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Abstract: The Wiener polarity index of a graph G, is the number of unordered pairs of vertices that are at distance 3 in G.
This index can reflect the specific distance relation between vertices in the graph, and provides a new way for the study of graph
structure. In this paper, the graph entropy based on Wiener polarity index defined. Based on the above definition of graph entropy,
it compares the graph entropy of path and balanced double star graphs based on Wiener polarity index. The expressions of graph
entropy based on Wiener polarity index for trees with diameter d > 3 are studied under four graph operations: tensor product,

strong product, Cartesian product and composite graph.
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1. Introduction

The concept of graph entropy was introduced by Shannon
in 1948 [1]. With the research on graph entropy conducted
by Dehmer, Mowshowitz, and others [2, 3], it has gradually
evolved into an independent research field. Graph distance
entropy is a significant research direction at the intersection of
graph theory and information theory. In graph theory, distance
entropy is used to quantify the uncertainty or complexity
of the distance distribution between vertices or vertex pairs,
studying the structural characteristics of graphs by calculating
the entropy value based on the probability distribution of
distances within the graph. Cao et al. [4] were the first to
propose graph entropy based on vertex degree powers and
investigated the bounds of graph entropy for various graph
classes (such as tree graphs, unicyclic graphs, bicyclic graphs,
etc.), as well as the corresponding extremal graphs. Lu et
al. [5] obtained new bounds for graph entropy using Jensen’s
inequality and the minimum-maximum degree. Chen et al.
[6] defined distance entropy based on the number of vertices
with a distance of k from a given vertex and studied the
extremal graphs for the entropy of trees. Dehmer et al. [7]
provided an upper bound for distance entropy. Dong et al.
[8] defined the Wiener entropy of graphs and obtained related

results. With in-depth research on graph entropy, its concept
has also been extended to hypergraphs [9, 10]. Other graph
invariants, namely the number of vertices, degree sequence and
distance, are also used in the graph entropy measure, and the
research results can be referred to [11-15]. Graph arithmetic is
widely used not only in computer science, but also in many
topological index literature (such as Wiener index, Wiener
polarity index, Zagreb index, Randi¢ index, etc.).

Currently, there are relatively few research results related to
graph distance entropy. This paper primarily focuses on the
calculation of graph distance entropy. Specifically, this paper
investigates graph entropy based on the Wiener polarity index.
Through calculations, it obtains the graph entropy based on the
Wiener polarity index for path graphs and balanced double-star
graphs, as well as the expressions for graph entropy based on
the Wiener polarity index for trees with a diameter of > 3
under four graph operations: tensor product, strong product,
Cartesian product, and composite graphs.

2. Preliminary Knowledge

Let G = (V,E) is a simple connected graph with a set
of vertices v € V(G) and a set of edges e € E(G). All
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vertices adjacent to vertex u are called neighbors of u. The
neighborhood of u is the set of the neighbors of u. The number
of edges adjacent to vertex u is the degree of u, denoted by
d(u). Vertices of degrees 0 and 1 are said to be isolated
and pendent vertices, respectively. The distance between two
vertices u and v, denoted by d(u,v), is the length of the
shortest path from u to v. The diameter diam(G) of G is the
maximum eccentricity among all vertices of G. The radius
rad(G) is the minimum eccentricity among all vertices of G.
For a vertex v € V, the j — sphere of v is the set of vertices at
distance j to v denoted by S;(v, G). For vertices u € V(G),
the degree in which the vertex w is in G is represented by
dg(u), record briefly as d(u). For two simple graphs G and
graphs H, Their tensor product, strong product, Cartesian
product and composite graph are respectively expressed as G®
H,G® H, G x H, G[H|. The Zagreb index [6] is defined as
Mi(G) = Tyevie 4o (0 = T e (dalu) + da(v)),
M3(G) =3, ep(c) da(u)da(v), where My (G) and M(G)
are the first and second Zagreb indices, respectively. All the
logarithmic functions in this paper have base 2 as their based.

Definition 2.1. [2] Let G = (V, E) be the simple connected
graph with n vertices. Define the probability function of the

vertex v; € V(G) as p(v;) = % Then

—~ Zp(vi) log p(v;)

_ f(vi)
Zz] o) BT )

As distance is an important graph invariant, a new distance-
based graph entropy is defined below.

Definition2.2. [6] Let G = (V, E) be the simple connected
graph with n vertices. For vertex v; € V, ni(v;) represents
the number of vertices v; with a distance of k between the
vertex and all other vertices. Then the general form of distance
entropy is

(D

ng(v;)

Z Z =1 "k Uz) Z?:l nk(vi)

o ng(vi) log ng(v;)

= 10g[z n (vi)] — 5

j=1 ng (vi)

)

where ni(v;) = |Sk(vi, G)| = |u : d(u,v;) = k,u € V(G)),
k is an integer and 1 < k < D(G).

The graph entropy based on the Wiener polarity index can
be obtained.

Definition 2.3. [8] Let G = (V, E) be the simple connected
graph withn vertices. For vertexv; € V, ny(v;) represents the
number of vertices v; with a distance of k between the vertex
and all other vertices, the graph entropy based on the Wiener
polarity index is

I3(G) = 10g[2W3(G)]
2W3 ;ns v;) log 3 (vi), 3)
where n3(v;) = |Sk(v;, G)| = |u : d(u,v;) = 3,u € V(G)],

Yoim na(vi) = 2Ws(G).

Definition 2.4. [6] Let T = (V, E) be a tree with n vertices.

Since W3(T') = 3, e () (d(w) — 1)(d(v) — 1), then
I(T) =log(2 Y (d(u)-1)(d(v) - 1))
weE(T)
i ma(vi)logna(v;) @
2Zu1)EE(T)(d(u) = 1)(d(v) = 1)

If T 22 S, then I5(S,) = —oc;

If T = P,, then I3(P,) = log(n — 3) + -2, n > 7.

Let S |z),r2z7 be the balanced double star graph with
n vertices. It can be obtained by simple calculation
Ig(SL%J,[%]) = log(2,/n1n2), where n; and ny be the
pendent vertices on the left and right sides of the balanced
double star graph S| 2| 21, and ny +ng + 2 =n.

Theorem 2.1. Let Pn:SL%J,[%] be the path graph and the
balanced double star graph with n vertices, respectively. Then

I3(Py) > I3(S| 2 ra7)-

Proof.

I3(Py) — I3(S| 2 r27)

3
=log(n — 3) + 3" log(2+/n1n32)
1o (n1 +ng—1 3
& 2,/7’1,1’&2

then Ig(Pn) > I3(SL%JJ%])'

Lemma 2.1. [6] Let T\ and T> be the trees with the
number of vertices m and n and the number of edges p
and q, respectively. The graph obtained after tensor product
operation is Ty @ Ty, where |V (T1@T2)| = |[V(T1) ||V (T2)| =
mn, E(Ty @ Ty) = 2|E(T1)||E(T2)] = 2pq, then for
T, ® Ts, the degree of the vertex (u;,v;) is expressed as
dr, e, (Ui, v5)) = dr, (us)dr, (v;)-

Lemma 2.2. [6] Let T\ and I5 be the trees with the
number of vertices m and n and the number of edges p
and q, respectively. The graph obtained after strong product
operation is Ty ©Ty, where |V (T10T2)| = |V (T1) ||V (T2)| =
mn, E(Ty © T) = [V(T1)||[E(Ty)| + [E(T)||V(T2)] +
2|E(TV)||E(T2)| = mq + np + 2pq, then for Ty ® Ty, the
degree of the vertex (u;,v;) is expressed as dr,or, ((u;, v;)) =
dr, (ui) + dr, (v;) + dr, (wi)dr, (v;).

Lemma 2.3. [6] Let T and 15 be the trees with the
number of vertices m and n and the number of edges p and
q, respectively. The graph obtained after Cartesian product

> 0,
n1+n271
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operation is Ty x Ty, where |V (Ty xT2)| = [V (T1) ||V (T2)| =
mn, E(Ty x Ty) = [E(Ty)||E(T)| + [E(T1)||V(T2)| =
pq + pn, then for Ty x Ty, the degree of the vertex (u;,v;)
is expressed as dr, x 1, ((u;,v;)) = dr, (u;) + dp, ().

Lemma 2.4. [6] Let T\ and I5 be the trees with the
number of vertices m and n and the number of edges p
and q, respectively. The graph obtained after tensor product
operation is Th[Ts), where |V (T1[Tz2])| = |V (T1)||V (T2)| =
mn, E(T1[1]) = |E(T)||E(T)| + [EM)|IV(T2)]? =
pq + pn?, then for T [T3), the degree of the vertex (u;,v;)
is expressed as dr, 1,)((ui,v;)) = ndr, (u;) + dr, (vj).

Ig(Tl (9 TQ) = 10g(4M2(T1)M2(T2) — 32])(] + 4mn) —

SIS

w=17=1 N2 (uy),N3, (or)

dTl (uw)de (UT) -

3. Main Results

In this section, 17 and 715 are trees with diameter d > 3
respectively. The graph entropy based on distance equal to
3 under four graph operations is obtained mainly through
calculation.

Theorem 3.1. [6] Let T, and 15 be the trees with the
number of vertices m and n and the number of edges p
and q, respectively. The graph obtained after tensor product
operation is Ty @ Ts. Then

1
AMo(Th ) M2 (T) — 32pg + 4mn

1) log( Z

N2, (u).N3, (v;)

dTl (uw)de (UT) - 1)7

where N7, (uw) = {u; € V(T1)|d(ui, uw) = 2}, N3, (v.) = {v; € V(T2)|d(vj,v,) = 2},
My(T1) =3 e pery) dr (Wdr, (v), M2(T2) =32, e g1y dre (W)d, (V).

Proof.
By Lemma 2.1, we have

Ws(Th @ Tz) =

(us,v5) (ug,vr) EE(T1QT2)

SIS

uiukEE(Tl) ’Uj’Ur,«EE(Tz)

(dry (ui)dr, (v;) — 1)(dr, (ug)dr, (vr) —

(dry o1, (Ui, v5) — 1) (dry o1, (UK, vr) — 1)

1) = 2M2(T1)M2(T2) - 16pq + 2mn.

Since Y0, ma(vi) log 5 (v1) = 0y (Y g (A (w7) — 1) 108(F g (dir () = 1)),

where N2(w;) = {u € V(T)|d(u, w;) = 2}. Then

m n

2.2 >

w=1r=1 N%l (1) ,N%2 (vy)

By calculation

I3(Ty ® Ty) = log(4M>(T1) M2 (Tz) — 32pq + 4mn) —

SIS

w=1r=1 N%l (uw%N%Q (vr)

dr, (uw)de ('Ur) -

1) log( Z

dr, (uy)dr, (v:) — )log( >

dr, (uw)dr, (vr) = 1).
1\7'12"1 (uw)vN%2 (vr)

1
AM>(T1)M2(T») — 32pg + 4mn

dr, (ww)d, (vr) = 1).
N%l (uw)aNq%Q (vr)

Corollary 3.1. Let P,, and P,, are connected paths with diameter d > 3 respectively. P,,, and P,, after the tensor product

operation to produce the P,,;, ® P,,. Then

Is(Pp, ® P,,) =log(4(249n1n5 — 216m; — 21609 + 188) —

Proof.
By Theorem 3.1, we have

10 + 5log b + 3(n1 + ne — 16) log(ny + na — 16)
4(249n1n9 — 216n; — 21604 + 188)

Wg(Pnl X Pnz) = 4(249n1n2 - 216711 — 216712 + 188,

an(vi) logngz(v;) = 10+ 5log 5 + 3(n1 + ng — 16) log(ny + n2 — 16).

i=1
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Theorem 3.2. [6] Let T and Ts be the trees with the number of vertices m and n and the number of edges p and q, respectively.
The graph obtained after strong product operation is T7 © Ts. Then

I3(Ty ©Ty) = log(M) — % DI > (dr, (uw) + dr, (vr) + dr, (ue)d, (0r) = 1)

w=1r=1 ]\772_1 (uw)’N%Z (Ur)

) 1Og( Z dT1 (u’w) + de (UT') + dT1 (uw)de (1)7')))’

N’12"1 (uzu)vN%z (UT)

where N%l (uy) = {u; € V(T1)|d(ui, uw) = 2}, N12“2 (vr) = {v; € V(T)|d(vj,v,) = 2},
Mo(Th) = 3 pepry) dr (Wdry (0), Ma(T2) = 3 e p(ry) A (W)dn, (0), Mi(Th) = 3 ey () dry (V)%
M1 (Tg) = Z’UGV(TQ) dT2 (U)Q, M = 2W3(T1 ® Tg) = 4M2<T1)M2(T2) + QOqMQ(Tl) + 20pM2(T2> - 28pq
Proof.
By Lemma 2.2, we have

W3(T1 © TQ) = Z (dTl®T2 (uia Uj) - 1)(dT1®T2 (ukva) - 1)
(ui,vi)(ug,vr)EE(T1OT2)

=2 Y > (dry (wi)dr, (v)) + dry (w) + dr, (v) — 1)
uiUkEE(Tl) UJ'UTEE(T2)

' (dT1 (’U,k)de (UT) + dT1 (Uk) + dT2 (UT) - 1)

= 2M>(T1) M>(12) + 10gM>(T1) + 10pM2(T3) — 14pg.

Since S0 my(0s) 1o ma (01) = S50y (S gy (A (107) — 1)) 108 (X g (0 (107) — 1),
where Nz (w;) = {u € V(T)|d(u,w;) = 2}. Then

m n

Z Z( Z dT1 (u’w)de (UT) + dTl (uw) + de (UT) - 1)

w=1r=1 N2 (u,),N2, (v,)

: IOg( Z dT1 (uw)de (UT) + dTl (Uw) + dT2 (UT) - 1)
N72"1 (uw),N%Z (vr)

By calculation

n

1 m
L(Ty © Ty) = log(M) — = Z Z( Z (dr, (wy) + dpy (vy) + dpy (wy)dr, (v,) — 1)
w=1r=1 N%l (u“,),N%Q('UT)

’ 1Og( Z dTl (uw) + de (UT) + dTl (uw)de (UT) - 1)'

N2, (w).NZ, (vr)

Let X = 4(409n1n2 — 29511 — 29515 4 203),Y = [nina(1 +n1)(1 4+ n2) (158 + 108log 3 + 51og 5 + 2(n1 + ne — 14))],
the following corollary is obtained

Corollary 3.2. Let P,, and P,, are connected paths with diameter d > 3 respectively. P,, and P, after the strong product
operation to produce the P,,, ® P,,. Then

Y
I3(Py, © Pp,) =log X — <

Proof.
By Theorem 3.2, we have

W3(Py, ® Pp,) = 4(409n115 — 2951, — 295n, + 203),

> na(vi)logna(v;) = [nana(1 +n1)(1 + n2) (158 + 108log 3 + 51og 5 + 2(ny + ny — 14))].

i=1
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Theorem 3.3. [6] Let T and Ts be the trees with the number of vertices m and n and the number of edges p and q, respectively.
The graph obtained after Cartesian product operation is T} x T5. Then

1
2qMs(Th) + 2pMs(Ts) + 2pgq

‘ Z Z( Z dr, (ww) + dr, (vr) — 1) log( Z dr, (ww) + dr, (vr) — 1),

w=1r=1 N%l (71,“,)71\/',12“2 (vr) N%l (uw)asz*z (vrr)

I3(Ty x Ty) = log(2qM>(T1) 4 2pMo(T3) + 2pq) —

where N72“1 (uyw) = {u; € V(T1)|d(ui, uw) = 2}, N%Q (vr) = {v; € V(T)|d(vj,v,) = 2},
Ms(Th) =32, e pry) A (Wt (v), M2(T2) = 37, c m(1y) 4 (W)d; (V).
Proof.
By Lemma 2.3, we have

Ws(Ty x T3) = > (dry ey (ui, v5) — 1) (dryser, (ug, vr) — 1)
(wi,vj)(up,vr)EE(T1 X T2)

= > D> (dry(wi) + dy (v;) = 1) (dry (ug) + da, (v,) — 1)
wiur €E(Ty) vjv.€E(T2)
= qMy(T1) + pMo(Ts) + pq.

Since 1 ma(v)1og ma(vi) = 7y (S ) (A (15) — 1) 108(5 s ) (i () — 1),
where N2 (w;) = {u € V(T)|d(u, w;) = 2}.

Then 375" (X2, (w), N2, (v @1 (1) + iy (07) = 1)108(3 2 (0,082, (o) D (W) + iy (vr) = 1)

By calculation

1
2qM>(Ty) + 2pM>(T3) + 2pq

DI DY dr, (uy) + dr,(v:) = 1)log( Y dr, () + dr, (vr) = 1)

w=1r=1 N’12“1 (um)vN%Q (vr) N%l (u“')’NIZE (vr)

I3(Ty x Ty) = log(2qM>(T1) 4 2pMo(T3) + 2pq) —

Corollary 3.3. Let P, and P, are connected paths with diameter d > 3 respectively. P,,, and P, after the Cartesian product
operation to produce the P,,, x P,,. Then

_ 16 + 6(”1%2 - 4) 10g3

I3(PTL1 X Pn2) = 1()g(7nln2 - 16) Tning — 16

Proof.
By Theorem 3.3, we have

Wg(Pnl X Pn2) = 7711”2 — 16,
an(vi) log nz(v;) = 16 + 6(ning — 4)log 3.
i=1

Theorem 3.4. [6] Let T and T be the trees with the number of vertices m and n and the number of edges p and g, respectively.
The graph obtained after composite graph operation is Ty [T5]. Then

1
2n2qM>(Ty) + 2pMs(T3) + 10npg — 6pg

I3(Ty[Ts)]) = log(2n?qMy(T}) 4 2pMs(Ts) + 10npg — 6pg) —

’ Z Z( Z ndr, (uw) +dr, (UT) - 1) log( Z ndr, (uw) +dr, ('UT) - 1)7

w=1r=1 N2 (uy),N3, (v) N2, (uw),NZ, (vr)

where N%l (Uy) = {u; € V(T1)|d(us, uy) = 2}, N%2 (vr) = {v; € V(To)|d(vj,v,) = 2},
My (T1) =3 e pery) dr (Wdr, (v), Ma(T2) = 32, e p(ry) A (w)d, (V).
Proof.
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By Lemma 2.4, we have

W5(Th[T»]) = > (dry(15) (wi v5) — 1) (dry (1) (U, vr) — 1)

(wisv5) (uk,vr) €E(T1[T2])

> > (ndr(w) + dr, (v;) = 1)(ndr, (ug) + d, (vr) = 1)
uiur €E(T1) vjvr€E(T2)

=n?qM(T1) + pM>(T3) + 5npg — 3pq.

Since 3711 m3(vi)logns(vi) = 3201 (3o Nz (w,) (dr(wy) — 1)) 108(3 N2 (w,) (dr (w)) — 1)),
where N2(w;) = {u € V(T)|d(u,w;) = 2}. Then

SN0 S ndn(uwe) +dn(e) - Dlog( Y ndxy (uw) +dry (v,) — 1).

w=lr=1 N7 (uy),NZ, (vr) N2, (uw),NZ, (vr)
By calculation

1
I;(TY[T5)) = log(2n2qMs(Ty) + 2pMs(Ts) + 10npg — 6pg) —
3(T1[T3]) g(2n°gM>(Th) + 2pMa(T3) pq — 6pq) 92qMs(T1) + 2pMa(Ts) + 10npg — 6pq

’ Z Z( Z ndr, (uw> +dr, (UT> - 1) log( Z ndr, (uw) + dr, (UT) - 1)'

r=1 N%l (uw),N%Q(’U,,«) N%l (uw),N%z ('Ur)

Corollary 3.4. Let P,, and P,, are connected paths with diameter d > 3 respectively. P,,, and P,, after the composite graph
operation to produce the P,,, [P,,]. Then

1
(n1 —1)(n2 — 1)(4n3 4+ 5ny + 1)
[12(2n2 + 1) log(2ns + 1) + 4(3n2 — 2) log(3ns — 2)+
(n1 + n2 — 16)(4ny — 3) log(4ns — 3)].

I3(Pa, [Pp,]) = log[(n1 — 1)(n2 — 1)(4n3 + 5nz + 1)] —

Proof.
By Theorem 3.4, we have

Wy (P, [Pr,]) = (n1 = 1)(n2 — 1)(4n3 + 5na + 1),

an(vi) logng(v;) = 12(2ng + 1) log(2ng + 1) + 4(3ne — 2) log(3ng — 2) + (n1 + ng — 16)(4ne — 3) log(4ng — 3).
i=1

(a) Figure2 Py @ Py (b) Figure3 Py & Py (c) Figured Py x Py (d) Figure5 P4[P4]

Figure 1. The illustration of the graph P? under four types of graph operations.

4. Conclusion a multitude of unresolved questions persist. This paper
primarily focuses on computing graph entropy based on the

Currently, the research findings on the distance entropy Wiener polarity index within the context of graph operations.
of graphs are relatively scant, particularly in the realms Future research avenues could involve a deeper exploration
of computational methods and practical applications, where ~ Of the distance entropy across a broader spectrum of graph
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classes and their associated computational challenges, an
investigation into the influence of various graph operations
on distance entropy, an analysis of the patterns exhibited by
entropy changes during graph operations, and the provision of
theoretical underpinnings for graph structural optimization and
algorithm design.

References

[1] Shannon. CE, Weaver. W, The Mathematical Theory of
Communication. M. Urbana. University of Illinois Press.
(1949). https://doi.org/10.1063/1.3067010

[2] Dehmer. M, Information processing in complex
networks: Graph entropy and information functionals.
J. Appl. Math. Comput. 201, 82-94 (2008).
https://doi.org/10.1016/j.amc.2007.12.010

[3] Mowshowitz. A, Dehmer. M, Entropy and the complexity
of graphs revisited. J. Entropy. 14, 559-570(2012).
https://doi.org/10.1007/BF02476603

[4] Cao. S, Dehmer. M, Shi. Y, Extremality of degree-
based graph entropies. Inform. Sci. 278, 22-33(2014).
https://doi.org/10.1016/].ins.2014.03.133

[5] Lu. G, Li. B, Wang. L, Some new properties for
degree-based graph entropies. J. Entropy. 17(12), 8217-
8227(2015). https://doi.org/10.3390/e17127871

[6] Chen. Z, Dehmer. M, Shi. Y, A note on distance-
based graph entropies. J. Entropy. 16, 5416-5427(2014).
https://doi.org/10.3390/e16105416

[7] Dehmer. M, Emmert-Streib. F, Shi. Y,
Interrelations of graph distance measures based
on topological indices. 9, 94985(2014).

https://doi.org/10.1371/journal.pone.0094985

[8] Dong. Yanni, Stijn. Cambie, On the main distance-
based entropies: the eccentricity-entropy and Wiener-
entropy. arxiv preprint arxiv. 2208, 12209(2022).
https://doi.org/10.48550/arXiv.2208.12209

[9] Hu. D, Li. X, Liu. X, Zhang. S, Extremality
of graph entropy based on degrees of uniform
hypergraphs with few edges. J. Acta Mathematica
Sinica, English Series. 35(7), 1238-1250(2019).
https://doi.org/CNKI:SUN: ACMS.0.2019-07-010

[10] Pattabiraman. S, Chendrasekharan.
M, Zagreb indices and coindices of product
graphs. J. Prime Res. Math. 10, 80-91 (2015).

https://doi.org/10.1016/j.dam.2010.05.017

K, Nagarajan.

[11] Dobrynin. A, Entringer. R, Gutman. I, Wiener index of
trees: theory and application. Acta Appl Math. 66, 211-
249(2001). https://doi.org/10.1023/A:1010767517079

[12] Swartz. E, Survey on the general Randi? index:
extremal results and bounds. Rocky Mountain
Journal of Mathematics. 52.4, 1177-1203 (2022).
https://doi.org/10.1216/rmj.2022.52.1177

[13] Wagner. S, Gutman. I, Maxima and minima of the
hosoya index and the merrifield-simmons index: A survey
of results and techniques. Acta Appl Math. 112, 323-
346(2010). https://doi.org/10.1007/s10440-010-9575-5

[14] Furtula. B, Gutman. I, Dehmer. M, On structure-
sensitivity of degree-based topological indices. Applied
Mathematics and Computation. 219, 8973-8978(2013).
https://doi.org/10.1016/j.amc.2013.03.072

[15] Dehmer. M, Mowshowitz. A, Emmert-Streib,
F, Connections between classical and parametric
network entropies. PLoS ONE 6, el5733 (2011).
https://doi.org/10.1371/journal.pone.0015733



