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Abstract 

In this paper, the combined upshot of Soret and Dufoue of a convective Maxwell nanofluid on a porous perpendicular surface 

with nonlinear thermal emission was investigated. In the present work, the impact of permeable stretching sheet, nonlinear 

thermal emission, heat sour sink, Dufour and Soret effect, chemical reaction, Brownian motion and thermophoresis in a 

convective Maxwell nanofluid flow is widely discussed. The governing equations derived for the problem are highly nonlinear 

coupled partial differential equations. The governing equations were transformed into ordinary differential equations using Lie 

symmetry group alterations. The BVP4C MATLAB solver was employed to solve the ordinary differential equations numerically 

after validating the convergence of the method with existing results in the literature. The numerical results were established and 

discussed using tables and graphs. It was found that variations in porosity parameter (K), Dufour (Du) and Soret (Sr) improves 

velocity, temperature and concentration profiles respectively and the present of nonlinear thermal radiation and heat source emit 

more heat for the flow. Also, it is exciting to report that both porosity (K) and Dufour (Du) parameters has a strong impact on 

the flow of skin frictions, Nusselt number and Sherwood number. However, the current results may present applications in the 

areas of petroleum reservoir, heat exchangers, steel industries, cooling applications, nuclear waste disposal and so on. 
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1. Introduction 

The attentions of several researchers on the area of combine 

effect of Soret and Dufour have been drowned due to the 

recent awakening engineering and scientific applications. It is 

applicable in the areas of petroleum reservoir, heat exchangers, 

steel industries, cooling applications, nuclear waste disposal 

and so on. Soret and Dufour played a vital role in the dou-

ble-diffusive area. This is because their upshots orders of 

magnitude are smaller. The product of mass flux situated in 

mass equation caused by temperature slope is called Soret 

effect while the product of energy flux located in energy 

equation instigated by mass gradient is called Dufour effect. 

Ismail et al. [1] established the upshots of thermo-diffusion 

and diffusion-thermo on a parallel porous plate. It was solved 

analytically and finite difference method was used to validate 

their results numerically. However, they noted different par-

allel flow behaviors due to buoyance ratio- diffusion thermo. 
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Safae et al. [2] dissected the upshot of heat source and thermo 

diffusion carried out numerically within the stretching sheet. 

They noted that Soret upshot is increased with the presence of 

R on the mean concentration and reduced with absent of R. 

Some analysis of Soret and Dufour effects can be seen in the 

studies of Bidemi and Ahmad [3], Michael and Isah [4]. 

The modern exploration in nanotechnology to develop the 

effectiveness of refined thermal systems was established as a 

result of novel energy sources. The size of the particles in 

nanofluid is nanometer which is made by suppressing the 

particles in a fundamental liquid. Nanofluids have been form 

by several forms of base fluid and nanoparticles as a means of 

heat transfer for diverse procedures. The most common base 

fluids in nanofluids are ethylene glycol, water, and motor 

engine oil. While water is a renewable resource, it is not ideal 

due to its low thermal conductivity. On the other hand, motor 

engine oil and ethylene glycol have high viscosity but are 

environmentally toxic. Additionally, mixtures of water or 

ethylene glycol with nanoparticles are commonly used as car 

coolants to enhance engine performance. Computers of high 

performance make used of cooling electronic technology to 

reach an extreme power of 100,300 W/cm2 in a micropro-

cessor circuit. Rana et al. [5] applied Buongiorno model to 

recommend a non-homogeneous type which identified seven 

components that influenced the upgrading of warmness 

modification to Nanofluid, thermophoresis and Brownian 

motion had been determined to be the extreme contributing 

components. Madhukesh et al. [6] investigated the conse-

quences of the states of the higher temperature variation, 

thermal emission and viscous heat. In addition, they improved 

Buongiorno mathematical model with Brownian motion, 

thermophoresis and gyrotactic microorganisms. Therefore, 

the quest for the relevant application of nanofluid drives the 

efforts of many authors in conducting research on the related 

topic in recent years which include Puneeth [7], Khan [8], 

Hayat [9], Gireesha [10], Hussain [11] and Isah [12]. 

Heat and mass transfer over an extended surface is another 

attractive area of research with applications in many industrial 

and engineering activities. The prediction of heat and mass 

transport behaviors in non-Newtonian fluids encompasses 

applications in thermal engineering, metal spinning, and 

sphere bed processes, glass fiber, hot rolling, and so on. Zaid 

et al [13] investigated the free convective flow of a viscous 

material concerning heat and mass transfer in a permeable 

channel using cubic B-spline collocation outline. Hayat et al. 

[14] studied the flow of Eyring-Powell fluid of heat and mass 

transfer on a stretching sheet. Mahanthesh et al. [15] ad-

dressed the heat and mass flow of chemical responses over 

motionless and moving pattern. Selimefendigil et al. [16] 

investigated the configurations of heat and mass transfer 

transportation in a fluid flow through the channel pattern. 

Ahmed et al. [17] analyzed the microstructural implications 

of the finite difference scheme to evaluate the numerical 

simulations of heat and mass transfer in a viscous liquid. 

The nonlinear thermal radiation has attracted the attention 

of many researchers due to several engineering applications. 

Though, processing industries make use of nonlinear thermal 

radiation to produce heat to get a good finished product. The 

plants for electricity generation, rocket propulsion, turbine for 

gas and so on are produced from the finished products. Khan 

et al. [18] inspected the significance of nonlinear Rosseland 

approximation in a Walter-B nanoliquid by utilizing Brown-

ian motion, thermophoresis, and convective boundary condi-

tions. Their results show that an increasing Schmidt number 

reduces the concentration of the nanofluid. Ilias et al. [19] 

explored the magnetohydrodynamic heat transfer on an ex-

tending sheet. Their findings revealed how heat transfer and 

fluid flow impact the leading surface. Jha and Samaila [20] 

supported the significance of nonlinear Rosseland approxi-

mation and thermophoresis on heat and mass transfer in 

mixed convective vertical channels. Increasing the radiative 

heat flux enhances the fluid temperature, which, in turn, 

causes the velocity and concentration near the porous surface 

to rise. 

The Lie symmetry group approach has been applied by 

several researchers to investigate countless convective 

boundary problems under several flow patterns in aerody-

namics, plasma physics, meteorology, fluid mechanics, 

chemical engineering, and various other branches of engi-

neering. It is a scaling symmetry group used to reduce two 

independent variables of the model to a single variable. Sev-

eral papers on Lie symmetry group approach have been pub-

lished which include Ahmad et al. [21], Das et al. [22], Ra-

shidi et al. [23], Kandasamy et al. [24] and so on. 

Here, our primary objective is to build upon the work of 

Ahmad et al. [21] by incorporating nonlinear thermal radia-

tion into the energy equation, considering the effects of Soret 

and Dufour. This will allow us to investigate the mass and 

energy flux, as well as the convective Maxwell nanofluid flow, 

on a stretching porous sheet. 

2. Mathematical Analyses 

The characteristics of Soret and Dufour effects in convec-

tive Maxwell nanofluid flow on a stretching porous parallel 

plate with nonlinear thermal radiation are examined. The 

nanofluid flow, driven by thermophoresis and Brownian mo-

tion, is influenced by a magnetic field . According to 

Figure 1, The Maxwell nanofluid is presumed to flow along 

the x-direction. The Boussinesq approximation is considered, 

and the flow is fully developed and laminar. 
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Figure 1. The physical channel of the parallel porous plate. 

The governing expressions that drive the flow are as Ahmad et al. [21] and Li et al. [25]. 

                                             (1) 

  (2) 

         (3) 

                     (4) 

The above modals boundary conditions are as Ahmed et al. [21]: 

                    (5) 

Below is the introduction of non- dimensional variables to dimensionless equations (1) to (5) 

              (6) 
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Rosseland approximation is used to simplify the radiative heat flux as follows: 

                                              (7) 

Expand  into Taylor’s series expansion In order to linearize equation (7) gives 

                                          (8) 

By putting equations (6) to (8) into equations (1) to (5) the dimensionless equations below emerged 

                                              (9) 

     (10) 

   (11) 

                           (12) 

The fresh boundary conditions are: 

                             (13) 

Introducing the stream function defined by 

                                       (14) 

The following are obtained by putting equation (14) into equations (9) to (13). Equation (9) is satisfied identically. 

 (15) 
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                             (17) 

44
1

3
1

T
qr

k y

 
 



4T

  
4

4
1 0 0

T T T T  

0
u v

x y

 
 

 

 
2 2 2 2

2 2
2

2 2 2

1u u u u u u u
u v u v uv Ra N M u vr

x y x y yx y y K
    

      
         

      

    
    

     

 
2 22 23 24

Pr 1 4
2 23

       
  

       
         

      

      
          

      

N
u v C N C Q N N DutT T bx y y y y yy y

2 2

2 2

Nt
Le u v D

Bx y Ny yb

Sr
   


   

   
   

 
 
 

 
1

, , 1, 0

0, 0, 0,

, 1wu x v Bi aty

u asy

v

C v


 

      

   


  





,u v
y x

and
  

  
 

 
2 22 2 3 3 3 3 2

2
2 2 3 2 3 2

1              
   

              
        

                

                              

Ra N Mr
y x y x y x y x y xy x y y x y y yK

 
2 22 23 24

Pr 1 4
2 23

         
  

         
         

        

      
          

      

N
C N C Q N N DutT T by x x y y y y yy y

2 2

2 2

Nt
Le

y x x y Ny yb

Sr
     


     

   
     

 
 
 

http://www.sciencepg.com/journal/ijtam


International Journal of Theoretical and Applied Mathematics http://www.sciencepg.com/journal/ijtam 

 

42 

With boundary conditions as: 
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2.1. Lie Group Alteration 

The scaling symmetry group techniques are introduced below as Ahmed et al. [21] 

                 (19) 

By applying equation (19) into equations (15) to (18) where is the real number and is the parameter of the group we got: 
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                     (23) 

From equation (18), the invariance of the boundary conditions becomes: 

                                   (24) 

Center on the outcomes of equation (23) put on equation (24) the group alterations (19) becomes: 

                       (25) 

Furthermore, subject to Taylor series expansions we have: 

                                  (26) 

Since , altering equation (26), the following developed: 

                      (27) 

Currently, in terms of differentials equation (27) yields 

                                          (28) 

                                        (29) 

The similarity below is attained after solving equations (28) – (29) 

                           (30) 

Where  is the similarity variable 

By applying equation (30) into equations (15) to (18) yielded the following: 
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            (31) 

         (32) 

                                   (33) 

While the boundary conditions reads: 

                         (34) 

The concerned engineering physical quantities of practical interest are , , and as defined below: 

                                    (35) 

                                    (36) 

                                    (37) 

2.2. Method of Computation 

The following transformation was applied to convert equations (31) – (34) into first-order initial value problems. 

                (38) 
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3. Validation of Results 

The analysis to validate the results was conducted in Table 

1, showing excellent agreement with those of Hayat et al. [26], 

Turkyilmazoglu [27] and Ahmad et al. [21]. 

Table 1. Evaluation of results for  0f   when 

0Ra S Bi      and K  , with previous published works. 

M  Ahmad et 

al. [21] 

Hayat et 

al. [26] 

Turkyilmazoglu 

et al. [27] 

Present 

results 

0.0 -1.00000 -1.00000 -1.000000 -1.00000000 

0.5 -1.22474 -1.22474 -1.224744 -1.22474487 

1.0 -1.41421 -1.41421 -1.414213 -1.41421356 

4. Results and Discussion 

The result of the combine upshot of Soret and Dufore of a 

convective Maxwell nanofluid on a porous stretching sheet 

with nonlinear thermal emission is ascertained. The impact of 

the appropriate nondimensional flow parameters has been 

considered using tables and graphs. In this study, the de-

faulted values are: 

  (41) 

Unless otherwise detailed. 

 

Figure 2. Influence of K  on  f  . 

 

 

Table 2. Impact of K  on C
f , Nur , and Shr . 

K Cf Nur Shr 

0.2 -2.77175 0.06222 0.47366 

0.4 -2.17873 0.06672 0.47621 

0.6 -1.94287 0.06871 0.47769 

Table 3. Impact of Ct  on C
f , Nur , and Shr. 

Ct Cf Nur Shr 

0.2 -2.04041 0.06787 0.47704 

0.7 --2.04040 0.06772 0.47723 

0.9 -2.04039 0.06760 0.47739 

 
Figure 3. Influence of Ra  on  f  . 

 
Figure 4. Influence of  on  f  . 

However, Figure 2 examines the raising effects of K on 

 f  outlined. This developed the momentum boundary 

layer as a result of K which gives interior heat to the flow 
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and the permeable layer becomes wide. Physically, by en-

hancing K  the permeable hole becomes large which leads 

to the fast flow of fluid. Figure 3 depicts the influence of Ra

on  f   outcome. From the picture, it is clear that the 

 f   outcome increase with rising values of Ra . Actually, 

Ra  is the proportion of Buoyancy to the product of heat 

diffusion and viscous. The upshot   on  f  outline is 

exemplified by Figure 4. By boosting the values of   

consequently reduced the results of  f   profile.   is 

used to check the fluid material and characters. Although, 

  is quite inconsequential if the fluid material materializes. 

Figure 5 explains the upshot of S on  f   profile with 

growing values of S which in turn diminishes the  f   

profile. The retarding impact of M  on  f   outline is 

indicated in Figure 6. This physically shows that as M

raises it magnifies the magnetic strength and it additionally 

upsurge the fluid particles which in turn diminishes the

 f  . 

 

Figure 5. Influence of S  on  f  . 

 

Figure 6. Influence of M  on  f  . 

 

Figure 7. Influence of Nr  on  f  . 

Table 4. Impact of Sr  on Cf, Nur , and Shr . 

Sr Cf Nur Shr 

0.2 -2.04041 0.06766 0.48656 

0.6 -2.04040 0.06794 0.47387 

0.8 -2.04040 0.06808 0.46754 

Table 5. Impact of Du on Cf, Nur , and Shr . 

Du Cf Nur Shr 

0.3 -2.03952 0.05364 0.47274 

0.6 -2.03823 0.03288 0.46652 

0.9 -2.03700 0.01278 0.46067 

Figure 7 gives the growing impact of Nr on  f  outline. 

Consequently, Nr upsurge the buoyance force which im-

proves the fluid velocity. Figure 8 brings foreword the action 

of Du on    profile. Obviously the raising of Du im-

proves the     outline. The improvement    is as results 

of excessive concentration gradient originate from Du . Also, 

energy transport and mass diffusion take place in higher rate 

in the particles which in turn boost the thickness of    . The 

features of Ct for    are described in Figure 9 which ex-

hibits raising behavior when Ct  is augmented. This is be-

cause Ct measured the relatively amount of interior energy 

within the body. Figure 10 Shows    variations for Q . 

The upsurge of Q  improves    . Basically,     occur-

rence improved greatly as a result of the presence of Q . Fig-

ure 11 demonstrates the impact of Sr  on    . The upsurge 

of Sr boost    . Thermal gradient has a great effect on Sr . 
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Actually, greater Sr  produces greater thermal gradient 

which in turn upsurged    . Figure 12 which exhibits de-

caling behavior when Le  is augmented. Actually, Sr = 

thermal diffusivity/ mass diffusivity. Figure 13 illustrates the 

effect of   on    . The upsurge of   decreases    . 

Table 6. Impact of Nb  on C
f , Nur , and Shr . 

Nb Cf Nur Shr 

0.5 -2.04024 0.06478 0.48772 

1.0 -2.03990 0.05928 0.49139 

2.0 -2.03910 0.04626 0.49336 

Table 7. Impact of γ on Cf, Nur, and Shr. 

γ Cf Nur Shr 

1.5 -2.04041 0.06603 0.57719 

2.0 -2.04042 0.06452 0.66166 

4.0 -2.04039 0.05994 0.92270 

 

Figure 8. Influence of  on . 

 
Figure 9. Influence of  on . 

 

Figure 10. Influence of  on . 

 

Figure 11. Influence of  on . 

 
Figure 12. Influence of  on . 

 

Figure 13. Influence of  on . 

Du   

Ct   

Q   

Sr   

Le   

   
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Tables 2 to 7 were constructed to portray the effects of K , 

Ct , Sr , Du , Nb ,  , on C f , Nur , and Shr . The out-

comes revealed that by considering variations in values of K , 

Ct , Sr , Du and Nb , the magnitude C f  accelerate while 

it depicts reverse behavior for  . Also, Ct , Sr and Nb  de-

clined the magnitude of Nur  and inclined the magnitude 

with K , Du ,  . Similarly, it is experimentally perceived 

that rise in K , Ct , Du , Nb , and   upsurge the Shr and 

decelerate with Sr . 

5. Conclusion 

The combined upshot of Soret and Dufore of a convective 

Maxwell nanofluid on a porous stretching sheet with nonlin-

ear thermal emission was carried out. The results of the study 

are in form of velocity, temperature, concentration, skin fric-

tion, Nusselt number and Sherwood number. The key high-

lights for the present work are as follow: 

i. Variations of Du  and Sr outcome improves     

and     respectively  

ii. Both K  and Du  exhibits raising behavior for C f ,

Nur , and Shr   

iii. Both   and Le  retard the     outline 

iv. Ct has an escalating effect on the     outline 

Table 8. Nomenclature. 

Symbol Description Symbol Description Symbol Description Symbol Description 

w
T  Reference temperature g  Gravitational 

acceleration 
Pr  Prandtl number M  Hartmann number 

f  Dimensionless velocity Sr  Soret parameter Ra  Rayleigh number Le  Lewis number 

 U x  
Velocity of the exterior 

stream 
 B x

 Transverse mag-

netic field 
Nr  Buoyancy ratio Nb  

Brownian motion 

parameter 

v
  

Condition far away 

from the plate 
b  Constant Nt  

Thermophoresis pa-

rameter 
N  

Thermal radiation 

parameter 

  
Chemical reaction pa-

rameter 
  

Electrical con-

ductivity 
0

B  Magnetic field strength f
  Density of base fluid 

  Kinematic viscosity Du  
Dufour parame-

ter 
,u v  

Velocity components 

along x, y-axis 
T Temperature variable 

  Relaxation time   
Similarity varia-

ble 
 

p
c  

Nanoparticles specific 

heat 
C

  
Ambient liquid con-

centration 

  Stream function   
Dimensionless 

temperature 
  Heat capacity ratio 1

  
Stefan-Boltzmann 

constant 

  
Dimensionless concen-

tration 
  

Thermal diffu-

sivity 
C  

Nanoparticles concen-

tration 
0

Q  
Non-uniform heat 

generation 

  

Volumetric thermal 

expansion coefficient 

of the base fluid 

  
The fluid viscos-

ity 
K   

Mean absorption coef-

ficient 
1

k  
Absorption coeffi-

cient 

 
f

c  Fluid specific heat   Deborah number T
  

Ambient liquid temper-

ature 
Q  Heat source/sink 

Ct  Temperature ratio S 
Mass transfer 

parameter 
 

f
c  

Fluid specific heat at 

constant pressure 
Bi  Biot number 

  Thermal conductivity B
D  

Brownian diffu-

sion 
T

D  Termophretic diffusion 1
C  

Specific heat at con-

stant pressure 

K  Porous material U  
Free stream ve-

locity of the flow 
w

C  
Reference concentera-

tion 
  

Nur Nessult Number Shr Sherwood number 
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Flow of hybrid nanofluid across a permeable longitudinal 

moving fin along with thermal radiation and natural convection. 

Computer Methods Programs Biomedicine. 185: 105166. 

[11] Hussain, F., Subia, G. S., Nazeer, M., Ghafar, M. M., Ali, Z., 

Hussain, A., (2021) Simultaneous effects of Brownian motion 

and thermophoretic force on Eyring–Powell fluid through po-

rous geometry. Z. Naturforsch. 5:  

https://doi.org/10.1515/zna-2021-0004 

[12] Isah, B. Y., Michael, W., Mustafa, A. and Audu, A. (2023). The 

upshot of nonlinear thermal emission on a conducting Jeffrey 

nanofluid flow over a stretching sheet: a Lie group approach. 

Saudi Journal of Civil Engineering, 7(8): 178-191. 

[13] Zeid, M. A., Ali, K. K., Shaalanand, M. A., Raslan, K. R. 

(2019) Numerical study of thermal radiation and mass transfer 

effects on free convection flow over a moving vertical porous 

plate using cubic B-spline collocation method. Journal of the 

Egyptian Mathematics Society  

https://doi.org/10.1186/s42787-019-0035-8 

[14] Hayat, T., Saeed, Y., Alsaedi, A., Asad, S. (2015) Effects of 

convective heat and mass transfer in flow of Powell-Eyring 

fluid past an exponentially stretching sheet. PLoS ONE 10 (9): 

e0133831. 

[15] Mahanthesh, B., Gireesha, B. J., Gorla, R. S. R., (2016) Heat 

and mass transfer effects on the mixed convective flow of 

chemically reacting nanofluid past a moving/ stationary verti-

cal plate. Alex. Eng. J. 55(1): 569–581. 

[16] Selimefendigil, F., Coban, S. O., Öztop, H. F., (2021) Nu-
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