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Abstract

Research on friction in pipes remains complex. This complexity is due to the numerous parameters that must be considered when
calculating the coefficient of friction f. Due to this complexity, many researchers have proposed multiple formulas for
determining the friction coefficient. Today, there are a large number of explicit expressions for calculating the friction coefficient
for each flow regime, whether for smooth or rough pipes. In this review, we set out to study the evolution of work on the friction
coefficient and to present it. For this purpose, a large number of reviews have been used. Once this has been done, we identified
more than 120 expressions, most of which were explicit. We have thus noted that many of these expressions are approximations
of the implicit Colebrook-White equation. Similarly, a good number are derived either from direct developments using computer
tools, or from mathematical methods that are sometimes very long. However, in general, we have found that all these expressions
only take into account the three parameters present in the Colebrook-White formula. These parameters are: Reynolds number
Re, the absolute roughness € and the diameter D. We would like to point out that these parameters were deemed insufficient to
minimise the difference between the calculated values and the values observed on site with regard to the friction coefficient.
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1. Introduction

To determine the flow rate of a fluid in a pipe or pipe net-
work, it is important to first calculate the head losses caused
by friction on the walls. To achieve this, it is first necessary to
calculate the coefficient of friction (f). This coefficient is
linked to both head losses and the viscous effects of the fluid
[1]. Traditionally, the coefficient of friction is estimated using
the Colebrook-White equation or the Moody diagram.

In general, the determination of the value of the coefficient
of friction depends on the fluid’s flow regime in the pipe and
the pipe’s physical characteristics. Consequently, there are
several possible scenarios.

For smooth pipes, the expressions for calculating f are sim-
ilar regardless of the flow regime. The literature suggests that
there are no major difficulties in this case. Once the flow re-
gime becomes turbulent, as it is most often the case in hydrau-
lic structures, we observe a wide variety of expressions for
calculating friction coefficient f. This variety is even greater
when the pipe is rough. Some of these expressions have been
obtained by processing experimental data [2].

The Moody diagram which has been used by engineers
since 1945 is semi-empirical and the conditions it describes
(fully developed flow, isothermal, incompressible, dissipative,
quasi-stationary) are rarely sufficiently achieved in a real-
world scenari [3].

The literature review conducted as part of this work shows
that there are two main approaches to calculating friction co-
efficient. There is an implicit approach fully represented by
the Colebrook-White formula, and an explicit approach with
a wide variety of expressions in the literature. It should be
noted that a large number of explicit approaches are based on
the Colebrook-White equation.

The Colebrook and White formula is one of the most fre-
quently used expressions for calculating the coefficient of fric-
tion in the turbulent regime [4]. It is given by Eq. (1) below.

)

With % the relative pipe roughness and Re the Reynold's

number.

This formula is not practical, as the expression is implicit.
Iterations are required to perform the calculation. To find the
value of fdefined in this equation, you need to use numerical
algorithms, which is not easy. This is why its use is not rec-
ommended in practical calculations by engineers or for stu-
dents in courses related to fluid mechanics [5]. The difficulties
in determining the coefficient of friction using Eq. (1) have
led many authors to develop explicit equations that can be
used directly.

In this review, we present a comprehensive set of formulas
for calculating the coefficient of friction in pipes.
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2. Current Situation

Table 1 below shows the platforms used for publishing new
coefficient of friction formulas; scientific articles published
by various journals with a high percentage for a high percent-
age (around 85%) of the total sources consulted.

Table 1. Bibliographical sources consulted.

Consulted Number
Newspaper articles 118
Books 10
Reports 5
Lectures 2

Book chapters 1
Unpublished 3

Table 2 below shows the authors who published at least two
expressions for calculating friction.

Table 2. Authors with the highest number of publications.

Author Number of publications

Brkic D.
Vatankhah A.
Swamee P. K.
Achour B.

Avci A
Bedjaoui A.
Chen J.
Chernikin V.
Churchill S.
Genic S.
Giustolisi O.
Goudar C.

Jain A. K.
Karagoz I.
Kouchakzadeh S.
Mileikovskyi V.
Niazkar M.
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Author Number of publications
Sonnad J. 2
Tkachenko T. 2
Zigrang D. 2

Similarly, we aimed to place the development of research
on this parameter over time. Figure 1 below illustrates the evo-
lution of research into the coefficient of friction in pipes,
showing a high level of interest after the year 2000.

ir
= A — 7]

A = S

e e e e e e, E e e e e
1940 1960 1980 2000 2020
Year

Figure 1. Publication of friction coefficient formulas by year.

3. Approaches to Solving the Colebrook-
White Equation

In general, there are six approaches available for solving the
Colebrook-White equation [6]:

1) Graphical solutions, such as those using Moody or
Rouse diagrams.

2) The i Iterative schemes, for example, the Newton-
Raphson method [7].

3) Explicit approximate relations [8, 9].

4) Lambert's W function [6, 10].

5) The trial-and-error method [7, 11].

6) Artificial intelligence models [12-14].

Of all these approaches, the second is technically consid-
ered not only the most accurate, but also the reference solution
for calculating friction coefficient. However, it requires more
computational effort, which is its only drawback for proper
implementation.

Authors have used various techniques and methods to pro-
pose new explicit expressions for calculating the turbulent
friction coefficient. Computerized methods are increasingly
being used to determine friction in pipes. Below, we list some
authors along with the methods used to calculate the coeffi-
cient of friction:

1) Artificial Intelligence (Al) models, including Artificial

Neural Networks (ANNs) [12, 15-19];

2) The adaptive neurofuzzy technique [13];

3) Gene expression programming [14, 20-22],

4) The adaptive neuro-fuzzy inference system [23].

4. Classification of Explicit Relations

In this section, we listed almost all the explicit formulas for
calculating the turbulent friction coefficient available in the
literature. They are presented chronologically and separately
for both rough and smooth pipes. We note, however, that
many of them are approximations of the Colebrook and White
equation.

4.1. Expressions for Rough Pipes

We examine the explicit formulations developed to calcu-
late the turbulent friction coefficient in rough pipes. Over the
decades, a vast number of approximations of the Colebrook-
White implicit equation have been proposed. Given the large
number of these equations, it is impossible to present them all
in the main body of the text. Therefore, Table 3 presents a rig-
orous selection of these explicit relationships. This subset
highlights pioneering historical formulas, the most widely
used approximations, high-precision mathematical models, as
well as recent advances based on artificial intelligence or
Lambert’s W-function. For a comprehensive overview, an ex-
haustive compilation of all explicit relationships identified in
this study for rough pipes is provided in the Supplementary
Material.

Table 3. Selected explicit approximations for rough pipes.

Author and Year Formula
6 1
Moody [24] £ =0.001375 (1 + (2.104§+%)3>
£ 0.225 P £ 0.44 —
Wood [25] £=0094(2)"" +053(%)+88(5) R

Method / Main characteristic = Range of application
The first explicit form proposed
for the Colebrook-White
equation.

4x10° <Re <108 and
0<(e/D) < 102

Re >4000; and 0 <
(¢/D) < 5x10°

An attempt to provide a simpli-
fied formula.
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Author and Year

Churchill [26]

Swamee-Jain [8]

Churchill [27]

Chen [28]

Round [29]

Barr [30]

Zigrang and Syl-
vester [31]

Haaland [32]

Serghides [33]

Romeo et al., [34]

Sonnad and Goudar
[35]

More [36]

Formula

£ 0134
where v is given by: v = 1.62 (5)

L= —2108(555+(2)")

1 e 5.74
N Zlog (3.710 + Re°-9)

3 g\12 1
f=8 ((R_e) + (A+B)3/2)
Where:

1/12

16
A=[24571m (W)
B (%)16
Lf = —2log (3_708651) - 5'(;:352 lo (2.8257(

5.8506
R 08981

_ Re
= ~18log <o.135Re(§)+6.5>
Re

4.5181og(5e

Sl

1 &
L =21 R i € T
7 0og (3.7D RE<1+R920;2(%) ; ))

= —2log (E/—D - 5£log (E/—D - E))

37  Re 3.7

3.7  Re 3.7

= —2log (S/—D—sﬂlog (E/—D—

Re

5.02
—Ilo
Re

Ji? = %log ((3.785 D)l.ln + (%)")

A _ o, (B-ay?
o C-2B+4
With:
& 12
A= —Zlog(m‘l'R—e)
2.51A
B = —Zlog(&%+—Re )
2.51B
C= —210g(3_%+ . )

(4.567) o ( &/D )0'9924 +( 53326
R, &\\77018 208.815+R,

L 0.4587R,
7= 0.8686In (Ss/(5+1> )
With:

S = 0.124Reg +In(0.4587R,)
1
2

=]

f=

1 /D (50272 e/D
g 210g(3.7065 (Re )IOg(3.827

)

&
D

85

)1.1098

4
3.7

W) is the main branch of Lambert's W function
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Method / Main characteristic

An empirical expression that re-
places the Colebrook-White
equation.

Widely used and considered the
best explicit approximation.

This formula applies to all fluid
flow regimes.

Detailed solution.

A relatively simple explicit ap-
proximation.

Does not require any internal it-
erative calculations.

It does not use an internal itera-
tive procedure to achieve high
accuracy.

A simple and clear formula, a
straightforward solution.

An approximation of the im-
plicit form that is valid for all
ranges.

Obtained using nonlinear multi-
variate regression.

A mathematical approximation
used as a basis by many au-
thors.

Use d'Alembert's method and
the principal branch of Lam-
bert's W-function.

Range of application

4000 <Re < 108 and
10-6 < &/D < 5x1072

5x103 <Re < 108 and
109 <¢/D <107

4x10° <Re < 108 and
10°<¢/D <0.05

4x103 <Re <4x10°8
and 107 < (/D) <
5%1072

4x10° <Re < 10% and
0< (/D)< 102

2300 <Re<10%and 0
<(&/D) < 5x1072

4x103<Re <108 and
10 < (¢/D) < 5x1072

3x10°<Re <1.5x10%
and 0 < (¢/D) < 5x1072

2300 <Re<10%and
10 < (¢/D) < 5107

3x10°<Re<1.5x10%
and 0 < (¢/D) < 5x107?

4x10*<Re < 10% and
10 < (&/D) < 5x1072

Not specified.
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Author and Year

Brkic [37]

Samadianfard [14]

Vatankhah [38]

Offor and Alabi
[16]

Azizi et al. [39]

Loépez-Silva et al.
[40]

Formula

(Chapeau-Blondeau and Monir, 2002).

With:
1257

—; ¢ =1.7372
Re

RIS 5T Re
o 8\ & 1.8161n(

11Re
1+1.1Re

&/D_
f= <—RE 0'631i°93> +0.0275308

Re'*+Ro()

10%/P

2514115136
f=\l—m——
5—5/7[;—2.3026 51og(8)
Where:
5= 6.0173

RE(0.07(§)+R;°-885)

1
7o —2log (3.71 D

7.627

Re+395.9)>

f= <1.805 log (

4.267

f=0219 <(°'°§8£) +

£ 1.975

4.2. Expressions for Smooth Pipes

Re

(%)1.108 s

+
Re

(0.896
RE

& 9.997001

1
s () (e
D B+4.781616 D

)

g/D

0.109 +

3.71

In <(3.9£3 D

-2
164
0.966

))

) +55s)

(6.929841

e

1.092
)+

Similar to rough pipes, a wide variety of expressions have
been developed to estimate the friction coefficient in smooth
pipes (¢/D=0). To provide a concise and relevant overview,
Table 4 highlights the most significant explicit relationships

Author and Year

Hazen and
Poiseuille cited by
[41]

Blasius [42]

Colebrook-White
cited by [32]

Moody [41]

+

Method / Main characteristic

Use different solutions of Lam-
bert's W-function.

Explicit calculation based on
genetic programming.

Optimization of relative error as
an objective function.

Use of artificial neural networks
(ANNG).

Explicit correlation.

Model formulated using genetic
expression programming
(GEP).

Range of application

2300 <Re<10%and 0
<(&/D) < 5x1072

4x10°<Re < 10% and
0 < (¢/D) < 5x102

4x10° <Re < 10% and
10 < (¢/D) < 5107

4x10° <Re < 10% and
10 < (¢/D) < 5%x1072

2x103<Re < 10% and
10 < (¢/D) < 5%x1072

4000 <Re < 108 and
10 <¢/D < 1072,

found in the literature. This selection covers both the classic
fundamental models for laminar and turbulent flow regimes
and more specific correlations, notably those adapted to Bing-
ham plastic fluids. As in the previous section, the exhaustive
list of all explicit formulas identified for smooth pipes is avail-
able in the Supplementary Material.

Table 4. Selected explicit approximations for rough pipes.

Formula
64
f=%
0.3164
f
0.184
f= Rg.z

Lf = 1.8log;, (:i)

0.184
RO-2
e

f=

for2x10* <R,

=Wfor2100SReS2X104

Method / Main characteristic =~ Range of application

Standard basic formula for

. Re <2100
laminar flow.

The simplest numerical equa- 3%10° < Re < 105
tion for smooth turbulent flow.
A specialized design developed

3 < < 8
specifically for smooth pipes. 4x10° <Re <10

Classical approximation for

. 3x10°<Re <107
smooth pipes.
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Author and Year Formula

1

Filonienko [43] = (82l0g(R)-160)7

f

T = 10aRe—O.193

a=-147(1+0.14e29107,)

Darby and Melson
[44]

1

McKeon et al. [45] = 1.930log(Re+/f) — 0.537

Ji
K+ LY
K1Kp
_ ( t K14+3K2>
fL 1+ 3K,
K1K:
Danish et al. [46] (K1+K1"1+32Kz)
Where:
16 , 16H, __ 1eH*
K1 = R_e + 6R92 et KZ = 3R88
1.143
Swamee-Ag- P 10.67+0.1414(7°) (ﬂ)
garwal [47] L™k <1+0.o149(:—:)1'15)R3 R,
150.39  152.66\\ 2
Fang et al. [48] f = 0.25log (Rg_%_,,— = )
New 1:
-
Jr
5.0272 4567 53326
—2log <_ Re log (_ R, log <(208.815+R3
New 2:
5.02 5.02 13
Brkic [6] 77~ ~2log (‘ &, og (‘ . log (R_)))
New 3:
95  96.82
7= 208w —757)
New 4:
_ _ (S,=S1)? 2
f= (51 53—zsz+51)
0.165
00076 (3x22) 16
Morrison [49] f= £ —
14 (3170)7'0 R,
R,
03164
Genic and Jaci- f= ReM*
movic [50] T )o118
RS

5. Conclusions

This document provides an exhaustive presentation of the
expressions that have been developed for determining the co-
efficient of friction. Formulas have been presented according
to two approaches: the implicit approach and the explicit ap-
proach. Some of these formulas for calculating the coefficient
of friction can be up to 65% inaccurate, as noted by Cipra [51].

120

Method / Main characteristic = Range of application

An explicit correlation widely

3 < < 7
used in the literature. 3%10°<Re< 10

An approximation for Bingham-

"))

type plastic fluids covering all Not specified.
flow regimes.

High-precisi la- .
ligh-precision modern correla Not specified.

tion.

Explicit approximations using

Adomian's decomposition Not specified.

method.

Direct approximation of the im-

plicit Buckingham-Reiner equa-  Not specified.

tion.

Correlation for smooth pipes. Not specified

Based on combinations of pre-

vious approximations (Romeo, Not specified

Serghides, etc.).

A simple explicit correlation
that matches Prandtl's equation
at high Re numbers.

4000< Re < 10°

Statistical expansion based on
the form of the Blasius equa-
tion.

Re < 150x103

This occurs when comparing theoretical values obtained from
the formulas with the practical data taken from the pipe under
investigation and a large discrepancy is observed between
both values. This discrepancy exists with all formulas,
whether obtained using mathematical methods or artificial in-
telligence. Today, with the evolution of computer technology,
we can easily solve the Colebrook-White equation. However,
this universally used equation also produces significant errors.
Yoo and Singh found that the Colebrook equation produced
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an average error of more than 11%, noting that, the roughness
of commercial pipes varies considerably, depending on the
size and type of pipe [52, 53]. Since roughness is a variable
factor and should not be considered constant. We recommend
that the friction coefficient value be calculated for a specific
pipe and for well-defined fluids in a well-defined space-time.
Haddad proposes in his work study that sediment deposits on
the pipe walls be taken into account for a better assessment of
friction [54]. In the same light, Tchawe recommends a graph-
ical determination of this evolving parameter at every moment
and at different points of the pipe including an improved ana-
lytical method to minimise errors in determining the coeffi-
cient of friction and head loss [55].

Abbreviations

Friction Coefficient (or Friction Factor)

Re Reynolds Number

D Pipe Diameter

€ Absolute Roughness

e/D Relative Roughness

v Kinematic Viscosity

ANN  Artificial Neural Networks

GEP Genetic Expression Programming

He Hedstrom Number

Pr Prandtl Number
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