2017-0047 

[9] R. Elashoff and N. Li, Joint modeling of longitudinal and time-

to-event data. Chapman and Hall/CRC, 2016.  

https://doi.org/10.1201/9781315374871 

[10] K. Li, W. Chan, R. S. Doody, J. Quinn, S. Luo, and A. D. N. 

Initiative, “Prediction of conversion to Alzheimer’s disease 

with longitudinal measures and time-to-event data,” J. 

Alzheimer’s Dis., vol. 58, no. 2, pp. 361-371, 2017.  

https://doi.org/10.3233/JAD-161201 

[11] Y. Zhu, X. Huang, and L. Li, “Dynamic prediction of time to a 

clinical event with sparse and irregularly measured 

longitudinal biomarkers,” Biometrical J., vol. 62, no. 6, pp. 

1371-1393, 2020. https://doi.org/10.1002/bimj.201900112 

[12] C. Wang, J. Shen, C. Charalambous, and J. Pan, “Modeling 

biomarker variability in joint analysis of longitudinal and time-

to-event data,” Biostatistics, vol. 25, no. 2, pp. 577-596, 2024. 

https://doi.org/10.1093/biostatistics/kxad009 

[13] S. L. Brilleman et al., “Joint longitudinal and time-to-event 

models for multilevel hierarchical data,” Stat. Methods Med. 

Res., vol. 28, no. 12, pp. 3502-3515, 2019.  

https://doi.org/10.1177/0962280218808821 

[14] H. Lin, B. W. Turnbull, C. E. McCulloch, and E. H. Slate, 

“Latent class models for joint analysis of longitudinal 

biomarker and event process data: application to longitudinal 

prostate-specific antigen readings and prostate cancer,” J. Am. 

Stat. Assoc., vol. 97, no. 457, pp. 53-65, 2002.  

https://doi.org/10.1198/016214502753479220 

[15] D. Rizopoulos, L. A. Hatfield, B. P. Carlin, and J. J. M. 

Takkenberg, “Combining dynamic predictions from joint 

models for longitudinal and time-to-event data using Bayesian 

model averaging,” J. Am. Stat. Assoc., vol. 109, no. 508, pp. 

1385-1397, 2014.  

https://doi.org/10.1080/01621459.2014.931236 

[16] C. Proust-Lima, M. Séne, J. M. G. Taylor, and H. Jacqmin-

Gadda, “Joint latent class models for longitudinal and time-to-

event data: a review,” Stat. Methods Med. Res., vol. 23, no. 1, 

pp. 74-90, 2014. https://doi.org/10.1177/0962280212445839 

[17] M. Alsefri, M. Sudell, M. García-Fiñana, and R. Kolamunnage-

Dona, “Bayesian joint modelling of longitudinal and time to 

event data: a methodological review,” BMC Med. Res. 

Methodol., vol. 20, no. 1, p. 94, 2020.  

https://doi.org/10.1186/s12874-020-00976-2 

[18] M. S. Wulfsohn and A. A. Tsiatis, “A joint model for survival 

and longitudinal data measured with error,” Biometrics, pp. 

330-339, 1997. https://doi.org/10.2307/2533118 

[19] S. E. Ahmed and E. A. Opoku, “Submodel selection and post-

estimation of the linear mixed models,” in Proceedings of the 

Tenth International Conference on Management Science and 

Engineering Management, Springer, 2016, pp. 633-646. 

https://doi.org/10.1007/978-981-10-1837-4_53 

[20] B. T. West, K. B. Welch, and A. T. Galecki, Linear mixed 

models: a practical guide using statistical software. Chapman 

and Hall/CRC, 2022.  

https://doi.org/10.1002/BIMJ.200800176 

[21] B. M. Bolker, “Linear and generalized linear mixed models,” 

Ecol. Stat. Contemp. theory Appl., pp. 309-333, 2015.  

https://doi.org/10.1093/acprof:oso/9780199672547.003.0014 

[22] Z. Chen and D. B. Dunson, “Random effects selection in linear 

mixed models,” Biometrics, vol. 59, no. 4, pp. 762-769, 2003. 

https://www.jstor.org/stable/3695314 

[23] L. D. Fisher and D. Y. Lin, “Time-dependent covariates in the 

Cox proportional-hazards regression model,” Annu. Rev. 

Public Health, vol. 20, no. 1, pp. 145-157, 1999.  

https://doi.org/10.1146/annurev.publhealth.20.1.145 

[24] A. Basu, W. G. Manning, and J. Mullahy, “Comparing 

alternative models: log vs Cox proportional hazard?,” Health 

Econ., vol. 13, no. 8, pp. 749-765, 2004.  

https://doi.org/10.1002/hec.852 

[25] M. J. Crowther, K. R. Abrams, and P. C. Lambert, “Joint 

modeling of longitudinal and survival data,” Stata J., vol. 13, 

no. 1, pp. 165-184, 2013.  

https://doi.org/10.1177/1536867X1301300112 

[26] A. F. Karr, “Lévy random measures,” Ann. Probab., vol. 6, no. 

1, pp. 57-71, 1978. https://doi.org/10.1214/aop/1176995610 

[27] Y. Fong, H. Rue, and J. Wakefield, “Bayesian inference for 

generalized linear mixed models,” Biostatistics, vol. 11, no. 3, 

pp. 397-412, 2010.  

https://doi.org/10.1093/biostatistics/kxp053 

[28] C. Andrieu and J. Thoms, “A tutorial on adaptive MCMC,” Stat. 

Comput., vol. 18, pp. 343-373, 2008.  

https://doi.org/10.1007/s11222-008-9110-y 

[29] A. E. Raftery and S. M. Lewis, “Implementing mcmc,” Markov 

Chain Monte Carlo Pract., pp. 115-130, 1996. 

[30] S. Cekic, S. Aichele, A. M. Brandmaier, Y. Köhncke, and P. 

Ghisletta, “A tutorial for joint modeling of longitudinal and 

time-to-event data in R,” arXiv Prepr. arXiv1909.05661, 2019. 

https://doi.org/10.48550/arXiv.1909.05661 

[31] T. N. Abebe, A. T. Goshu, and M. M. Hailemariam, “Bayesian 

joint modelling of multiple longitudinal biomarkers and 

survival time of cardiac patients under clinical follow-up,” 

BMC Cardiovasc. Disord., vol. 25, no. 1, p. 707, 2025.  

https://doi.org/10.1186/s12872-025-05189-3 

http://www.sciencepg.com/journal/bsi


Biomedical Statistics and Informatics http://www.sciencepg.com/journal/bsi 

 

85 

[32] R. Li, “Two methods to fit longitudinal sub-model of joint 

model,” in 2019 9th International Conference on Education and 

Social Science (ICESS, 2019), 2019.  

https://doi.org/10.25236/icess.2019.174 

[33] M. T. Sheikh, J. G. Ibrahim, J. A. Gelfond, W. Sun, and M.-H. 

Chen, “Joint modelling of longitudinal and survival data in the 

presence of competing risks with applications to prostate 

cancer data,” Stat. Modelling, vol. 21, no. 1-2, pp. 72-94, 2021. 

https://doi.org/10.1177/1471082X20944620 

 

http://www.sciencepg.com/journal/bsi

