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Abstract: In this paper, we discuss the recognition of electroencephalographic (EEG) signals, which is crucial in order to
improve the performance of non-invasive brain-computer interfaces (BCIs). Although deep learning (DL) has achieved
considerable advancements in the decoding of EEG signals, it frequently encounters difficulties related to noisy data and
non-stationarity challenges. We discuss geometric learning which offers a more robust way to handle EEG signals by leveraging
the mathematical structure of the data. We extended the existing Manifold Attention Network (MALtt), a novel deep learning
model that applies a manifold attention mechanism to better capture the spatiotemporal patterns of EEG signals. Instead of
using traditional Euclidean space, we mapped the data onto a Riemannian symmetric positive definite (SPD) manifold, which
allows for more effective feature extraction. One major issue with existing SPD-based deep learning approaches is that they rely
on fixed Riemannian metrics, which can be suboptimal. To solve this, we integrate Adaptive Log-Euclidean Metrics
(ALEMs)—a learnable metric framework into the MAtt network that adapts to the specific structure of EEG data, improving
model performance with minimal extra computation. AMALtt achieves 63.19% accuracy on BCIC-IV-2a and 46.00% on
MAMEM-SSVEP-II, outperforming the MAtt baseline by 5.55% and 4.60% respectively. This adaptive geometric approach
opens new possibilities for robust, subject-independent EEG decoding, paving the way towards practical BCI systems.
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1. Introduction

Brain-Computer Interfaces (BCIs) have emerged as a
revolutionary technology for enabling direct communication
between the human brain and external devices. By
leveraging neural signals, BCIs offer a pathway for controlling
applications such as prosthetic devices and communication
aids for individuals with disabilities specially people with
paralysis and similar problems [2, 3]. Electroencephalography
(EEG) is one of the most widely used modalities in BCI
research due to its non-invasive nature, affordability, and
portability. EEG-based BCIs have been employed in various
real-world applications, such as motor-imagery (MI) BCI-
controlled rehabilitation for stroke patients and steady-state
visual evoked potential (SSVEP)-based typing systems for

individuals with motor impairments [4, 5]. However, despite
its advantages, EEG signals are highly susceptible to noise,
non-stationarity, and individual variability, making accurate
and robust decoding a persistent challenge.

Convolutional Neural Networks (CNNs), in particular, have
demonstrated great results in capturing spatial and temporal
patterns in EEG data. These networks employ specialized
convolutional kernels that act as adaptive spatial and temporal
filters, enhancing the model’s ability to extract meaningful
features. While CNNs and other DL-based models have
improved EEG decoding accuracy, they often struggle with
the low signal-to-noise ratio (SNR) and dynamic variations in
EEG signals.

To address these limitations, geometric learning (GL)
has been introduced in BCI research, offering a promising
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approach to EEG decoding by incorporating Riemannian
geometry (RG). RG provides a structured mathematical
framework for analyzing EEG covariance matrices on the
Symmetric Positive Definite (SPD) manifold. Unlike
Euclidean approaches, RG-based methods can better preserve
the relationships between data points, making them more
robust to outliers and non-stationary signal variations.
Classical RG-based EEG decoding methods, such as the
Minimum Distance to Mean (MDM) classifier and Tangent
Space Linear Discriminant Analysis (TSLDA) [6], have
demonstrated their effectiveness in various BCI competitions.
However, these methods still rely on manually crafted features
and lack the flexibility of deep learning models.

Geometric Deep Learning (GDL) has recently gained
traction as an approach that combines the power of deep
neural networks with non-Euclidean structures such as graphs
and manifolds [7]. GDL enables the direct integration of
Riemannian geometry into deep learning models, leading to
more robust and generalizable EEG decoding frameworks.
Existing GDL methods for EEG decoding have attempted
to merge Euclidean-based and manifold-based modules to
leverage both spatial and temporal features. However, many
of these approaches either fail to fully exploit the temporal
information of EEG signals on the manifold or still rely on
Euclidean transformations, limiting their effectiveness.

In this work, we build upon recent advancements in
GDL and propose an improved EEG decoding framework by
integrating adaptive Riemannian metrics into deep learning
models. Specifically, we implement the Manifold Attention
Network (MAtt) from prior work [1], which is designed to
map EEG features onto a Riemannian SPD manifold while
effectively capturing their spatiotemporal dynamics. However,
instead of using the standard Euclidean-to-Riemannian (E2R)
layer, we introduce Adaptive Log-Euclidean Metrics (ALEMs)
[8] to enhance feature representation on the SPD manifold.
ALEMs dynamically adapt to the statistical properties of EEG
data, providing an optimized Riemannian metric that improves
both classification accuracy and generalization across subjects
and datasets. Unlike traditional Riemannian metrics, which are
fixed and predefined, ALEM introduces learnable parameters
that allow the model to adjust its representation based on the
underlying data distribution.

Compared to other recent EEG decoding methods, AMA(tt
demonstrates competitive performance. EEGNet [15], a
compact CNN-based model, typically achieves around 55—
60% on the BCIC-IV-2a dataset, while ShallowConvNet [16]
achieves approximately 58—62%. Riemannian-based methods
such as the MDM classifier and TSLDA [6] have reported
accuracies in the range of 60-65% depending on preprocessing
and subject selection. Our proposed AMALtt achieves 63.19%
on BCIC-IV-2a, which is comparable to or exceeds these
approaches while also offering the advantage of adaptive,
learnable Riemannian metrics that generalize across different
task types (MI and SSVEP).

2. Preliminaries

In this section, we review fundamental concepts of
Riemannian geometry and the symmetric positive definite
(SPD) manifold, which form the mathematical foundation of
our approach.

2.1. Manifolds and Riemannian Geometry

A manifold is a topological space that locally resembles
Euclidean space. A differentiable manifold is a manifold
equipped with a smooth structure that allows for calculus-
based operations. When a differentiable manifold is further
endowed with a Riemannian metric, it becomes a Riemannian
manifold, enabling the definition of distances and angles.

The SPD manifold, denoted as Sym*(n), is the space
of all n X n symmetric positive definite matrices. This
manifold plays a crucial role in signal processing and machine
learning, particularly for representing covariance matrices of
multivariate data, such as EEG signals.

2.2. Log-euclidean Metric and SPD Geometry

The Riemannian structure of the SPD manifold is commonly
studied with two primary metrics: the affine-invariant metric
(AIM) and the Log-Euclidean metric (LEM). AIM provides
a natural geodesic distance but requires computationally
expensive iterative solutions for computing the Riemannian
mean. Instead, we leverage LEM, which simplifies
computations by mapping the SPD manifold to a vector space
via the matrix logarithm function. The Log-Euclidean distance
between two SPD matrices P;, P is given by [9, 10]:

L(P1, P2) = [[log(P1) — log(P,)|

where || - ||# represents the Frobenius norm. The Log-
Euclidean mean of a set of SPD matrices { Py, ..., P} is [11]:

1 k
G =exp (k Zlog(Pz)>
=1

This closed-form solution enables efficient computations in
deep learning frameworks.

2.3. Notations

We define key mathematical notations used throughout this
paper:

1) Sym(n): Space of n x n real symmetric matrices.

2) Sym™(n): Space of n x n symmetric positive definite
matrices.

3) (A, B)r = Tr(AT B): Frobenius inner product.

4) log(P) and exp(S): Logarithm and exponential maps of
matrices, computed via eigen decomposition.
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3. Methodology

In this section, we present the methodology of our proposed
framework, which integrates the Adaptive Log-Euclidean
Metric (ALEM) into the E2R (Euclidean to Riemannian) layer
of the MAtt (Manifold Attention) architecture. The overall
architecture consists of four main components: (1) Feature
Extraction (FE), (2) E2R Layer with ALEM, (3) Manifold
Attention Module, and (4) R2E (Riemannian to Euclidean)
Layer. Below, we describe each component in detail.

3.1. Feature Extraction of EEG Signals

We adopt a two-layer convolutional neural network (CNN)
to extract spatiotemporal features from raw EEG signals.
The first convolutional layer performs spatial filtering on
the multi-channel EEG signals, while the second layer
extracts spatiotemporal features. The parameter settings for
these layers follow the approach described in [1]. Let
f denote the feature embeddings obtained from the CNN.
These embeddings are then passed to the E2R layer for
transformation into the Riemannian space.

3.2. From Euclidean Space to SPD Manifold (E2R
Operation with ALEM)

The E2R layer maps the Euclidean feature embeddings f
to the Symmetric Positive Definite (SPD) manifold Sym™ (n).
This is achieved by computing the sample covariance matrices
(SCMs) of the embeddings. Specifically, we divide the
embeddings f into m epochs, denoted as f1, fo, ..., fi,. For
each epoch ﬁ we compute its SCM as follows:

SCM;, = fif! + eI,

Euclidean

distance Tajg‘en_t EOi_m Tangent Space
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Figure 1. The above figure is the representation of the transformation from Euclidean
space to the Riemannian Manifold explained in detail here [14].

where € is a small constant (set to 1 x 107° in our
implementation) added to ensure positive definiteness, and [ is
the identity matrix. The resulting sequence of SPD matrices is
denoted as X = [#1, &3, ..., Zp,), Where each Z; € Sym™ (n).

To incorporate the Adaptive Log-Euclidean Metric
(ALEM), we generalize the traditional Log-Euclidean
Metric (LEM) by introducing a learnable base vector @ =
(a1,az2,...,a,) € RT\{(1,1,...,1)}. The ALEM is defined

as the pullback metric from the Euclidean space S™ using a
generalized matrix logarithm mlog(-) [8, 12]:

mlog(S) = Ulog,, (2)UT,
where S = UXUT is the eigendecomposition of S, and
log,(X) = diag(log,, o1,l0g,, 02,...,log, o,) is the
diagonal logarithm. The inverse mapping mlog™*(-) is given
by:

mlog™*(X) = Ua(2)UT,

where «(X) = diag(a7',a3?,...,a%"). This allows us to
define the Adaptive Log-Euclidean Distance (ALED) between

two SPD matrices S; and SS9 as:

OALE(S1, 52) = [[mlog(S1) — mlog(S2)||r,

where || - || is the Frobenius norm. The ALEM provides a
flexible and learnable Riemannian metric that adapts to the
data distribution.

3.3. Manifold Attention Module

The manifold attention module operates on the sequence of
SPD matrices X = [Z1,Z2, ..., &m). The module computes
query (g;), key (k;), and value (v;) matrices for each Z; using
bilinear mappings:

q; = Wq@Wg, ki = Wiz, WL, v, = W,a,W,],

where Wy, Wy, W,, € R¥:*de are learnable transformation
matrices, and d,, < d. ensures dimensionality reduction. To
ensure that g;, k;, v; remain SPD matrices, Wy, Wy, W,, are
constrained to be row-full rank.
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Figure 2. The architecture of the proposed manifold attention module. qi, ki, vi refer
to the query, key, and value of the ith input matrix xi respectively; vi stands for the ith
output of the proposed module [1].

The similarity between query ¢; and key k; is computed
using the ALEM-based distance:

. 1
sim(q;, k;) = =y,
(4, k) 14 log(1 + dare(qi, k;)) !
The attention matrix A = [&;j]mxm is then normalized

using the Softmax function:
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exp(a;;) ]
ZZLZI eXp(Oéik) mxXm

The output of the attention module is computed as the Log-
Euclidean mean of the value matrices v1, vs, . . . , v,,, Weighted
by the attention scores:

v; = Exp (Z aglLog(vl)> :

=1

A’ = Softmax(A) = {

3.4. From Riemannian Manifold to Euclidean Space
(R2E)

After the manifold attention module, the SPD matrices
vy, vh, ..., vl are mapped back to Euclidean space using the
R2E operation. This involves applying the matrix logarithm
Log(-) followed by a flattening operation as shown in [1]:

hi (v}) = flatten(Log(v}))

= flatten(Udiag(log o1, . . ., log a4, ) UT),

where U and 01, ..., 04, are the eigenvectors and eigenvalues
of v}, respectively. The flattened vectors are then passed
through a fully connected layer and a Softmax classifier for
final classification.

3.5. Architecture

The proposed architecture consists of four main
components: (1) Feature Extraction (FE), (2) E2R Layer
with Adaptive Log-Euclidean Metric (ALEM), (3) Manifold
Attention Module, and (4) R2E Layer. Each component is
designed to process EEG signals in a hierarchical manner,
transitioning from Euclidean space to the Riemannian
manifold and back to Euclidean space for final classification.
below we describe each component in detail.
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Figure 3. The overview of the proposed model AMAtt archi-tecture.

The feature extraction module is responsible for extracting
spatiotemporal features from raw EEG signals. We employ
a two-layer convolutional neural network (CNN) for this
purpose. The first convolutional layer performs spatial filtering
on the multi-channel EEG signals, while the second layer
extracts spatiotemporal features. Let X € R¢*7 denote the

raw EEG signal, where C' is the number of channels and T is
the number of time samples. The feature extraction process
can be described as:

f = CNN(X),

where f € RexT represents the extracted feature

embeddings, d.. is the number of feature channels, and 7" is the
reduced time dimension after convolution. These embeddings
are then passed to the E2R layer for transformation into the
Riemannian space. ~

The E2R layer maps the Euclidean feature embeddings f
to the Symmetric Positive Definite (SPD) manifold Sym™ (n).
This is achieved by computing the sample covariance matrices
(SCMs) of the embeddings. Specifically, we divide the
embeddings f into m epochs, denoted as fl, fg, ceey fm. For
each epoch f;, we compute its SCM.
where € is a small constant (set to 1 x 107> in our
implementation) added to ensure positive definiteness, and [ is
the identity matrix. The resulting sequence of SPD matrices is
denoted as X = [#1, %2, .., Tm], where each Z; € Sym™ (n).

To incorporate the Adaptive Log-Euclidean Metric (ALEM)
, we generalize the traditional Log-Euclidean Metric (LEM)
by introducing a learnable base vector « = (ay,as,...,a,) €
R% \ {(1,1,...,1)}. The ALEM is defined as the pullback
metric from the Euclidean space S™ using a generalized matrix
logarithm mlog(-) [8]:
where S = UXUT is the eigendecomposition of S, and
log,(X) = diag(log,, 01,l0g,, 02,...,log, o0,) is the
diagonal logarithm. The inverse mapping mlog™*(-)
where «(X) = diag(a7',ad?,...,a%"). This allows us to
define the Adaptive Log-Euclidean Distance (ALED) between
two SPD matrices S7 and S
where || - || is the Frobenius norm. The ALEM provides a
flexible and learnable Riemannian metric that adapts to the
data distribution.

The manifold attention module operates on the sequence of
SPD matrices X = [Z1,Z2,...,&m]. Asillustrated in Figure
2(a), the module computes query (g;), key (k;), and value (v;)
matrices for each z; using bilinear mappings
where W,, Wy, W, € R%*d are learnable transformation
matrices, and d,, < d. ensures dimensionality reduction. To
ensure that g;, k;, v; remain SPD matrices, Wy, Wy, W,, are
constrained to be row-full rank.

The similarity between query ¢; and key k; is computed
using the ALEM-based distance: The attention matrix A =
[@ij]mxm 1s then normalized using the Softmax function.

The output of the attention module is computed as the Log-
Euclidean mean of the value matrices vy, vs, . . . , v,, weighted
by the attention scores. After the manifold attention module,
the SPD matrices v}, v5, . . ., v, are mapped back to Euclidean
space using the R2E operation. This involves applying the
matrix logarithm Log(-) followed by a flattening operation.
Where U and 04, . . . , 04, are the eigenvectors and eigenvalues
of v}, respectively. The flattened vectors are then passed
through a fully connected layer and a Softmax classifier for
final classification.
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The loss function for the model is the cross-entropy loss
between the predicted output ¢ and the ground truth y. The
Riemannian gradient descent method is used to update the
parameter on the Stiefel manifold. The Euclidean gradients
are projected onto the tangent space of the Stiefel manifold,
and the retraction operation ensures that the updated weights
remain on the manifold.

Regarding computational overhead, the ALEM introduces
a learnable diagonal base vector & € R", adding only O(n)
extra parameters compared to the standard Log-Euclidean
Metric. This results in negligible additional computation
relative to the overall model, making AMALtt highly efficient
for practical deployment.

4. Datasets

We have used two publicly available EEG datasets: the
BCI Competition IV 2a Dataset (BCIC-IV-2a) [13] for time-
asynchronous motor imagery (MI) EEG decoding and the
MAMEM EEG SSVEP Dataset II (MAMEM-SSVEP-II)
for time-synchronous steady-state visually evoked potential
(SSVEP) EEG decoding.  Below, we provide detailed
descriptions of these datasets and their preprocessing steps.

4.1. BCI Competition IV 2a Dataset (BCIC-1V-2a)

The BCIC-IV-2a dataset is one of the most widely used
public EEG datasets, released for the BCI Competition IV
in 2008 [13]. It contains EEG recordings from nine subjects
performing a four-class motor imagery task. Each subject
participated in two sessions on different days. During the task,
subjects were instructed to imagine one of four movements
(right hand, left hand, feet, and tongue) for four seconds after
an instructional cue. Each session consists of 288 trials, with
72 trials for each type of motor imagery.

The EEG signals were recorded using 22 Ag/AgCl
electrodes placed at central and surrounding regions, with a
sampling rate of 250 Hz. The preprocessing steps for this
dataset include:

1) Down-sampling: The signals were down-sampled from

256 Hz to 128 Hz.

2) Band-pass filtering: A band-pass filter was applied in the

range of 4-38 Hz to remove noise and artifacts.

3) Segmentation: EEG signals were segmented from 0.5 to

4 seconds (438 timepoints) after the onset of the cue for
each trial.

4.2. MAMEM EEG SSVEP Dataset 11
(MAMEM-SSVEP-II)

The MAMEM-SSVEP-II dataset was used as the
representative dataset for time-synchronous EEG data. It
consists of EEG recordings from 11 subjects performing an
SSVEP-based task. Subjects were instructed to gaze at one
of five visual stimuli flickering at different frequencies (6.66,
7.50, 8.57, 10.00, and 12.00 Hz) for five seconds. Each subject

executed five runs of five cue-based trials for each stimulation
frequency.

The EEG signals were acquired using the EGI 300 Geodesic
EEG System (GES 300) equipped with 256 channels at a
sampling rate of 250 Hz. The dataset contains five sessions.
For evaluation, we assigned the early blocks (sessions 1, 2,
and 3) as the training set, session 4 as the validation set, and
session 5 as the test set. The preprocessing steps for this
dataset include:

1) Band-pass filtering: A band-pass filter was applied in the

range of 1-50 Hz to remove noise and artifacts.

2) Channel selection: Eight channels (PO7, PO3, PO, PO4,
POS, O1, Oz, and 0O2) in the occipital area (location of
the visual cortex) were selected.

3) Segmentation: Each trial was segmented into four 1-
second segments (1-5 seconds after the onset of the cue),
yielding 500 trials of 1-second 8-channel SSVEP signals
per subject.

5. Results

In this section, we present the experimental setup, training
process, and results of the proposed AMAtt and MAtt models
on the BCIC-IV-2a and MAMEM-SSVEP-II datasets. We
compare the performance of both models and analyze their
training dynamics using accuracy plots.

5.1. Experimental Setup

The experiments were conducted using PyTorch on a GPU-
enabled machine. The models were trained using the Adam
optimizer, and the best-performing model checkpoints were
saved based on validation accuracy. The training process was
repeated for multiple subjects to ensure robustness.

The hyperparameters were selected based on a combination
of grid search and the settings reported in the original MAtt
paper [1]. Specifically, a learning rate of 1 x 10~% and weight
decay of 1 x 10~2 were found to yield stable convergence on
the BCIC-IV-2a dataset, while a slightly higher learning rate of
1 x 103 was used for MAMEM-SSVEP-II to account for the
different signal characteristics. Batch sizes of 128 and 64 were
chosen to balance memory efficiency and gradient stability for
each dataset respectively.

5.2. Results on BCIC-1V-2a Dataset

The AMALtt and MAtt models were evaluated on the BCIC-
IV-2a dataset for motor imagery EEG decoding. The results
are summarized below:

1) AMA1t: Achieved a test accuracy of 63.19% at iteration

500. The training accuracy reached 82.54%.
2) MAt#t: Achieved a test accuracy of 57.64% at iteration
500. The training accuracy reached 79.37%.

The training accuracy plots demonstrate that AMALtt
consistently outperforms MALtt in terms of training accuracy
and generalization to the validation set. Also AMALt achieved
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superior performance with an AUC score of 0.8286 compared
to MAtt’s 0.7994 AUC. The higher AUC values confirm
AMALt’s better discriminative capability between classes.
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Figure 4. Training accuracy plots for AMAtt and MAtt on the BCIC-1V-2a dataset.

5.3. Results on MAMEM-SSVEP-II Dataset

The AMAtt and MAtt models were also evaluated on the
MAMEM-SSVEP-II dataset for SSVEP EEG decoding. The
results are summarized below:

1) AMA1t: Achieved a test accuracy of 46.00% at iteration

500. The training accuracy reached 77.00%.
2) MA1t: Achieved a test accuracy of 41.40% at iteration
500. The training accuracy reached 75.33%.

The training accuracy plots indicate that AMALtt achieves
higher training accuracy compared to MALtt, although
both models exhibit similar validation performance.
AMATtt maintained its advantage with an AUC of 0.6219
outperforming MAtt’s 0.6077 AUC score.
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Figure 5. Training accuracy plots for AMAtt and MAtt on the MAMEM-SSVEP-II dataset.

6. Conclusion

In this study, we introduced AMAf#t, an adaptive variant
of the MA#t architecture, designed to enhance EEG signal

decoding by leveraging Riemannian geometry and adaptive
mechanisms.  The model was rigorously evaluated on
two widely used datasets—BCIC-IV-2a (motor imagery)
and MAMEM-SSVEP-II (SSVEP)—demonstrating consistent
improvements over the baseline MA#t model. On the BCIC-
IV-2a dataset, AMAft achieved a test accuracy of 63.19%,
significantly outperforming MAtt’s 57.64%. Similarly, on the
MAMEM-SSVEP-II dataset, AMAtt attained a test accuracy of
46.00%, compared to MAtt’s 41.40%. The training dynamics
further confirmed that AMA1#t not only learns more efficiently
but also generalizes better to unseen data, indicating robust
adaptation to varying EEG signal characteristics.

The superior performance of AMAft can be attributed
to its adaptive mechanisms, which dynamically refine the
Riemannian geometric framework to better capture the
intrinsic structure of EEG signals. This adaptability proves
particularly advantageous in handling both time-asynchronous
(e.g., motor imagery) and time-synchronous (e.g., SSVEP)
tasks, where traditional fixed-geometry approaches may
struggle.  These findings underscore the importance of
adaptive Riemannian geometry in EEG decoding, suggesting
that learnable transformations (such as those in AMAT#t)
can significantly enhance model flexibility and discriminative
power.

Future work includes extending the evaluation of AMAf¢
to additional EEG datasets, such as those involving motor
imagery, emotion recognition, or brain-computer interface
applications. Hyperparameter optimization: Investigate the
impact of hyperparameters, such as learning rate, batch
size, and the number of epochs, on the performance of
AMA1t. Integration with deep learning architectures: Explore
the integration of AMA#t with advanced deep learning
models, such as transformers or graph neural networks,
to further improve EEG decoding performance. Real-time
applications: Develop real-time implementations of AMAf#t
for practical brain-computer interface applications, ensuring
low latency and high accuracy. Interpretability: Enhance
the interpretability of the model by analyzing the learned
Riemannian metrics and their relationship to the underlying
EEG signal characteristics. These future directions aim to
further advance the state-of-the-art in EEG signal decoding
and contribute to the development of more robust and efficient
brain-computer interface systems.
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DL Deep Learning
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GDL Geometric Deep Learning
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