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Abstract: In this paper, we study the following chemotaxis-Stokes system with active transport

¢t +u-Ve=V-(ac(Ve—xVn)) — ne,
ng+u-Vn=V-(n(Vn—xVc)) + Anc,
w=Au+(n+c)Vé—-VP, V-u=0

in a bounded domain with positive parameters «, 3, x and A. Here, ¢ and n denote the density of the nutrient acting as a
chemoattractant and the density of the cell, respectively and u denotes the velocity of the fluid. The parameters «, 3, x and
A are positive constants and A represents the cell growth rate occurred by the nutrient supply. The novelty of this system is
that there is not only a chemotaxis term, which reflects the movement of the cells toward nutrient sources, but also an active
transport one, which means the nutrient is moving towards the cells. In order to prove the existence of weak solutions to the
above problem, we introduce the regularized problem using the the Yosida approximation of B := —A + 1 under homogeneous
Neumann boundary conditions in L?((2). Based on a priori estimates for the solutions of the regularized problem, it is shown
that under no-flux boundary condition and for any suitably regular initial data, an associated initial value problem possesses a

global weak solution provided 0 < x < 1.
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1. Introduction

This paper deals with the following chemotaxis-Stokes
system with active transport

et +u-Ve=V-(ac(Ve—xVn)) —ne,

reQ, t>0,
ne+u-Vn=V-(n(Vn—xVe)) + Anc,
(1)
e, t>0,

u =Au+ (n+c)Ve — VP,
V-u=0, z€Q, t>0,

e, t>0,

for the unknown functions ¢,n and u in a bounded domain
Q C R? with sufficiently smooth boundary. Here, ¢ and n
denote the density of the nutrient acting as a chemoattractant
and the density of the cell, repectively and u denotes the
velocity of the fluid. The parameters «, 3, x and X are positive
constants and A represents the cell growth rate occurred by the
nutrient supply.

Chemotaxis means an oriented movement of cells towards
higher concentration chemical materials and this mechanism
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happens in a lot of biological process ([1, 2]).

Baterica living in water, often follow the oxigen which they consume as well as diffuse through the water. Moreover, they are
transported by the fluid. This bialogical process could be described by the following PDE(Partial Differential Equation):

¢t +u-Ve=Ac— f(z,n,c),

ng+u-Vn=V-(Dn)Vn—nS(n,c)Ve) + g(n),

2)

us + k(u- V)u=Au — VP +nVo,

V-u=0,

where k € R. Here, D repesents the diffusivity and S
denotes the chemotactic sensitivity. The given functions g and
f reflect the growth of bacterial and the oxygen consumption,
respectively. The problem (2) and its modeified ones have
been studied in many literatures (see for instance [3—11]).
Especially, chemotaxis mechnism appears in the Cahn-Hilliard
systems for tumor growth, where chemical species acts as
the nutrient for the tumor cells([12], [13—15]). An absorbing
interest in these models is that there is not only a chemotaxis
term, which reflects the movement of the tumor cells toward
nutrient sources, but also an active transport one, which
means the nutrient is moving towards the tumor cells([12]).
Furthermore, they say that the mechanisms like this have
already been observed in the malign tumor colony.

To the best of our knowledge, excepting the Cahn-Hilliard
systems with chemotaxis, we are not to able to find any
literatures studying chemotaxis models with active transport.
Motivated by these work, we are studying chemotaxis systems
with active transport, starting from the simple problems, and
we consider the problem (1). The purpose of this work is to

show the global existence of weak solutions to (1).

In this pater, the norms in L%()% and L4((2) are denoted
by || [[((1<g<oco)andlet| | =] |2 Also, (-,-) means
the inner product in L?(2)3 and L?((2). Define the following
function spaces,

ngj,(Q) ={ue C'SO(Q)?’7 V- u = 0},

L2(Q) = Cgo () 12,
———I"llw1.2(0)3
W2 = Cg (Q) @

and let A be the Stokes operator with domain D(A) = Wolf N
W22(Q)3.

Suppose the following assumptions for the parameters and
the initial data,

a,B,A>0, 0<x<l1, 3)

Co, Mo € Wl’OO(Q) (4)
co>0 and ng >0,

with Ug € D(Al/2)

Definition 1.1. Let 0 < T < oo and £ C R? be a bounded domain with smooth boundary. Assume that (3) and (4) are fulfilled.
Then, a pair of functions (c, n, ) is called a weak solution of (1) on [0, T, if it satisfies

e,n € L(0,T; L3(Q)) N L2(0, T; W2(Q)),u € L*(0,T; L2(Q)%) N L2 (0, T; Wy 2 (Q)),

/OT/QCw/Qcocp(~,0)/OT/chV<poa/OT/Qc(chVn)-Vgo/oT/anga, (5)
—/[)T/Qngpt—/Qnotp(-,())—/oT/Qango:—,B/OT/Qn(Vn—xVC)-Vgp—|—/\/0T/an<p, (6)
—/OT/Quct—/Quocc,m=—/OTLVu-Vc+/OTA<n+c>V¢-<, ™

for any p € C§°(Q2 x [0,T)) and ¢ € C§, (2 x [0,T7)).

Theorem 1.1.Let 0 < T < oo and 2 C R? be a bounded
domain with smooth boundary. Assume that (3) and (4) are
fulfilled. Then, there exists a weak solution of (1) on [0, 7).

In this paper, the letter C' is a positive constant only related
to the parameters «, 5, A, x and the initial data, whose value
may be changed from line to line, even in the same line.

2. Proof of the Main Result

To prove Theorem 1.1, we introduce the following
regularized problems for ¢ € (0, 1):
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ue(x,0) =ug, x€Q,

where J. = (I +eB)~! is the Yosida approximation of B :=
—A +1 under homogeneous Neumann boundary conditions in
L2(Q).

The following lemma shows the existence of classical
solution to (8) and it is proved by the similar way from [16],
[17], so we omit the proof here.

Lemma 2.1. Let © C R? be a bounded domain with smooth
boundary. Assume that (3) and (4) are fulfilled. Then for each
e € (0,1), (8) has a classical solution (c., ne, u.) such that

Ceyne € CO(Q x [0,00)) NCHH(Q x (0,00)),

u. € COQ x [0, 00)) N CHL(S % (0, 00))

with ¢ > 0 and n. > 0.
Lemma 2.2. Let  C R3 be a bounded domain with smooth
boundary. Assume that (3) and (4) are fulfilled. Then,

t
llee (@)l + [lne ()]l +/ [necelly < C ©)
0

holds for any ¢ > 0.

Proof This lemma is directly proved by integrating the first
and second equation of (8).

Lemma 2.3. Let Q C R? be a bounded domain with smooth
boundary. Assume that (3) and (4) are fulfilled. Then,

t
/ Vel + [Vno|2ds < C(E+1)  (10)
0

holds for any ¢ > 0.
Proof Test the first equation and the second one of (8) by
B1nc. and o In n,, respecitvely, to obtain

d
@/Qﬂ(cs Inc. —¢.)dx

+afl|Vee|* + 208 | V/ec||? (11)
= OKBX(VCE,VJEHE) - ﬁ/ NeCe lncgdaj,
Q
rn 51 e — Itg
o Qa(n nn. —ng)dr
+ 0B Vne |2 + 2082V, | (12)

— afx(Vne, Viec.) + ar / con. Innode,
Q

Cet +ue - Vee = aV - ((ce +€)Vee — xeeVdeng) — nece,
Ner + e - Ve = BV - ((ne + €)Vne — xnVdece) + Anece,

x €€,
x € Q,

t>0,
t >0,

Uey = Aue — VP + (ne +¢.)Vo, x€Q,t>0,

Vou=0, z€Q,t>0, )
Ve.-v=Vn.-v=0, u.=0, z€dQt>0,

ce(x,0) = co(x), mne(z,0) =np(z), €

where we use (u. - Vee,Inc.) = (ue - Vng,lnn.) = 0 due to
V - u. = 0. Adding (11) and (12), leads to

a

dt ).,
+ af(|IVeel® + ([ Vne|?)

<afBx((Vee, Vdene) + (Vne, Vdece))

- /nscs(ﬁlncs —aXlnn.)dx.
Q

(BceInc. + an: Inn, — Be. — ang)dx

13)

From the Holder inequality and Young’s inequality, we have

(VCE, VJE”E) + (Vng, VJECE)
SHVCEHHVJETLEH + ||Vn5||||VJ€CEH

1

<5 (IVeell® + 1Vnell)

1
i(HVJsCs”z + HJEVWIe”?)

1
1+ ;)(HVCE\P +|Vne|?)
+ C(lleellf + lIn17)
where we use
|V J0|? = (~AJw, Jou) = (BJ.v — Jov, Jov)
= |B2Jev|)? = || Jev|)* < ||BY?0]?
= (u, Bv) = (u, —Av 4+ v)
= [Vol® + [lo]f?
< [[Vol2 + Vol olly® + [lo]13)

(14)

1
< |IVoll* + vl D[IVol* + Cllv]li.

Also, we get
nece(BInc. — allnng)

<C [ n.(1+e?) +c.(1+n2?)dx
o

5/2 5/2
< Clecll + lInells + lecll2)3 + Inellz)3)

< O+ llecl3? + a3 + ([ Vee |5 ec |7
+ [ Ve |5 ne | 71°)

< @B —x)
- 4
+ O(1+ |lec|] + InellD),

(IVeel® + 1Vn|)
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where we use |y Iny| < C(144%/2),y > 0 and the Gagliardo-
Nirenberg inequality

5/2 5 7/10 5/2
olI373 < CAVOl* ol + ol137).

By the above estimations, (13) becomes

%/Q(ﬁcs Inc. + ac-Inc. — fe. —an.)dz
+ D ey fongyy 1Y
<O+ fleell I + flne1%):
Integrate the above inequality on (0, ), to get
Q,@CE Inc, + an: lnn.dz
(16)

1_ t
+ M/ Vne||? + || Ve || *ds
0

Lemma 2.4. Let Q C R be a bounded domain with smooth
boundary. Assume that (3) and (4) are fulfilled. Then,

1AM 2uc ()2 + lle= (D17 + lIne()1I?

: (17)
+/ | Au,|2ds < CeSt + C,
0

holds for any ¢ > 0.
Proof Test the first equation of (8) by c. — xJ:.n. to obtain

(Catace - Xana) - X(Ua Ve, Jana)
+ all(ce + 5)1/2V(C€ - XJ6n5)||2
= - (nscea Ce — Xans)

+ ae(VJene, V(ce — xJene)).

(18)

Similarly, test the second equation of (8) by n. — xJ.c: to
obtain

(nen”e - XJsCe) - X(Us - Vng, Jece)

<Ct+C. +6||(n5 +5)1/2V(n5 _XJECE)H2 (19)
Considering [,c.Inc.de > —C|Q] and [,n.Inn.dx > =A(nece, ne = xJece)
—C|Q],duetoylny — 0,y — 0, (16) completes the proof. + Be(Veee, V(ne — xJece)).
Add the above equations, then we have
1d 2 2 1/2 1/2
2 gz Ulee @I + lIne @I = 2x(Jz"ne (2), Jc""ee (1))
+ oz||c;/2V(c€ — xJ=no)|I” + 5””;/2v(”6 — xJ=C)|1? + el V(ce = xJeno)|I” + Bel|V(ne — xJeco)|I” (20)
= - (nscav (1 + /\X)CE - ()‘ + X)ns) + X((ua Ve, Jans) + (U'E - Vne, JECE))
+ ae(VJene, V(e — xJene)) + Be(Vdece, V(ne — xJece)).
Let
2(1) = lec O + e ()]* = 2x(J2*ne(t), J2 %ec(t)),
which fulfills
2(t) = llec (D + Ine(@)* = 2x(J2*ne(t), I ?ec(1)) (21)

> [le= (D)1 + [l ($)II* — 2x /|12 *ne ()11 e (2)]

> [lec(B)]I + lIne (B)II* = 2xllne (&) [llce (1)l
> (1= ) (eI + lIn=(®)]%)

by the Holder inequality and Young’s inequality.

Now, using the Holder inequality and Young’s inequality,
we have

—(nece, (1 4+ Ax)ce — (A + x)ne)
< C(llecll3 + lInell3)
< O(IVee*Plle= | + | Vne[*2nc|>%) + C
< CIVeelPllecl® + Ve |Ine|1?
[ Vee|? + [Vael? + lle<|? + [Inel®) + €
< Ca(|[Veel* + [ Vne | +1)
+C(IVee|* + [[Vnel?) + €,

(22)

where we use (21) and the Gagliardo-Nirenberg inequality
lolls < CUIVol 2 ol2 + [fo]l).
And using Holder inequality and Young’s inequality yield
(e - Ve, Jeneg) + (ue - Vneg, Jece)
< |IVeel? + 1| Vne |
+ Clluc |31l enell3 + | Jecell3)
< Vel + | Vne |
+ O A2 P (| Vne||? + (Ve |? + 1).

(23)
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Also, we have

ae(VJeng, V(ee — xJene))
< ae||[VJene|[[[V(ee = xJene)||

24
< sV (c. — xJeno)|IP + Cl[V e |? .
< ael|V(ce = xJene) 1P + C(|[Vne|* + [Ine|7)
and
Be(VJece, V(ne — xJece))
S 55 vjscs \% Ne — XJsCs
l IV ( )i 25)

< Bel|V(ne — XJeCE)||2 + C”VJECEHQ
< Bel|V(ne = xJeco) | + C(IVee|* + llecl?),
where we use (14).

On the other hand, test the third equation of (8) by Aw, to
obtain

1d
5 gAY Puel® + [ Aue 2

= ((ne + ¢:)Vo, Aue))

1 (26)
< §||Aus|\2 + C([Inell® + llecl?)

1
< SllAue]* + C(I Ve + [ Vee ).

Add (20) and (26) using the estimations (22)-(25) to get
1d

5o () + A2 ) + a2V (c. = xTon.) |2

1
+ B2V (ne = xTeco) |2 + 5| Aue
9 9 (27)
<Cz(|IVee]” + [IVnel” +1)
+ 1A u ([ Vee|? + [Vne ] +1)
+ C(IVeel® +1Vne]” +1).
Applying the Gronwall’s inequality to (27) considering (10),
proves this lemma.
Proof of Theorem 1.1 Let 0 < T < oco. Applying Aubin-
Lions lemma considering Lemma 2.3 and Lemma 2.4, we can

choose {e}, e — 0 (still denote by itself) and take the functions
¢, n and u, such that

¢,n € L=(0,T; L*(Q)) N L*(0,T; WH3(9)),

ue L>(0,T; D(AY?)) N L*(0,T; D(A)),
L*(0,T; L2(),
L*(0, T; WH2(Q)),
L*(0,T; L2(2),
L*(0,T; WH3(9)),
U =N IN LQ(O,T;D(Al/Q)),

Ce = C
Ce =~ C n
Nne —»n in

Ne =N N

u. —u in L*(0,T; D(A)).

Now, prove that (¢,n,u) is the weak solution of (1) on
[0, T. First, (8) leads to

T T
—/ /cggot —/cocp(',O) —/ /c€u€ch
o Ja Q o Ja

T
= a/ /((cE +¢)Ve. —cexVdene) - Vi (28)
0 Ja

T
_/ /TLgCgQO,
0o JQ
T T
—/ /n‘s(pt _/n0<p('a0) _/ /%%Wp
0o JQ Q 0 Q

T
= —5/ /((ng +¢&)Vne —n.xVJec:) - Vo (29)
0o Ja

T
—I—)\/ /ngcsgo,
o Ja

—/OT/Quect—/Quoqwm
:_/OT/QWE-vg+/0T/Q(na+ca)V¢-<,

forany p € C§°(Q x [0,T)) and ¢ € C§%, (2 x [0,T7)).
From the above convergence and the boundedness of c., n.
and u., we can easily see that

T T T T
[ fooe [ fo [ e [ fo
0 Q 0 Q 0 Q 0 Q

T T T T
/ /UECt —>/ /UCt, / /nsca¢—>/ /Tw%
0o Jao 0o Jo 0o Jo 0o Jao
T T
/ /nEUEV@%/ /an(p,
0o Jo 0o Jo
T T
/ /cguEVga —>/ /cqu@
0o Jo 0o Jo
T T
/ /(c€+6)VcE~V<p—>/ /CVC~V<,0,
0o Jo 0o Jao
T T
/ /(nngs)anVgo%/ /nVn-ch,
0o Jo 0o Jao
T T
/ /VUEVC%/ /VuVr],
0o Jo 0o Jo
T T
| [oereavo-co [ [w+os-¢
0o Jao 0o Jo

(30)

when ¢ — 0.

T . ..
To prove the convergence of fo chEVJEnE -V, we use following estimations:



29 Kwang-Ok Ri et al.: Weak Solutions to the Three-Dimensional Chemotaxis-Stokes System with Active Transport

T T
/ /CEVJETLE -V —/ /cVn -V
0 Ja o Jao

T
:/ /CEVJE(TLE
o Ja

T
—|—/ /(cs—c)Vn-Vw,
0o Jo

/0 ! / V. (n.
[ L

n)~V<p+/T/(ca—c)Vn-V<p

+ llee = el 20,120 [IV7l 20,722 ()

e — 0.

T
//C€V(J5n—n)-Vg0
o Ja

—0,

<C|Jen —n| g2(0,1;L2(2)) — 0,

where we use Lebesgue’s dominated convergence lemma considering

and

T
n)- Vo + / /cEV(JEn —n)- Vo (31)
0o Ja
T
ne —n)Vee - Vo — //cs6 n)A<,9+/ /(cs—c)Vn-Vga
0o Ja (32)
<C(lne = nllz20,7:02) I Veell L2 0,502 (0)) + I7e — nllz20,7522Q)) el 20,1322 ()
T T
- / /(Jan —n)Ve, -V — / /(Jan —n)c:Ap
0o Ja 0o Ja (33)
<CllJen —n|lp20,1;2) IV eell L2 0,1522(92))
+ C||Jen = n|lp2 0,502 ) llcell 20,7522 ()
e — 0,
T
[Jen = nl* < ([[Jenl| + [[nl)? < 4ln)l?, /O n|” < oo,
T T
. 2 o 2 _ . 2 _
tn e = 3 g2y = Jimy [ 190 =l = [t 00 =] = G4)

The convergence of fOT JoneVec. - Vi is obtained by the silmilar way.

Bringing together above calculations, yields that (¢, n,u) satisfies (5)-(7) for any ¢ € C5°(2 X

[0,7)).
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