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Abstract

The study provides analytical solutions to the problem of determining the flow parameters at the branch points of the coolant
flow in a heat exchanger line. Previously, only numerical solutions to the problem were considered. In this work, the choice of
a theoretical model for mathematical modeling of the flow of a refrigerant in a gas in the heat exchange line branch is justified,
which shows an acceptable level of approximation to the real flow and the required computational complexity: a thermodynamic
model of a stable subcritical flow of compressed gas. With the appropriate analog definition of boundary conditions, the problem
of determining the parameters of the gas refrigerant in the heat exchanger tube bend can be solved analytically much easier than
for a T-shaped connector. The analytical solutions presented for the specific problem of combining the gas refrigerant flow in
the heat exchanger line serve as a basis for performing similar analytical solutions for the separation of the flows. The following
results were obtained in this study: Analytical solutions for the dual flow problem of the gas refrigerant flow in the heat exchanger
line, previously only numerical solutions were available for this problem.
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1. Introduction

The need to apply mathematical models of gas refrigerant
flow in heat exchange line branches.

Choosing a specific physical, and therefore mathematical,
model depends not only on the goals of mathematical model-
ing, but also on the development of physical modeling, vari-
ous methods, and experimental data processing.

The selection of a gas refrigerant flow model in a heat ex-
changer line and compliance with physical modeling similar-
ity criteria are determined by the level of complexity of the
plant design, the acceptable degree of approximation of the

calculation method model to the actual flow, and the required
computational complexity.

Some models use thermodynamic models of gas cooling,
which do not take into account the change of parameters at a
given location and time.

In this study, the gas cooler flow in the heat exchanger line
branches was considered to be of minor and stable importance.

The actual steady flow of a gaseous refrigerant in a heat ex-
changer line is not one-dimensional and includes mechanical
energy losses. Therefore, a flow coefficient p less than one is
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used to calculate the flow limit and mechanical energy losses.
Depending on the pressure ratio and the cross-sectional area of
the flow channels, the flow coefficient i can be determined
from experimental data obtained from static inflation experi-
ments.

The plus coefficient p is defined as the ratio of the actual plus
rate G1 to the theoretical plus rate G'1 at the cold line entrance,
i.e., for lossless plus [1, 7]. In [1, 3, 6, 7] it was shown that the
lower value of the plus rate G1 compared to the plus rate G'1 is
due to the fact that the density p'l and the velocity W'l at the
line entrance are greater than the corresponding actual values of
the density and velocity pl and W1.

A two-dimensional steady-state model of an ideal gas can
serve as a basis for computer-aided studies of the gas flow struc-
ture in heat exchanger tube branches. The values of the gas
cooling parameters calculated by this model are approximate to
the real gas flow parameters, since it is impossible to determine
the actual dimensions of the separation zone or the distribution
of gas cooling parameters in a real three-dimensional flow due
to the assumption of parameter constants along the third coor-
dinate [1, 3, 7]. The mathematical models described above al-
low us to evaluate the qualitative changes in the flow structure,
as well as the distribution of gas cooling parameters in the heat
exchanger tube as a function of the design parameters of the

branch.

Determining the parameters of the heat exchanger When cal-
culating the amount of heat exchanger in equal sections of the
heat exchange line in the boundary zone of the heat exchange
chain, it is necessary to determine the boundary conditions.

The loss coefficient { can be used to calculate the losses when
a gaseous refrigerant flows through a heat exchanger tube. The
coefficient expresses the energy loss IP as a certain fraction of
the kinetic energy of the steady flow of the gaseous refrigerant
(in the energy equation for a one-dimensional steady flow of the
gaseous refrigerant, | is defined as the work L per unit time and
per unit mass of the gas, i.e.: | = L/(G dt), i.e. the energy corre-
sponding to the power per unit mass of the gas) [1, 6, 7]:

=" &

The loss coefficient { for the coolant flow in the heat ex-
changer line can be determined by analogy with the coolant
flow, which is assumed to be an incompressible gas, for exam-
ple, in a pipe bend (Figure 1). In Sections 1-1 and 2-2, it was
assumed that the velocity profiles deviate slightly from a per-
fectly smooth profile.

>(i
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Figure 1. Schematic diagram of the gas refrigerant flow curve of the heat exchange line.

We write the Bernoulli equation for such a flow of gaseous
refrigerant (pO is the flow pressure or total pressure at the stag-
nation point) [1, 6, 7]:

w2 w2 w2
prtp=ptpt+ipt @)
The first two terms on the left and right represent the stag-
nation flow pressure; therefore, the incompressible gas cool-
ing loss coefficient  represents the relative percentage of the
total pressure loss:

®3)
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Therefore, for example, it is necessary to determine the total

2
pressure loss using experimental data, and p%. The total

pressure can be determined experimentally, for example, us-
ing a total pressure sensor. If the volumetric flow rate of the
refrigerant in the gas is known, the velocity W- can be calcu-
lated, for example, experimentally, using the relation-
ship.G=pW>A; (A is the cross-sectional area of the heat ex-
change tube).

For an uncompressed gaseous refrigerant in the heat ex-
changer, the flow rate changes in section 2-2. The loss coeffi-
cient is determined by the change in cross-sectional area Al
and A2, since the continuity equation at constant gas density -
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p10Nn'1t01= p0Nn'to,- W stands for equality.= 2; -(t01/t0,). As a
result, the loss coefficient represents the relative contribution
of the static pressure loss. The relationship between the re-
sistance coefficient ¢ and the Bernoulli equation for the leak-
ing coolant flow can be obtained by equating the Bernoulli
equation for the leaking flow ((p2)id is the static pressure in
the 2-2 section of the leaking flow) [1, 6, 7]:

(4)

The gas flow in the heat exchanger tube bend is a non-one-
dimensional flow with a complex spatial structure that de-
pends on the properties of the incoming gas coolant and the
geometry of the channel. Due to inertial forces, the initial lin-
ear motion remains, the pressure increases on the outer wall
of the channel and decreases on the inner wall. The velocity
of the gas particles in the boundary layer is relatively small in
the direction of the main flow. The pressure gradient created
in the cross section causes the particles to move from the outer
wall to the inner wall along the circumference of the channel,
creating a compensating counter-rotation in the gas core. This
leads to the formation of a secondary motion in the cross sec-
tion in the form of a pair of vortices.

The main flow rate of the gas refrigerant in the pipe bend.
The flow velocity in the heat exchanger channel is inversely
proportional to the change in pressure: the velocity of the re-
frigerant outside the boundary layer decreases compared to the
velocity in the section 1-1. The flow is distributed on the outer
wall, and on the inner wall outside the boundary layer. With a
small bend in the heat exchanger pipe, the boundary layer
pressure can be almost equal to the pressure of the standing
flow, and a vortex zone can form along the wall. After passing
through the central section CC, a redistribution of the velocity
and pressure profiles occurs, the pressure decreases from the
inner wall to the outer wall, and the velocity increases. The
curvature of the inner wall of the heat exchanger pipe relative
to the main flow direction and the above-mentioned pressure
increase contribute to the formation of a boundary layer sepa-
ration zone, the thickness and length of which are significantly
greater than the corresponding dimensions of the separation
zone on the outer wall. [1, 2, 4-8].

The total energy loss of the gas refrigerant flow in the flow
line of the heat exchanger can be divided into friction loss and
internal loss. The energy loss can be classified as follows: fric-
tion and power loss are caused by the non-uniformity of the
velocity field and its subsequent smoothing. Internal loss is
determined by the friction loss caused by the second flow and
the loss caused by the formation of the vortex flow region.
Internal loss and power loss account for most of the total en-
ergy loss.

The degree of non-uniformity of the velocity field, the size
of the separation zone and the intensity of the second flow de-
pend on the geometric parameters of the heat exchanger tube
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bend and the Reynolds number Re. The change of the re-
sistance coefficient ¢ in the heat exchanger tube as a function
of the above-mentioned parameters can be determined, for ex-
ample, using experimental data [2, 4, 5, 8, 9].

As the pressure drop and the size of the separation zone in-
crease, the losses increase along with the non-uniform veloc-
ity field of the incoming refrigerant. Since the movement
number (M) of the refrigerant flow in the heat exchange line
is low, its effect on the resistance coefficient is very small. The
velocity field becomes more uniform in long pipe sections
connected by bends. Since heat exchange lines can be short in
practice, it is necessary to average the parameters of sections
1-1 and 2-2 to determine the resistance coefficient ().

Averaging of gas coolant parameters in heat transfer: Aver-
aging in a heat exchanger allows us to move from considering
a flow with a non-uniform distribution of parameters in space
to a flow with a uniform distribution of parameters along the
cross-section of the heat exchanger tubes, and thus from a
large number of actual flow parameter values - more precisely,
from vector or scalar parameter fields - to a significantly
smaller number of average flow parameters. To simplify the
averaging calculation methods, a number of provisions are
made that reflect the characteristics of the actual gas coolant
flow in the heat exchanger tube elements. Note that: if the gas
coolant flow is characterized by almost no heat exchange with
the environment, then the stagnation temperature T* can be
assumed to be constant at all points along the cross-section of
the heat balance line. When determining the loss coefficients
in the bends and branches of the heat balance line, in most
cases they can be assumed to be constant along the inlet and
outlet cross-sections.

The loss coefficient { can be related to the plus parameters
at the outlet and inlet of the heat exchange line. For example,
the energy loss can be defined as follows (W', is the plus mass
flow rate of the gaseous refrigerant excluding losses at the out-
let of the line) [1, 6, 7]:

2

L,=10p ®)

Therefore, when using experimental values for the re-
sistance coefficient { for branched heat exchanger lines, spe-
cial attention should be paid to the type of expression that de-
termines the aforementioned coefficient.

Furthermore, when calculating the flow parameters of an
incompressible gaseous coolant, taking into account hydrome-
chanical losses in heat exchanger lines, it is not correct to use
the equality of temperatures of the stagnant flow, since the re-
lationship between To: and To2 is determined by the equation
of state.

To determine the loss coefficient( for pipe branches. For the
heat exchanger channels of a coolant in the form of a com-
pressed gas, the structure of formula (3) can be used. The fol-
lowing expression:
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__ Po1~Po2

== wZ
00,22
027,

¢ 6)

establishes a relationship between the resistance coeffi-
cientsCand restoration of the total pressure ¢ (6=Po2/po1) dur-

ing the flow of gaseous coolant in the pipes of heat exchangers.

After the conversions, we obtain:

wi -1

2RT02)

0=(1+Z (7

Power loss of compressed gas the coolant flow in the heat
exchanger line can be estimated using the loss coefficient Cex,
if work is defined as the adiabatic compression work required
to reset the total pressure po; to the initial pressure p01 [1, 6,
7]

y-1
l %RT02<(%) Y —1) @®)
Cox = w2 = %]
2 2

For the mathematical modeling of the flow of a gaseous
coolant in the branches of heat exchanger lines, which has an
acceptable degree of approximation to the actual flow and the
complexity of the necessary calculations, it is therefore useful
to choose a thermodynamic model of the subcritical steady
flow of compressed gas.

2. Mathematical Modeling of the Flow
Parameters of Gas-Formed Coolants
in Branches of Heat Exchange Lines

In an energy-isolated isentropic flow, the thermodynamic

parameters of the gaseous coolant are related as follows (y is
the isentropic index) [1, 6, 7]:

To=T(1+22M2); ©)
2 = o1 +EM2)%1, (10)
Do =D (1 + yT—le)%. (11)

The parameters of a one-dimensional steady flow at the out-
let in section 2-2 (Figure 1) of the gas dynamic device of a
heat exchanger are determined when the parameters at the in-
let 1-1 are known, with a known value of the total pressure
recovery coefficient 6=po2/po1 (Po is the pressure of the stag-
nant flow or the total pressure), which is determined from the
solution of a system of nonlinear equations:
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Y
-1 w2 \y-1
(19010 = Poz = P2 (1 + YTszTz)y ;
T y=1 wZ (12)
Tor =Toy = 5 (1 + 5722

G=A2:TZZW2.

The last system of equations can be applied to the calcula-
tion method for the steady flow of a gaseous coolant with a
more complex flow structure in triple branches or T-pieces of
heat exchanger lines.

The analytical solution of the specific system of equations
(12) can be represented in the following form:

AL

— 2 \v-1,

P2 = Po10 (T_) ;
01

Wy = [2R Y (T ~ T
¥
(m)y—l GT,
T; Po10

The diagram of this flow, more precisely the separation of
the gaseous coolant flow in the heat exchanger piping with the
parameter designations in characteristic sections, is shown in
Figure 2.

(13)

R y-1
2(To1-T2) v

A,

SEPARATION ZONES

Figure 2. Diagram of the flow of separate streams of gaseous coolant
in the branch of the heat exchanger line.

Power lines The dashed lines in Figure 2 show the division
of the flow entering the fork into two streams exiting through
the branches. In Figure 3, the dashed lines correspond to the
dividing lines where the streams converge.
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Figure 3. Flow diagram when gaseous coolant flows are combined
in a branch of a heat exchanger line.

Gas flow in a branched piping system of a heat exchanger
is characterized by a complex spatial structure with a non-uni-
form distribution of parameters in sections 2-2 and 3-3.

It is assumed that the flows of the gaseous coolant do not
influence each other. The values of the parameters in section
1-1 and the recovery coefficients 61 and 62 are known; the
pressures in sections 2-2 and 3-3 are assumed to be practically
equal. These assumptions allow us to formulate a system of
nonlinear equations for determining the parameters of the gas-
eous refrigerant in sections 2-2 and 3-3 above:

P0101—P02—P2(1+YT )y Y
v
P0102 = Po3 = P 3(1+YT T)YI;
3 TOI—TOZ—T2(1+YT 2;) (14)
Toy =To3=T; (1 +y71yvgi)'

G = AZRZ w, +A3R3 Ws;
D2 = P3-

For the considered model of one-dimensional steady flow
in a branched heat exchanger line, the structure and the param-
eters to be determined must be defined before solving the as-
sociated system of equations. Since the flow in heat exchanger
lines is subcritical, the pressure values in sections 2-2 and 3-
3, as well as two parameters in section 1-1, must be deter-
mined. This choice of independent parameters for the state of
the gaseous coolant in the branched sections corresponds to
the flow patterns described above.

In a one-dimensional model, the flow parameters of the gas-
eous coolant must satisfy the condition of equalization after
flow merging. It is assumed that no heat or mass transfer pro-
cesses occur between the gas flows passing through the differ-
ent regions Azz and A1z (A1 = A1z + Asa) in section 1-1 (Figure
3); therefore, they have different densities and velocities, but
the same pressure.
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3. Analytical Solutions for the Problem
of Gas Shark Coolant Flow in
Branches of Heat Exchange Excludes

The flow of gaseous coolant in the branches of heat pipes:
The exchange of gases in these devices is accompanied by tur-
bulence and the formation of separation zones, which in turn
leads to significant losses of mechanical energy.

Qualitative and quantitative: The estimation of losses and
the flow structure in steady flows in the branching of heat ex-
changer lines is usually based on an experiment.

In the vast majority of cases, the parameters for steady-state
gas flows in heat exchanger lines are investigated, since the
main flow regime under these conditions is turbulent-steady-
state.

When calculating flow parameters in heat exchanger lines,
additional assumptions should be taken into account, such as
the constancy of the channel shape and the separation or merg-
ing of gas flows (Figures 2, 3).

In this case, we consider the method for calculating the pa-
rameters in the branches of heat exchanger piping, restricting
ourselves to the task of determining the boundary conditions
of the differential problem of non-stationary one-dimensional
flows in straight sections of piping.

The boundary conditions are defined as follows. For open
boundaries, the number of defined boundary conditions corre-
sponds to the number of characteristic curves emanating from
the boundary, while the boundary conditions for the incoming
characteristic curves are determined by solving the differential
equation problem. Assuming that the required parameters of
the gaseous coolant in the cross-section of a heat exchanger
line that branches near a nozzle or vessel are known, and based
on the postulated determinations for defining the boundary
conditions, the system of initial equations for calculating pos-
sible cases of gaseous coolant flow in the branch can thus be
derived [1, 6, 7].

The following cases of flow separation and merging in a
triple branch or T-piece are possible in heat exchanger lines.
Possible: (Figure 4). For simplicity, the cross-sections are la-
beled Figure 2 and Figure 3, respectively. This study shows
the assignment of boundary conditions that apply to all cases
and implements analytical solutions only for the most im-
portant cases of gaseous coolant flows in the branches of heat
exchangers.

W, a \Wr b \{’r e
W, W3 W, Wi W, Wy
e —  —  — ff— —
wy d w, € \WI f
w; w3 W, \ W3 w,
— Se—— g

Figure 4. Typical flow diagrams of gaseous coolant flows in the
branches of heat exchanger lines.
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Around theTo separate flows in the piping of a heat ex-
changer (Figure 4a) In section 3-3, two boundary conditions
must be specified, since two characteristics deviate from this
boundary; in section 2-2, the positions of the characteristics at
pressure p, or velocity W, and temperature T, must be speci-
fied, since the positions of the characteristics are similar to
those in section 3-3.

The main system of equations for this case of separation or
merging of flows in the piping of a heat exchanger is the sys-
tem of equations (13).

Cases of flow separation in the piping of a heat exchang-
erSince Figures 4b and 4c are symmetrical, we can restrict
ourselves to the first case. In Section 2-2, a boundary condi-
tion must be specified, as only one property deviates from it:
equality of the outlet pressures: p: = ps. In Section 1-1, the
parameters sought are temperature Ty and velocity W, or pres-
sure pa.

Now we will consider the method for defining boundary
conditions for combining flows in the piping of heat exchang-
ers.

The algorithms for calculating flow confluence in heat ex-
changer lines for the cases shown in Figures 4d and 4e are
similar; therefore, we consider only the first case. For flow
confluence in the heat exchanger line according to Figure 4e,
one boundary condition must be defined in section 2-2 and
two in section 3-3. It is assumed that the coolant flows enter-
ing through sections 1-1 and 2-2 do not mix. Therefore, the
required parameters are the cross-sectional areas As; and Az,
(As1 + A3z = As), which correspond to the gaseous coolant
flows exiting through section 3-3.

It is assumed that the temperatures Ts; and T3, and the ve-
locities W31 and W3, of the outflowing liquids are different,

that the pressure is the same in section 3-3 and that p,=p: also
applies.

Taking into account the above assumptions, the main sys-
tem (13) yields the system of output equations for calculating
the flow rate of gaseous coolant in the pipeline of a heat ex-
changer during flow separation (Figure 4a):

e
Po101 = P3 (1 + Y%lvgf;)v_l;
v
D020z = P3 (1 + %Ytizz)y_ii
Tor =T (1 + t_lyff;)i (15)
o= (145225,
Gy = Az Rz;? 31
A, :_TZZWZ = (A3_A31)%W32-

PressureRzis known as a boundary condition in Section 2-2;
the flow rate G1 of the gaseous coolant through Section 1-1 is
also known.

The unknown parameters are the velocities W, W31, W3
and the temperatures Tsi1, T3z, as well as the cross-sectional
area Az1. This results in a system of six nonlinear equations
with six unknowns. This system of equations can be solved
analytically, although it was previously determined that it can
only be solved numerically [6]. System (14) has four analyti-
cal solutions.

The solution to the system of equations yields 4 roots, of
which only one has a physical meaning and, after simplifica-
tions, takes the following form:

NextLet's consider. Algorithm for calculating the merging
of flows in heat exchanger lines for the cases shown in Figure
4f.
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1-y y-1 1 1-y
=2 6) Y T Y VR(®o101) ¥ JTo1G
W, = |1- (pﬂcz) Y \/E(poz 2 VT 5 [2 Y p;/_ P0101 0161
p3 A202+/To2 y-1 » 1-y
_(Po1 Y
1 (P3 61)
1-y
2y Po1 v
Wy = [Z2RTy ((R2oy) ¥ —1);
31 1y o (5, 01 ;
1~y
_ |2 Po2 v .
W32 _ _ RT02 (_0-2) - 1 ) (16)
1-y P3
1~y
Po1 Y .
T3 =Toq (E(H) ;
1-y
_ Po2 Y .
T3, =T (_3 02) ;
1-y y-1
A ﬂ(mc )T 2y RTo1
317 py\py ¢ » -y’
1— Po1 Y
(Feto)

In the case of combining flows in the heat exchanger line,
as shown in Figure 4f, only one boundary condition is deter-
mined in sections 2-2 and 3-3, since the main condition for
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this case of combining flows is the condition of equality of
pressures p2=ps, which is specified as a boundary condition.

In this case, an unknown parameter can be specified - the
pressure p.. For section 1-1, the unknown parameters are the
velocities, temperatures, and cross-sectional areas: Wiz, Was,
le, T13, A12, A13, where (A1:A12+A13).

Taking into account the above assumptions, the main sys-
tem (13) yields the system of output equations for calculating
the flow rate of the gaseous coolant in the pipeline of a heat
exchanger when the flows are combined (Figure 4f):

(

A7)

P2 W,

A
3 RTy

= (Al_Alz)%;Wl&

Here too, we have a system of six linear and nonlinear equa-
tions with six unknowns. This system of equations can be
solved analytically, although it was previously established that
it can only be solved numerically [6]. System (17) has four
analytical solutions. The solution of the system yields four
roots, only one of which has a physical meaning and, after
simplification, takes the following form:

Solutions (15) and (17) were verified numerically and using
the tools of symbolic computational mathematics [10-12].

With appropriately similar definition of the boundary con-
ditions, the problem of determining the parameters of a gase-
ous coolant in a heat exchanger pipe bend can be solved ana-
Iytically much more easily than in a T-piece [13-18].

The presented analytical solutions for a specific problem of
combining gaseous coolant flows in heat exchanger lines jus-
tify the derivation of similar analytical solutions for the sepa-
ration of flows [19].

The following results were obtained in this study: analytical
solutions for the problem of flow in branches of gaseous cool-
ant flows in heat exchanger lines, whereas previously only nu-
merical solutions existed for this problem [20-22].
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1-y 1-y
: o[- 7o) 7)
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b2 = R ;
1-y 1y 1~y =y & 1y
Po3 . \'V 03 [1_(Poz2s )V Poz, YV ¥L02 [;_(Po3. )V
A3(p163) wa¥g2 1 (plo) +A2(p162) w2 1 (p163)
1~y
2
Wi, = * RTy; (&02) v—1);
1-y D1
1~y
2y Po3 Y
Wi = |2RTy ((B2oy) ¥ —1);
13 1-y 03 D1 3 ’ (18)
1-y
02 Y .
Ty, =Top, (_0'2) ;
1-y
03 Yy .
Ty3 = Tos (_03) ;
1-y
Aq 1—(%03) Y
A, = .
12 iy oyeloye1 1y
_(Po3; Y v A3(02)y (Poz2) y W3Tz [To3 |;_(Poz_ )V
1 (p1 63) +A2(0‘3) (pog) W2T3\/T02 1 (p1 62)

4. Result

In this work, the choice of a theoretical model for the math-
ematical modeling of the flow of a gaseous coolant in the
branches of heat exchanger lines was justified, which has an
acceptable degree of closeness to the actual flow and to the
complexity of the necessary calculations - a thermodynamic
model of the subcritical steady flow of compressed gas.

5. Discussion

Analytical solutions have been found for the problem of
flow in branches of gaseous coolant flows in heat exchanger
lines, whereas previously only numerical solutions to this
problem had been found.
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Abbreviations

Mass Consumption, kg/c
Speed, m/s

Density, kg/m?

Expense Ratio

Work, J

Work Per Unit of Time, J/s
Loss Ratio

Pressure, P
Cross-Sectional Area, m?
Isentropy Index

Full Pressure Recovery Coefficient
Reynolds Number

Mach Number

Gas Constant, J/(kg-K)
Temperature, K

—|;U§C;Eq~< >'cu’\t—|—':‘o EO
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