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Abstract: The combinatorial properties and invariants which includes transitivity, primitivity, ranks and subdegrees of direct
product of Alternating group and Cyclic group acting on Cartesian product of two set have been extensively studied. However, the
construction of suborbital graphs for this group action remains largely unexplored. As a result, this research paper addresses this
gap by constructing suborbital graphs involving direct product of the Alternating group and Cyclic group acting on the Cartesian
product of two sets where their respective properties such as connectivity, self-pairedness, girth and vertex degree are analyzed
in detail. First, the result shows that all suborbits are sel f — paired implies that the vertex sets are undirected to each other.
Secondly, the constructed suborbital graphs are classified into three parts for any value of n > 3. In part A, it is proven that the
constructed suborbital graphs I'y, I's, I's, ..., I‘(n — 1) are undirected, regular of degree (n — 1), disconnected with n — connected
components and has a girth of 3. In part B, the constructed suborbital graph I'(,_1y4 is found to be undirected, regular of
degree (n — 1), disconnected with n — connected components and has a girth of 3. Lastly in part C, the graphs I'(,,_1)4 2,
143 Tnm1)445-» [(n—1)4n are found to be undirected, regular of degree (n — 1)2, disconnected with n? — connected
components and has a girth of 3.
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1. Introduction suborbits in set X x Y such that (z1,11) € A and
(xzj,y;) € Aj Vj = 1,2,3,... Then the suborbital denoted

Suppose that G = A, x C, and Stabg(w1,y1) be the  , corresponding to A is given as:

stabilizer of point z in G. Also, let Ay and A; be distinct

O ={g(z1,31),9(xj,y;) : g € Stabg(x1,y1) , (x,y;) € Aj and (x1,y1) € Ao}

Suborbital graph I'; corresponding to suborbital O is then 3. Whenzy #z;and y; # y; Vi =2,3,4, ...
constructed when an edge is drawn from a point Ay to a  Note: Suborbit Ay has a null graph since it has trivial vertex
point A; such that the following conditions holds V(z1,y1) €  set. Instead, it forms a loop. Therefore in this case, it is not
Ao, (z5,y;) € A considered.

1. Whenazl—xj andy; #y; Vi =1,2,3,..

2. Whenzy #zjandy; =y; Vi =1,2,3,..
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2. Notation and Preliminary Results

Definition 2.1. [1] A set G together with a binary operation
is said to be a group if it satisfies the axioms of closure,
associativity, identity and inverse.

Definition 2.2.[2] Let X be a non-empty set, then a
permutation is a bijective mapping from set X to itself. The
group is said to be Symmetric if it consist of all permutations
of a set X and is denoted as S,,. The subgroup of S,, that
consist all even permutations is referred to as the Alternating
group and is denoted by A,, whose order is |A,,| = "7'

Definition 2.3. [3] A Cyclic group is a group that can be
generated by a single element g € G such that G = (g). Itis
denoted as (), and has an order of n.

Definition 2.4. [4] Consider a suborbit A; = (z;,y;) and
g € G. Then, A, is self — paired if {g(z;,y;) = (xi,y:)}
and {g(zi,y:;) = (v;,y;) € A;} such that A; = A
Vi, j=1,2,3, ...

Definition 2.5. [5] Suppose that G acts on X. Then the
stabilizer of point x in G is the set of elements of the group
which leaves elements of a set unchanged under group action.
It is denoted as Stabg(z) and given by: Stabg(z) = {g €
G:gx =z}

Definition 2.6. [6] Suppose G acts on X. Then the
orbitsofpointx in G are the partitions under the group action
that represents the equivalence classes of elements of a set
when mapped by the elements of the group. It is denoted as
Orbg(z) and given by Orbg(z) = {gz : g € G}.

Theorem 2.1. [7] (Sims Theorem). Let G acts transitively
on X. Then the suborbital graph is said to be undirected
if the suborbit is self-paired otherwise, it will be regraded as
directed. Group action is said to be primitive if all vertices set
points are connected together by the edges.

Theorem 2.2. [8] (Wielandt Theorem). Suppose G acts
transitively on X. Then there exists at least one self-paired
suborbit of G on X if and only if the order of the group is
even.

Theorem 2.3. [9] (Cameroon Theorem). Suppose G acts
on X transitively and for all ¢ € G. Then the number of
suborbits that are self-paired is given by: ﬁ Z:G |Fiz(g)?.

ge

Definition 2.7. [10] A graph is a diagram consisting of
a pair of ordered sets, namely vertices and edges, denoted
as G(V, E). The collection of connected vertices and their
adjacent edges is referred to as a walk.

Definition 2.8. [11] A path is a walk in which no vertex is
repeated, except for the first and last vertices. A path that starts
and ends at the same vertex, forming a closed loop, is called a
cycle.

Definition 2.9. [12] A graph in which every pair of vertices is
joined by a path is said to be connected. Conversely, a graph
that is not connected is termed disconnected.

Definition 2.10. [13] A graph is described as directed if its
edges have a specified direction, otherwise it is undirected. An
edge that connects a vertex to itself is called a loop.

Definition 2.11. [11] The shortest length of a cycle in a graph
is referred to as girth.

Definition 2.12. [12] A multigraph is a graph that contains
multiple edges between the same pair of vertices but has no
loops. In other words, two or more vertices can be connected
by multiple edges. In contrast, a simple graph is a graph that
has no loops and contains at most one edge between any two
vertices.

Definition 2.13. [14] Suppose G acts on X transitively and
Stabe (x) is the stabilizer of points = in G. Then the suborbits
are the orbits of the stabilizers which arises when the elements
of the stabilizer act on the set. They are denoted as Ag and
defined given by: A; = {Aq, A, ..., A;_1}. The total number
of suborbits is the rank and the size of these suborbits is the
subdegrees.

Theorem 2.4. [15]. Suppose that G = A,, x C,, acts on
X x Y. Then when n = 3, the stabilizer of (z1,y1) in G is an
identity. When n > 4, the size of the stabilizer of (z1,y1) in
G is given as |Stabg(z1,11)| = U5 1)'

Theorem 2.5. [15]. Suppose that G = A, x C, acts on
X xY. Then when n = 3, the rank is 9 and the corresponding
subdegrees are 1,1, .., 1 (9 — times). When n > 4, the rank is
2n and subdegrees are 1,1,...,1,n —1,n—1,...,n — 1.

——

n n

3. Main Results

3.1. Suborbital Graphs of A3 X C3 Actingon X XY

From theorem 2.5 when n = 3, the rank is 9 and the
corresponding subdegrees are 1,1,1,1,1,1,1, 1, 1. Therefore,
the suborbits are arranged as follows:

Ao = O’I‘bH(IEh yl) = {(Il, yl)} =1 (TriVial Orblt)

Ay = Orbg(x1,y2) = {(z1,42)} =1

AQ = OTbH(xlﬂyS) = {(xlayS)} =1

Az = Orby (2, y1) = {(v2, 1)} =1

Ay = Orby (s, :Ul) ={(z3,51)} =1

As = Orby (72,y2) = {(22,92)} =1

Ag = Orbg(x2,y3) = {(22,y3)} =1

A7 = Orby(w3,y2) = {(v3,y2)} = 1

Ag = OTbH($37y3) ={(w3,y3)} =

Lemma 3.1.Let A; = {A1,Aq,As3,...,Ag} be the

suborbits of A3z x C3 acting on X x Y. Then A is self —
paired.

Proof. From the definition 2.4, consider A = {(x1,y2)}
and g = (es,c,). then {(ez,€,)(@1,2)} = {(21,92)} and
{eme)@np)} = (@) € Ath. = A; = AL
Therefore, it follows that all suborbits, A; are sel f — paired.
By theorem 2.1 (Sims Theorem), if the suborbits are sel f —
paired, then their graphs are said to be undirected.

Given that Ay = {(z1,y1)}, A1 = {(x1,92)} and
from theorem 2.4, Stabg(x1,y1) = {(ex,ey)}. Then, the
suborbital Oy corresponding to suborbit A; is given as:

O1 = {(ewey)(zlayl)v(exrey)(xlva)} =
{(z1,91), (x1,y2)}. Therefore, a suborbital graph I'; is
constructed by drawing edges from vertex set (1, y1) to vertex
set (21, y2) such that any first components of ordered pairs are
the identical and the second components of ordered pairs are
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different.

The constructed suborbital graph I'; below is undirected,
regular of degree 2 and disconnected with 3 — connected
components of girth 3.

(X4.¥4)

(3¥3)
(Xp.¥o)
(%3.¥,)
(3¥3)
(k3¥1)
(p91)
(xz.yg)‘<7.

(%5.Y5)

Figure 1. Suborbital graph T'1 corresponding to A1 of Az X Cs actingon X X Y.

Note: The suborbit Ay = {(x1,ys3)}, falls to the same
category as that of Aj. That is, the first components of the
ordered pairs are the identical and the second components of
the ordered pairs are different. Therefore, the structure of the
graph I's is identical to that of I'y. Hence, it has the same
properties as that of I';.

Given that Ag = {(z1,91)}, As = {(z2,y1)} and
Stabg(x1,y1) = {(ex,ey)}. Suborbital O3 corresponding to
suborbit Ag is given as:

O3 = {(exsey)(@1,91), (€, €y)(22,41)} =
{(x1,91), (x2,y1)} From this equation, suborbital graph I's is
constructed by drawing edges from vertex set (1, y1) to vertex
set (z2, y1) such that the first components of the ordered pairs
are non-identical and the second components of the ordered
pairs are identical.

_— (x0.¥7)
(X, ¥,)
(X3¥,)
(xq.y3)
(*3.¥,)
(4p97)
(%Y}
(X9.¥5)

Figure 2. Suborbital graph I's corresponding to Az of Az x C3 actingon X X Y.

The constructed suborbital graph I's is undirected, regular

of degree 2 and disconnected with 3 — connected components
of girth 3.

Note: The suborbit Ay = {(z3,y1)}, falls to the same
category as that of Ag. That is, the second components of the
ordered pairs are the identical and the first components of the
ordered pairs are different. Therefore, the structure of graph
I'4 is identical as that of I's. Hence, it has the same properties
to that of I's.

Given that A() = {(!El, yl)}, A5 = {(.’EQ, yg)} and
Stabg(x1,y1) = {(ex,ey)}. Suborbital O corresponding to
suborbit Ay is given as:

Os = {(€$7€y)(m1’y1)7(exrey)(x%y?)} =
{(z1,y1), (z2,y2)} Suborbital graph T's is then constructed
by drawing edges from vertex set (z1,y1) to vertex set
(22,y2) such that neither the first components nor the second
components of the ordered pairs are identical.

(X3.Y5) (X1.¥1)

(X4,¥5)
(X3.Y5)
(X4.Y3)

(X3.Y4)

(X5.¥4)

(Xp.¥s)

(%5.¥5)

Figure 3. Suborbital graph T's corresponding to A5 of Az X Cs actingon X X Y.

The constructed suborbital graph I's is undirected, regular
of degree 4 and disconnected with 6 — connected components
of girth 3.

Note: The suborbits Ag = {(x2,y3)}, A7 = {(x3,92)}
and Ag = {(z3,y3)} fall to the same category as that of
As. That is, neither the first nor the second components of
the ordered pairs are the identical. Therefore, the structures of
the graphs I'g, I'; and I's are identical to that of I's. Hence,
they have the same properties as that of I's.

3.2. Suborbital Graphs of A4 X C4 Actingon X XY

From theorem 2.5 when n = 4, the rank is 8 and the
corresponding subdegrees are 1,1,1,1,3,3,3,3. Therefore,
the suborbits are arranged as follows:

Ao = Orbg(x1,y1) = {(x1,y1)} = 1 (Trivial Orbit)

Ay = Orby(71,y2) = {(z1,92)} =1

Ay = Orbg(w1,y3) = {(21,¥3)}

Az = Orby (x1,ys) = {(x1,y4)} =

Ay = Orbg(xa,y1) = {(22,91), (x3,91), (24, 91)} = 3
As = Orbg(w2,y2) = {(22,92), (3, 2), (T4,92)} = 3
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Ag = Orbu(22,y3) = {(22,¥3), (23,93), (T4, y3)} = 3
A7 = Orby(w2,ys) = {(22,y4), (¥3,Y4), (Xa,9y1)} = 3

Lemma 3.2.Let A; = {A1,A,As,...,A7} be the
suborbits of A4 x C4 acting on X X Y, then, Aj is self —
paired

Proof. Consider Ay = {(z2,y2), (x3,92), (x4,y2)} and
9 = ((x2 23 4),€y), then {((x2 3 24),€y)(72,92)} =
{(#3,92)} and {((z2 w3 24),€y) (23, 92)} = {(24,92) €

As}. = Ay = Af. Therefore, it follows that all suborbits,
Aj are self — paired. By theorem 2.1 (Sims Theorem), if
the suborbits are sel f — paired, then their graphs are said to
be undirected.

Given that Ag = {(z1,¥1)}, A1 = {(z1,¥2)} and from
theorem 2.4, there are 3 elements of the stabilizers. They are:
Stabg(z1,y1) = {(ea, ey), (R22374), €y), (272 23), €y)}.

The suborbital O; corresponding to suborbit A, is given as:

= {(6£E76y)($1’y1)7 (exvey)(xhy?)} = {(3517311), (1171,112)}
= {((z2 23 24), €y) (71, 91), (72 T3 T4), €9) (71, 92) } = {(21,11), (71, 92)}

O1 = {((z2 x4 x3),ey)(x1,91), (X2 x4 z3), €

y)(sc1,y2)} = {(x17y1)7 (xlu y2)}

Therefore, a suborbital graph I'; is constructed by drawing an edge from vertex set point (x1,y;) to vertex set point (z1, y2)
such that any first components of ordered pairs are identical and the second components are different.

(1Y)

(xg¥4) (X4.¥3)
(X4,¥3) (x4,¥3)
(X4:¥5) (X1:Y4)
(X4.1) (X2¥1)

(X3.¥4) X2 3"2
(X3.¥3) (x9.¥3)
(x3.¥2) (X5:¥)

(*3.¥4)

Figure 4. Suborbital graph "1 corresponding to A1 of Ay X Cyq actingon X X Y.

The constructed suborbital graph I'; is undirected, regular
of degree 3, disconnected with 4 — connected components and
has a girth of 3.

Note: The suborbits Ay = {(z1,y3)} and Ag = {(x1,94)}
fall to the same category as that of A;. That is, the first

Ao ={(z1, 1)}, Ay = {(22,51), (3,91), (x4,91)} and Stabg(x1,y1) = {(ezvey)a ((z2 23 74),

The suborbital O4 corresponding to suborbit Ay is given as:

components of the ordered pairs are the identical but the
second components are not. Therefore, the structures of the
graphs I'; and I's are identical to that of I';. Hence, they have
the same properties as that of I';.

Given that

ey); ((z2 T4 23),€y) }.

Oy = {(617 ey)(xlvyl)a (exvey)(x%yl)» (ema ey)(mﬁ’nyl)a (61:7 6y)($4, yl)}

={

Il,yl) (172,3/1)7@373/1)»(174,%)}
Oy =

~ o~~~ o~

r1,91), (¥3,91), (T4, 91), (T2,91) }
(z2 4 73), €y) (¥1,1), (72 74 T3),

{
{
{
{(z1,11), (x4, 91), (¥2,91), (3, 91)}

(z2 23 w4), €4) (¥1,91), (72 T3 T4), €y) (T2, Y1), (72 T3 T4), €y

ey) (.132,3/1), ((l‘g Ty $3),

) (m37y1)7 ((ng zs3 LE4), ey) (1‘4, yl)}

€y) (1‘4, yl)}

ey) (z3,91), ((v2 T4 73),

Suborbital graph I'y is then constructed by drawing edges from vertex set point (x1,y;) to vertices set points

{(22,91), (x3,y1), (x4,y1)} such that any second components of ordered pairs are the identical but the first components are
different.
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(x RY ) (X1 ’y3)
473 A \

(X3.Y4)

Figure 5. Suborbital graph T"4 corresponding to A4 of Ay X Cyq actingon X X Y.

a girth of 3.
Given that

The constructed suborbital graph I'4 is undirected, regular of degree 3, disconnected with 4 — connected components and has

Ao = {(z1,91)}, As = {(z2,92), (¥3,92), (v4,y2)} and Stabg (w1, y1) = {(ex, €y), ((x2 3 4),€y), (72 74 3), €,)}
The suborbital Oy corresponding to suborbit Ay is given as:

Os = {(ex, ey) (w1, 41); (€, €y) (22, Y2), (€, €y) (X3, Y2), (€25 €y) (T4, Y2) }
= {(z1,91), (¥2,2), (%3, 92), (T4, y2) }

O5 = {((z2 3 24), €) (21, 91), (72 T3 T4), €y) (22, Y2), (22 T3 24), €y) (T3, Y2), (72 T3 T4), €y) (4, Y2) }
= {(z1,11), (73, 92), (T4, y2), (x2,92)}

Os = {((w2 24 23), ) (w1, Y1), (72 24 23), €y) (T2, y2), (72 24 23), €y) (23, y2), (T2 24 23), €y) (T4, y2)}
={(21,91), (¥4, 92), (¥2, y2), (3, 92) }

Suborbital graph T's is then constructed by drawing edges from vertex set point (z1,y1) to vertices set points
{(z2,vy2), (z3,y2), (x4, y2)} such that neither the first nor the second components of ordered pairs are the identical.

(%4.¥¢)

A\
2\ A |l
N
(x3,¥4)

Figure 6. Suborbital graph I's corresponding to As of Ay x Cyq actingon X X Y.
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Constructed suborbital graph I'5 is undirected, regular of degree 9, disconnected with 16 — connected components and has a
girth of 3.

Note: The suborbits Ag = {(z2,ys3), (z3,ys3), (x4,y3)} and A7z = {(z2,y4), (z3,y4), (x4, ys)} fall to the same category as
that of As. That is, neither the first nor the second components of the ordered pairs are the identical. Therefore, the structures of
the graphs I'g and I'; are identical to that of I'5. Hence, they have the same properties as that of I's.

3.3. Suborbital Graphs of A5 X C5 Actingon X XY

From theorem 2.5 when n = 5, the rank is 10 and the corresponding subdegrees are 1,1,1,1,1,4,4,4,4,4. Therefore, the
suborbits are arranged as follows:

Ag = Orbg(x1,y1) = {(z1, 11

Ay = Orby(71,y2) =

Ay = Orby(71,y3) = {

Az = Orbg(w1,y4) = {
Ay = Orbp(z1,y5) = {
As = Orbp(22,y1) = { (z3,91), (4, 91), (*5, Y1)

( { (23,92), (74, Y2), (¥5, Y2)

A7 = Orbp(22,y3) = { (23, 3), (¥4, y3), (z5,Y3)
Ag = Orbg(wa,ys4) = { (23,Y4), (T4,Y4), (T5,Y4)

Ag = Orbg(w2,ys) = {(z2,9s5), (¥3,Y5), (T4, Y5), (v5,y5)} = 4

Lemma 3.3. Let Aj = {A1, Ay, As, ..., Ag} be the suborbits of A5 x C5 acting on X x Y. Then A; is sel f — paired

P’/‘OOf. Consider A7 = {(.2327 y3)a (1'3, 213)7 (.1347 y3)a (1‘5, y3)} and g = {((xQ Ts5 1‘4), ey)} Then;

{((z2 5 24), €y) (2,y3)} = {(25, y3) fand{((x2 x5 4), €y) (25, y3)} = {(24,93) € Ar}. = Az = A7

Therefore, it follows that all suborbits A; are sel f — paired. By theorem 2.1 (Sims Theorem), if the suborbits are sel f —
paired, then their graphs are said to be undirected.

Given that Ay = {(x1,91)}, A1 = {(21,y2)} and from theorem 2.4, there are 12 elements of the stabilizers when n = 5.
They are:

StabG(zla yl) - {(exa ey)v ((1:2 Tq 1?5) ’ ey)a ((172 Ts 1’4) 7ey)a ((1’2 xs3 335)7 6’4})7 ((JU3 Ty $4) 76y)7 ((132 Ty ZE3) ) ey)v
((z3 s w5) , ey), (22 w5 23) s €y), (22 T3 24) , €y), (22 25) (T3 24)  €y), (22 23) (24 25) , €y), (22 24) (3 25) , €y) .

The suborbital O, corresponding to suborbit A; is given as:

O1 = {(ex, ey) (21, 11), (€2, €y) (w1, 92) } = {(21,91), (21, 42)}

O1 = {((x2 ma x5), €y) (w1, 51), (22 24 25), €) (#1,52)} = {(z1,91), (T1,92)}

O1 = {((z2 25 24), €y) (w1, 91), (22 75 T4), €9) (21, 92) } = {(21,91), (71, 92)}

Ag = Orbg(x2,y2) =

I
4>u>u>u>

b=
}
}=
}

O1 = {((w2 x4) (w3 75) , e4)) (21, 91), (T2 24) (T3 5) , €) (21, 92) } = {(21,91), (¥1,92) }

(X5.Y5) (%4.¥q) . Therefore, a suborbital graph I'; is constructed by drawing
an edge from vertex set point (z1,y1) to vertex set point
(21, y2) such that any first components of ordered pairs are
identical and the second components are different.

The constructed suborbital graph I'; is undirected, regular
of degree 4, disconnected with 5 — connected components and
has a girth of 3.

(X4:¥5) Note: The suborbits Ay = {(z1,y3)},.A3 = {(21,v4)}
(X5.¥5) and Ay = {(x1,ys5)} fall to the same category as that of
(%4:Ys) (%o32) A;. That is, the first components of the ordered pairs are the
(X,y) 2¥3 identical but the second components are not. Therefore, the
o (XpY4) structures of the graphs I'y, I's and I'y are identical to that of
(X4.Y) I';. Hence, they have the same properties as that of I';.
(Xg¥4) e Given that Ao = {(z1,51)}, As = {(22,11), (3, 51),
¢ 1(x )g‘(xa,m (z4,91), (x5, y1)} and Stabe(z1,y1) = {(ex, €y),
3% (45¥,)  (x5¥) 3 Y2) (w2 w4 w5) s €y), (22 T5 4) , €y), (T2 T3 T5), €y),

(($3 Ts5 $4) 7€y)7 ((152 Ty 333) 7€y), ((963 T4 505) 7€y)7
Figure 7. Suborbital graph T'1 corresponding to A1 of As X Cs actingon X X Y.
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(o x5 3) , €y), (w2 T3 T4) , €4), (T2 T5) (T3 Ta) , €4), Os corresponding to suborbit Ay is given as:
((xo x3) (Taxs5),€y), ((x2 x4) (3 25),€y)}. The suborbital

05 = {(ezv 6y)($1,y1)7 (emvey)(‘r%yl)? (ema ey)($3,y1)a(emv ey)(x4,y1), (ewv ey)(xBayl)}
= {(‘Tlvyl)v (IQ, yl)v (9537311)» (x4ﬂ yl)v (‘T57y1)}
O5 = {((z2 21 75), €y) (21, y1), (¥2 T4 5), €y) (¥2,Y1),((T2 T4 T5), €y) (T3, Y1), (T2 T4 T5), €y) (T4, Y1),

((z2 x4 x5), ey)(x5,y1)}

= {(z1,91), (w4, 91), (23, 91), (x5, 91), (22, 91) }
Os = {((w2 25 24), €y) (71, 41), (22 T5 T4), €4) (T2, 91), (¥2 T5 T4), €4) (23, Y1), (T2 25 T4), €4) (T4, Y1),

(w2 x5 v4), €y) (25, 91) }
= {(‘Tlvyl)? (I5a yl)v (‘T37y1), (IQ; yl)v (9547311)}

Os5 = {((z2 z4) (23 75), €y) (21, 91), (22 74) (23 25), € ) (22, y1), (2 24) (23 25), €y) (23, 91), (22 4) (73 25), €y)
(@4, 91), (w2 24) (w3 25), €y) (x5, 1)}
={(z1,11), (¥4, 91), (T5,y1), (T2, 91), (73,91) }
Suborbital graph I's is then constructed by drawing edges from vertex set point (z1,y1) to vertices set
{(x2,91), (x3,y1), (x4,y1), (x5,y1)} such that any second components of ordered pairs are identical but the first components
are different.

Figure 8. Suborbital graph T's corresponding to A5 of As X Cs actingon X X Y.

Constructed suborbital graph I'5 is undirected, regular of 4 degrees, disconnected with 5 — connected components and has a
girth of 3.

Given that

Ao ={(z1,51)}, Ae = {(z2,92), (73, ¥2), (¥4, y2), (x5, y2) } and Stabg(w1,y1) = {(ex, €y), (¥2 T4 75) , €y),
(w2 w5 24) s ey), (w2 23 5), €y), (w3 T5 T4) s €y), (T2 T4 T3) s €y), (w3 T4 T5) s €y), (T2 75 23) , €y),
((x2 w3 24) s €y), (w2 5) (23 24) s €y), (T2 3) (24 @5) s ), (w2 T4) (w3 75) , €y) }-

The suborbital Og corresponding to suborbit Ag is given as:

O = {(emv ey)($1, yl)v (e$7 ey)(x% y2)7 (e:m ey)(x37 y2)7(ew’ ey)(x4> y2)v (ewv ey)(x57 y2>}

= {(z1,91), (¥2,92), (3, Y2), (T4, Y2), (x5, y2) }
Os = {((w2 x4 25), €y) (21, 41), (22 T4 @5), €y) (2, y2), (w2 T4 T5), €y) (3, Y2), (22 T4 @5), ) (24, Y2),

((z2 w4 $5)a€y)($5,y2)}

={(z1,11), (¥4, 92), (¥3,y2), (T5,y2), (T2,92) }
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Op = {((w2 75 24), €y) (71, Y1), (72 75 T4), €y) (T2, Y2),((T2 T5 T4), €y) (T3, Y2), (T2 T5 T4), €y) (T4, Y2),

(w2 25 x4)aey)($5,y2)}
={(z1,11), (¥5,92), (¥3,Y2), (T2, y2), (T4,92) }

:06 = {((z2 74)(x3 75), €y) (¥1, Y1), (72 T4) (73 T5), €y) (T2, Y2), (T2 T4) (T3 T5), €y) (23, Y2),

(w2 24) (w3 @5), €4) (74, Y2), (72 T4) (73 T5), €y) (T5,92) }

={(z1,11), (¥4, 92), (T5,y2), (T2,92), (73, 92) }

Suborbital graph I's is then constructed by drawing edges from vertex set point (z1,y1) to vertices set points
{(z2,9y2), (z3,y2), (4, y2), (x5, y2) } such that neither the first nor the second components of ordered pairs are identical.

S ST
LA L7
[ 7
_,//,‘;____‘ 1 /

Figure 9. Suborbital graph T'g corresponding to Ag of As x Cs actingon X X Y.

The constructed suborbital graph, I'g is undirected, regular
of degree 16, disconnected with 25 — connected components
and has a girth of 3.

Note: The suborbits A7,Ag and Ag fall to the same
category as that of Ag. That is, neither the first nor the second
components are identical. Therefore, the structures of the
graphs I'7, I's and I'g are identical to that of I's. Hence, they
have same properties as those of I'g.

3.4. Suborbital Graphs of A,, X C,, Actingon X XY

From the graphs constructed, it is noted that suborbital
graphs are classified into three categories:

Part  A. Suborbital graphs are constructed by
drawing edges from vertex set (z1,y1) to vertices
set {(z1,92), (z1,93), -, (1,yn)} such that any first
components of ordered pairs are identical but the second
components are different.

Therefore, suborbitals O corresponding to the suborbits A
are given as:

O1 ={(9)(z1,11), (9)(x1,92)} = {(z1,91), (T1,92)} :9 € G, (21,y2) € Ay
O2 = {(9)(z1,91), (9)(x1,93)} = {(z1,91), (z1,93)} 19 € G, (z1,y3) € Az
O3 = {(9)(x1,91), (9)(x1,94)} = {(z1,91), (z1,94)} 19 € G, (z1,y1) € A3

O(n—l) = {(g)(x17y1)7 (g)(xlvyn)} = {(xlvyl)a (xlayn)} g € Ga (xlayn) € A(n—l)
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Constructed suborbital graphs I'1,I's, I's, ..., F(n — 1) have
identical structures showing that they have same properties.
That is, the graphs are undirected, regular of degree (n — 1),
disconnected with n — connected components and has a girth
of 3 forn > 3.

Part B. Suborbital is

graph constructed by

Om-1+1 = {(9)(x1,91), (9)(72,y1), (9)(3,91), (9) (T4, 91); -,
(Tn,y1)} 1 (9) € G, (z2,91), (T3, Y1), -,

= {(z1,91), (¥2,91), (T3, Y1), s

Constructed suborbital graph I'(,,_1)4; is undirected,
regular of degree (n — 1), disconnected with n — connected
components and has a girth of 3 for n > 3.

Part  C. Suborbital graphs are constructed by
drawing edges from vertex set (x1,y;) to vertices set

O(n H+2 = (
{(

g€

{(
{(

Ty, ) (5527?42)a($33y2)7(5547y2)a--~7
G (.Tz,yg) (x3ay2)7(x47y2)7'~7
Om-1)+3 =

r1,91), (¥2,Y3), (23, Y3), (T4, 93), -,
G ($2793)>(-733ay3),($47y3)»---,

O (n—1)+4 — {( )($17y1)> (g)(vay4)? (g)(x3vy4)> (g)($4,y4), (X33}
($n7y4)}
(xnayﬁl) € A(n—l)-‘,—4

{(xlu yl) ($27y4), (:ESa y4)7 (x47y4)7 (23}
1g € Ga ($2,y4), (1’3, y4)7 ($4,y4), (EX3)

O(n—1)+n

)(@1,91), (9) (2, y2), (9) (23, Y2), (9) (T4, Y2), -,
(xmy2)}
(Tn,y2) € A(n—1)42
)(@1,91), (9) (@2, y3), (9) (23, ¥3), (9) (24, ¥3), -,
(fn,y:%)}
(Tn,y3) € A—1)43

drawing edges from vertex set (x1,y;) to vertices set

{(‘T27y1)7(x:’)ayl)v"'a(xnvyl)} such  that any second
components of ordered pairs are identical but the first
components are different. The suborbital O corresponding
to suborbit A is given as:

(9)(zn, 1)
(xnv yl) € A(n,1)+1

(an 92)7 (.133, y?)? (354, 92)7 eeey (J:n, y?) suCh that neither the
first nor the second components of the ordered pairs are
identical. The suborbitals O corresponding to the suborbits
A are given as:

(9)(n,y2)}

(9)(zn,y3)}

(9)(Tn,ya)}

{(9)(@1,91), (9)(@2,yn), (9)(z3,Yn), (9) (T4, Yn): - (9)(Tn, Yn) }
{(Ilv yl) (x27 yn)a (I?n yn)7 (:C47 yn), B (Inv yn)}
gc G7 (.132, yn)a (1‘3, yn)7 (-r47 yn)a ) (l‘n, yn) € A(n,1)+
Constructed suborbital graphs I'(,_1)42, DTno1y43.  Cn Cyclic group of order n
L(n—1)+4s» L(n—1)+n have identical structures showing that €y An identity element of alternating group
they have same properties. That is, the graphs are undirected, €y An identity element of cyclic group
regular of degree (n — 1), disconnected with n? — connected V=X xY  Cartesian product of SET X and set ¥’
components and has a girth of 3 for n > 3. Stabg () Stabilizer of a point z in G
Corollary 3.1. The group action of A,, x C,, acting on Orbg () The orbit of a point z in G
X x Y is imprimitive. A Suborbit of G on Set V'
Proof. All suborbital graphs constructed for this group 0 An empty set
action, are disconnected. Therefore, by theorem 2.1, the group Ay x Cp Direct product of alternating and cyclic
action is imprimitive. groups
A* Suborbit which is self-paired with A
(0] Suborbital of G on the set V'
4. Conclusion r Suborbital graph which corresponds to
suborbital O
In this paper, suborbital graphs of 4,, x C,, on X x Y for
n > 3 were constructed where their respective properties were ORCID

analyzed. It is proven that all suborbital graphs constructed are
undirected, disconnected and each has a girth of 3.
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