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Abstract 

Recently, physics-informed neural networks (PINNs) have become an encouraging computational approach to solving 

differential equations through the use of an explicit encoding of physical laws into the learning step of neural networks. The 

paper carries out a detailed comparison and contrast of PINNs with two well-established numerical approaches, i.e., Finite 

Element Method (FEM) and Finite Difference (FD) method in terms of solving second-order, boundary value problems. It is 

assumed to be a representative benchmark problem defined over a bounded domain with given boundary conditions, and to 

which an analytical solution exists to evaluate the accuracy of the numerical methods. The suggested PINN framework is built 

as a feedforward neural network framework that has a trial solution strategy that provides a natural way to meet the boundary 

conditions. Automatic differentiation is used to calculate necessary derivatives effectively and precisely so as not to require 

numerical approximation schemes. In the training, the L-BFGS optimization algorithm is used along with the Sobol quasi-

random collocation points to guarantee efficient sampling of the computational domain and enhance the convergence 

characteristics. Moreover, mathematical underpinnings of the PINN formulation, as well as loss function construction and 

training mechanisms are addressed and compared with the respective formulations in FEM and FD methods. A large number of 

numerical experiments are performed to test the performance of the three methods in terms of accuracy, convergence properties, 

and computational efficiency. The findings reveal that PINNs are as accurate as classical numerical methods with a number of 

benefits, including mesh-free nature, ability to work with complex domains, and the natural implementation of physical 

constraints. Whereas FEM and FD approaches are more efficient when it comes to solving low-dimensional problems, PINNs 

offer a more general framework that can be applied to more complicated cases and the higher dimensionality. In general, in this 

paper, the promise of physics-informed learning as a well-built and versatile substitute to the conventional numerical approaches 

is emphasized. The results can be added to the existing literature on the relevance of PINNs to computational physics and 

engineering, especially those problems where traditional methods are limited by geometric complexity or data integration needs. 
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1. Introduction 

The numerical solution of partial differential equations 

(PDEs) has been a cornerstone of computational science and 

engineering for decades. Traditional methods such as the Fi-

nite Element Method (FEM) and Finite Difference (FD) 

schemes have proven highly effective but often require sig-

nificant domain expertise, mesh generation, and computa-

tional resources [1, 2]. Recent advances in deep learning 

have introduced a paradigm shift through Physics-Informed 

Neural Networks (PINNs), first systematically developed by 

Raissi et al. [3, 4]. PINNs embed the governing physical laws 

directly into the neural network loss function, enabling 

mesh-free, data-efficient solutions to forward and inverse 

PDE problems. 

The fundamental innovation of PINNs lies in their ability to 

approximate PDE solutions by minimizing a composite loss 

function that penalizes violations of the governing equations, 

boundary conditions, and initial conditions [3]. Unlike tradi-

tional numerical methods that discretize the domain and solve 

large linear systems, PINNs leverage automatic differentiation 

to compute derivatives of the neural network output with re-

spect to inputs, thereby evaluating PDE residuals at colloca-

tion points [5, 6]. This approach has been successfully applied 

to diverse problems including fluid dynamics [7], solid me-

chanics [8], heat transfer [9], and multiphysics simulations 

[10]. 

Despite their promise, PINNs face several challenges. 

Training can be sensitive to hyperparameters, collocation 

point distribution, and network architecture [11, 12]. The op-

timization landscape is often non-convex with multiple local 

minima, necessitating careful initialization and advanced op-

timization algorithms [13]. Furthermore, the accuracy and 

convergence properties of PINNs compared to well-estab-

lished numerical methods remain an active area of research [2, 

14]. 

This paper addresses these questions through a rigorous 

comparative study of PINNs, FEM, and FD methods for a ca-

nonical second-order boundary value problem. We consider 

the ordinary differential equation: 

𝑢″(𝑥) = 𝑒−𝑥, 𝑥 ∈  [0,1]  

subject to Dirichlet boundary conditions: 

𝑢(0) = 1, 𝑢(1) = 𝑒−1  

This problem admits the exact analytical solution 𝑢(𝑥) =

𝑒−𝑥, enabling precise quantification of numerical errors. The 

simplicity of the one-dimensional setting allows us to focus 

on the fundamental differences between methods without the 

complications of higher-dimensional geometry. 

Our contributions are threefold: 

1) Comprehensive Mathematical Derivations: We provide 

detailed derivations of the PINN trial solution formula-

tion, automatic differentiation for computing second de-

rivatives, loss function construction, FEM weak formu-

lation with stiffness matrix assembly, and FD central dif-

ference schemes. 

2) Implementation Details: We present a complete PINN 

implementation using a 3-layer feedforward network 

with 10 neurons per layer, sin activation functions, He 

initialization, Sobol quasi-random collocation points, 

and L-BFGS optimization. 

3) Quantitative Comparison: We compare the accuracy, 

convergence, and computational characteristics of 

PINNs, FEM (50 elements), and FD (50 intervals) for 

the benchmark problem. 

The remainder of this paper is organized as follows. Section 

2 formulates the mathematical problem and establishes nota-

tion. Section 3 derives the three numerical methods in detail. 

Section 4 describes the neural network architecture. Section 5 

outlines the training procedure. Section 6 presents numerical 

results and comparative analysis. Section 7 concludes with in-

sights and future directions. 

2. Mathematical Formulation 

2.1. Problem Statement 

We consider the second-order linear ordinary differential 

equation: 

𝑑2𝑢

𝑑𝑥2 = 𝑒−𝑥, 𝑥 ∈ 𝛺 =  [0,1]  

with Dirichlet boundary conditions: 

𝑢(0) = 𝑢0 = 1, 𝑢(1) = 𝑢1 = 𝑒−1  

This is a two-point boundary value problem (BVP) that 

models various physical phenomena, including steady-state 

heat conduction with exponentially decaying source terms, 

beam deflection under distributed loads, and electrostatic po-

tential distributions. 

2.2. Exact Solution 

The general solution to the homogeneous equation 

𝑢″(𝑥) = 0 is: 

𝑢ℎ(𝑥) = 𝐶1 + 𝐶2𝑥  

For the particular solution, we seek 𝑢𝑝(𝑥)  such that 

𝑢𝑝″(𝑥) = 𝑒−𝑥. By inspection or the method of undetermined 

coefficients, we find: 
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𝑢𝑝(𝑥) = 𝑒−𝑥  

since: 

𝑑

𝑑𝑥
𝑒−𝑥 = −𝑒−𝑥 , 

𝑑2

𝑑𝑥2 𝑒−𝑥 = 𝑒−𝑥  

The general solution is: 

𝑢(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝑒−𝑥  

Applying boundary conditions: 

𝑢(0) = 𝐶1 + 1 = 1 ⟹ 𝐶1 = 0  

𝑢(1) = 𝐶2 + 𝑒−1 = 𝑒−1 ⟹ 𝐶2 = 0  

Therefore, the exact solution is: 

𝑢(𝑥) = 𝑒−𝑥  

This closed-form solution serves as the ground truth for 

evaluating numerical methods. 

2.3. Weak Formulation 

For the FEM derivation, we require the weak (variational) 

formulation. Multiply the PDE by a test function 𝑣 ∈ 𝐻0
1(𝛺) 

(where 𝐻0
1  denotes the Sobolev space of functions with 

square-integrable first derivatives and zero boundary values) 

and integrate over 𝛺: 

∫ 𝑢
1

0
″(𝑥)𝑣(𝑥) 𝑑𝑥 = ∫ 𝑒−𝑥1

0
𝑣(𝑥) 𝑑𝑥  

Integrating by parts on the left-hand side: 

∫ 𝑢
1

0
″(𝑥)𝑣(𝑥) 𝑑𝑥 = [𝑢′(𝑥)𝑣(𝑥)]0

1 − ∫ 𝑢
1

0
′(𝑥)𝑣′(𝑥) 𝑑𝑥  

Since 𝑣 ∈ 𝐻0
1(𝛺) , we have 𝑣(0) = 𝑣(1) = 0 , so the 

boundary term vanishes: 

−∫ 𝑢
1

0
′(𝑥)𝑣′(𝑥) 𝑑𝑥 = ∫ 𝑒−𝑥1

0
𝑣(𝑥) 𝑑𝑥  

Rearranging: 

∫ 𝑢
1

0
′(𝑥)𝑣′(𝑥) 𝑑𝑥 = − ∫ 𝑒−𝑥1

0
𝑣(𝑥) 𝑑𝑥  

This is the weak formulation: Find 𝑢 ∈ 𝐻1(𝛺)  with 

𝑢(0) = 1 and 𝑢(1) = 𝑒−1 such that: 

∫ 𝑢
1

0
′(𝑥)𝑣′(𝑥) 𝑑𝑥 = − ∫ 𝑒−𝑥1

0
𝑣(𝑥) 𝑑𝑥, ∀𝑣 ∈ 𝐻0

1(𝛺)  

This formulation is the foundation for the Finite Element 

Method. 

3. Methodology 

3.1. Physics-Informed Neural Networks 

(PINNs) 

3.1.1. Neural Network Approximation 

PINNs approximate the solution 𝑢(𝑥) using a feedforward 

neural network 𝑁(𝑥;  𝜃) , where 𝜃  represents the trainable 

parameters (weights and biases). For a network with 𝐿 layers, 

the forward pass is defined recursively: 

𝑧(1) = 𝑊(1)𝑥 + 𝑏(1)

𝑎(1) = 𝜎(𝑧(1))

𝑧(ℓ) = 𝑊(ℓ)𝑎(ℓ−1) + 𝑏(ℓ), ℓ = 2,… , 𝐿 − 1

𝑎(ℓ) = 𝜎(𝑧(ℓ))

𝑁(𝑥;  𝜃) = 𝑊(𝐿)𝑎(𝐿−1) + 𝑏(𝐿)

  

where 𝑊(ℓ) and 𝑏(ℓ) are the weight matrix and bias vector of 

layer ℓ, and 𝜎(⋅) is the activation function. In our implemen-

tation, we use the sine activation function: 

𝜎(𝑧) = sin(𝑧)  

The sine function is particularly effective for PINNs be-

cause its derivatives are bounded and periodic, which helps in 

learning smooth solutions to differential equations [15, 16]. 

3.1.2. Trial Solution Formulation 

A critical innovation in our PINN implementation is the 

construction of a trial solution that automatically satisfies the 

Dirichlet boundary conditions. This eliminates the need for 

hard constraints or penalty terms in the loss function. We de-

fine the trial solution as: 

𝐺(𝑥;  𝜃) = (1 − 𝑥)𝑢0 + 𝑥𝑢1 + 𝑥(1 − 𝑥)𝑁(𝑥;  𝜃)  

where 𝑢0 = 𝑢(0) = 1  and 𝑢1 = 𝑢(1) = 𝑒−1  are the pre-

scribed boundary values. 

Proof that 𝐺(𝑥;  𝜃) satisfies boundary conditions: 

At 𝑥 = 0: 

𝐺(0;  𝜃) = (1 − 0) ⋅ 1 + 0 ⋅ 𝑒−1 + 0 ⋅ (1 − 0) ⋅ 𝑁(0;  𝜃) =

1 = 𝑢0  

At 𝑥 = 1: 

𝐺(1;  𝜃) = (1 − 1) ⋅ 1 + 1 ⋅ 𝑒−1 + 1 ⋅ (1 − 1) ⋅ 𝑁(1;  𝜃) =

𝑒−1 = 𝑢1  

Thus, 𝐺(𝑥;  𝜃)  satisfies the boundary conditions exactly 

for any choice of parameters 𝜃. The term 𝑥(1 − 𝑥) serves as 

a “window function” that vanishes at both boundaries, allow-
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ing the neural network 𝑁(𝑥;  𝜃) to contribute only in the in-

terior of the domain. 

The trial solution can be decomposed as: 

𝐺(𝑥;  𝜃) = (1 − 𝑥)𝑢0 + 𝑥𝑢1
⏟

Linear interpolation

+ 𝑥(1 − 𝑥)𝑁(𝑥;  𝜃)
⏟

Neural network correction

  

The first term provides a linear interpolation between 

boundary values, while the second term allows the network to 

learn the deviation from linearity required to satisfy the PDE. 

3.1.3. Automatic Differentiation 

To evaluate the PDE residual, we need to compute the sec-

ond derivative of 𝐺(𝑥;  𝜃) with respect to 𝑥. Automatic dif-

ferentiation (AD) enables exact computation of derivatives 

through the chain rule, avoiding numerical approximation er-

rors inherent in finite difference schemes [17, 18]. 

First Derivative: 

Differentiating 𝐺(𝑥;  𝜃) with respect to 𝑥: 

𝜕𝐺

𝜕𝑥
=

𝜕

𝜕𝑥
[(1 − 𝑥)𝑢0 + 𝑥𝑢1 + 𝑥(1 − 𝑥)𝑁(𝑥;  𝜃)]  

Applying the product rule and chain rule: 

𝜕𝐺

𝜕𝑥
= −𝑢0 + 𝑢1 +

𝜕

𝜕𝑥
[𝑥(1 − 𝑥)𝑁(𝑥;  𝜃)]  

For the last term: 

𝜕

𝜕𝑥
[𝑥(1 − 𝑥)𝑁(𝑥;  𝜃)] = (1 − 𝑥)𝑁(𝑥;  𝜃) +

𝑥(−1)𝑁(𝑥;  𝜃) + 𝑥(1 − 𝑥)
𝜕𝑁

𝜕𝑥
  

Simplifying: 

= (1 − 𝑥)𝑁(𝑥;  𝜃) − 𝑥𝑁(𝑥;  𝜃) + 𝑥(1 − 𝑥)
𝜕𝑁

𝜕𝑥
  

= (1 − 2𝑥)𝑁(𝑥;  𝜃) + 𝑥(1 − 𝑥)
𝜕𝑁

𝜕𝑥
  

Therefore: 

𝜕𝐺

𝜕𝑥
= −𝑢0 + 𝑢1 + (1 − 2𝑥)𝑁(𝑥;  𝜃) + 𝑥(1 − 𝑥)

𝜕𝑁

𝜕𝑥
  

Second Derivative: 

Differentiating again with respect to 𝑥: 

𝜕2𝐺

𝜕𝑥2 =
𝜕

𝜕𝑥
[−𝑢0 + 𝑢1 + (1 − 2𝑥)𝑁(𝑥;  𝜃) + 𝑥(1 − 𝑥)

𝜕𝑁

𝜕𝑥
]  

The first two terms vanish. For the third term: 

𝜕

𝜕𝑥
[(1 − 2𝑥)𝑁(𝑥;  𝜃)] = −2𝑁(𝑥;  𝜃) + (1 − 2𝑥)

𝜕𝑁

𝜕𝑥
  

For the fourth term, using the product rule: 

𝜕

𝜕𝑥
[𝑥(1 − 𝑥)

𝜕𝑁

𝜕𝑥
] = (1 − 2𝑥)

𝜕𝑁

𝜕𝑥
+ 𝑥(1 − 𝑥)

𝜕2𝑁

𝜕𝑥2
  

Combining: 

𝜕2𝐺

𝜕𝑥2 = −2𝑁(𝑥;  𝜃) + (1 − 2𝑥)
𝜕𝑁

𝜕𝑥
+ (1 − 2𝑥)

𝜕𝑁

𝜕𝑥
+ 𝑥(1 −

𝑥)
𝜕2𝑁

𝜕𝑥2
  

= −2𝑁(𝑥;  𝜃) + 2(1 − 2𝑥)
𝜕𝑁

𝜕𝑥
+ 𝑥(1 − 𝑥)

𝜕2𝑁

𝜕𝑥2
  

This expression is computed exactly using automatic differ-

entiation. Modern deep learning frameworks (e.g., Tensor-

Flow, PyTorch, MATLAB Deep Learning Toolbox) provide 

built-in AD capabilities that compute derivatives by applying 

the chain rule to the computational graph [19]. 

Computational Graph for Automatic Differentiation: 

The neural network 𝑁(𝑥;  𝜃) is a composition of functions: 

𝑁(𝑥;  𝜃) = 𝑓𝐿 ∘ 𝑓𝐿−1 ∘ ⋯ ∘ 𝑓1(𝑥)  

where each 𝑓ℓ  represents a layer operation. The chain rule 

gives: 

𝜕𝑁

𝜕𝑥
=

𝜕𝑓𝐿

𝜕𝑎(𝐿−1) ⋅
𝜕𝑎(𝐿−1)

𝜕𝑧(𝐿−1) ⋯
𝜕𝑎(1)

𝜕𝑧(1) ⋅
𝜕𝑧(1)

𝜕𝑥
  

For the sine activation 𝜎(𝑧) = sin(𝑧): 

𝜕𝜎

𝜕𝑧
= cos(𝑧)  

The second derivative is computed by differentiating the 

computational graph of 𝜕𝑁/𝜕𝑥 with respect to 𝑥, which re-

quires enabling higher-order derivatives in the AD framework. 

3.1.4. Loss Function Derivation 

The PINN loss function enforces the PDE at a set of collo-

cation points {𝑥𝑖}𝑖=1
𝑁𝑐  in the interior of the domain. The PDE 

residual at point 𝑥𝑖 is: 

𝑟(𝑥𝑖;  𝜃) =
𝜕2𝐺(𝑥𝑖; 𝜃)

𝜕𝑥2 − 𝑒−𝑥𝑖   

The loss function is the mean squared residual: 

ℒ(𝜃) =
1

𝑁𝑐
∑ [𝑟(𝑥𝑖;  𝜃)]2

𝑁𝑐
𝑖=1   

Expanding: 

ℒ(𝜃) =
1

𝑁𝑐
∑ [

𝜕2𝐺(𝑥𝑖; 𝜃)

𝜕𝑥2 − 𝑒−𝑥𝑖]
2

𝑁𝑐
𝑖=1

  

Interpretation: 

1) PDE Residual Term: 
𝜕2𝐺(𝑥𝑖; 𝜃)

𝜕𝑥2 − 𝑒−𝑥𝑖   measures how 

well the trial solution satisfies the governing equation at 
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collocation point 𝑥𝑖. 

2) Mean Squared Error: Squaring the residual penalizes 

large deviations, and averaging over all collocation 

points provides a global measure of PDE satisfaction. 

3) No Boundary Terms: Since 𝐺(𝑥;  𝜃) satisfies boundary 

conditions by construction, no additional penalty terms 

are needed. 

Gradient Computation: 

Training the network requires computing the gradient of the 

loss with respect to parameters: 

𝛻𝜃ℒ(𝜃) =
1

𝑁𝑐
∑ 2

𝑁𝑐
𝑖=1 [

𝜕2𝐺(𝑥𝑖; 𝜃)

𝜕𝑥2 − 𝑒−𝑥𝑖]
𝜕

𝜕𝜃
[
𝜕2𝐺(𝑥𝑖; 𝜃)

𝜕𝑥2 ]  

This involves computing third-order mixed derivatives 
𝜕3𝐺

𝜕𝜃𝜕𝑥2, which is handled automatically by the AD framework 

through backpropagation [20]. 

3.1.5. Collocation Point Selection 

The choice of collocation points significantly impacts 

PINN performance [21, 22]. We employ Sobol sequences, a 

type of quasi-random low-discrepancy sequence that provides 

more uniform coverage of the domain than pseudo-random 

sampling [23]. 

Sobol Sequence Properties: 

1) Low Discrepancy: Sobol points minimize the maximum 

distance between any point in the domain and the nearest 

collocation point. 

2) Deterministic: Unlike random sampling, Sobol se-

quences are deterministic and reproducible. 

3) Uniform Coverage: For 𝑁𝑐 = 10 points in [0,1], Sobol 

sequences ensure better spatial distribution than uniform 

or random grids. 

The Sobol sequence {𝑥𝑖}𝑖=1
10  is generated using the sobolset 

function in MATLAB, which implements the algorithm of 

Bratley and Fox [24]. 

3.2. Finite Element Method (FEM) 

3.2.1. Domain Discretization 

We discretize the domain 𝛺 =  [0,1]  into 𝑁 = 50  ele-

ments of equal length: 

ℎ =
𝐿

𝑁
=

1

50
= 0.02  

The nodes are: 

𝑥𝑖 = 𝑖ℎ, 𝑖 = 0,1, … , 𝑁  

Each element 𝛺𝑒 = [𝑥𝑒−1, 𝑥𝑒] has length ℎ. 

3.2.2. Finite Element Approximation 

We approximate the solution using piecewise linear basis 

functions (hat functions). The global approximation is: 

𝑢ℎ(𝑥) = ∑ 𝑈𝑗
𝑁
𝑗=0 𝜙𝑗(𝑥)  

where 𝑈𝑗 are the nodal values and 𝜙𝑗(𝑥) are the global basis 

functions satisfying: 

𝜙𝑗(𝑥𝑖) = 𝛿𝑖𝑗 = {
1 if 𝑖 = 𝑗
0 if 𝑖 ≠ 𝑗

  

For linear elements, the basis functions are: 

𝜙𝑗(𝑥) = {

𝑥−𝑥𝑗−1

ℎ if 𝑥 ∈  [𝑥𝑗−1, 𝑥𝑗] 
𝑥𝑗+1−𝑥

ℎ if 𝑥 ∈  [𝑥𝑗 , 𝑥𝑗+1] 

0 otherwise

  

3.2.3. Weak Formulation and Galerkin Method 

Substituting 𝑢ℎ(𝑥) into the weak formulation and choos-

ing test functions 𝑣 = 𝜙𝑖  for 𝑖 = 1,… , 𝑁 − 1  (interior 

nodes): 

∑ 𝑈𝑗
𝑁
𝑗=0 ∫ 𝜙𝑗

1

0
′(𝑥)𝜙𝑖′(𝑥) 𝑑𝑥 = −∫ 𝑒−𝑥1

0
𝜙𝑖(𝑥) 𝑑𝑥  

This leads to the linear system: 

KU = F  

where: 

1) K  is the global stiffness matrix with entries 𝐾𝑖𝑗 =

∫ 𝜙𝑗
1

0
′(𝑥)𝜙𝑖′(𝑥) 𝑑𝑥. 

2) U =  [𝑈0, 𝑈1, … , 𝑈𝑁] 𝑇 is the vector of nodal values. 

3) F  is the global load vector with entries 𝐹𝑖 =

−∫ 𝑒−𝑥1

0
𝜙𝑖(𝑥) 𝑑𝑥. 

3.2.4. Element Stiffness Matrix Derivation 

For element 𝑒  spanning [𝑥𝑒−1, 𝑥𝑒],  we define local basis 

functions: 

𝜓1
𝑒(𝜉) = 1 − 𝜉, 𝜓2

𝑒(𝜉) = 𝜉, 𝜉 ∈  [0,1]  

where 𝜉 = (𝑥 − 𝑥𝑒−1)/ℎ is the local coordinate. The deriva-

tives with respect to 𝑥 are: 

𝑑𝜓1
𝑒

𝑑𝑥
=

𝑑𝜓1
𝑒

𝑑𝜉

𝑑𝜉

𝑑𝑥
= (−1) ⋅

1

ℎ
= −

1

ℎ
  

𝑑𝜓2
𝑒

𝑑𝑥
=

𝑑𝜓2
𝑒

𝑑𝜉

𝑑𝜉

𝑑𝑥
= (1) ⋅

1

ℎ
=

1

ℎ
  

The element stiffness matrix is: 

𝐾𝑖𝑗
𝑒 = ∫

𝑑𝜓𝑖
𝑒

𝑑𝑥

𝑥𝑒

𝑥𝑒−1

𝑑𝜓𝑗
𝑒

𝑑𝑥
 𝑑𝑥  
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Computing each entry: 

𝐾11
𝑒 = ∫ (−

1

ℎ
)

𝑥𝑒

𝑥𝑒−1
(−

1

ℎ
) 𝑑𝑥 =

1

ℎ2 ∫ 𝑑
𝑥𝑒

𝑥𝑒−1
𝑥 =

1

ℎ2 ⋅ ℎ =
1

ℎ
  

𝐾12
𝑒 = ∫ (−

1

ℎ
)

𝑥𝑒

𝑥𝑒−1
(

1

ℎ
) 𝑑𝑥 = −

1

ℎ2 ⋅ ℎ = −
1

ℎ
  

𝐾21
𝑒 = 𝐾12

𝑒 = −
1

ℎ
  

𝐾22
𝑒 = ∫ (

1

ℎ
)

𝑥𝑒

𝑥𝑒−1
(

1

ℎ
) 𝑑𝑥 =

1

ℎ2 ⋅ ℎ =
1

ℎ
  

Thus, the element stiffness matrix is: 

K𝑒 =
1

ℎ
[

1 −1
−1 1

]  

This 2 × 2  matrix is assembled into the global stiffness 

matrix by adding contributions from each element to the ap-

propriate global indices. 

3.2.5. Element Load Vector Derivation 

The element load vector is: 

𝐹𝑖
𝑒 = −∫ 𝑒−𝑥𝑥𝑒

𝑥𝑒−1
𝜓𝑖

𝑒(𝑥) 𝑑𝑥  

We approximate the integral using the midpoint rule: 

∫ 𝑒−𝑥𝑥𝑒

𝑥𝑒−1
𝜓𝑖

𝑒(𝑥) 𝑑𝑥 ≈ 𝑒−𝑥𝑚 ∫ 𝜓𝑖
𝑒𝑥𝑒

𝑥𝑒−1
(𝑥) 𝑑𝑥  

where 𝑥𝑚 = (𝑥𝑒−1 + 𝑥𝑒)/2 is the element midpoint. Since: 

∫ 𝜓1
𝑒𝑥𝑒

𝑥𝑒−1
(𝑥) 𝑑𝑥 = ∫ 𝜓2

𝑒𝑥𝑒

𝑥𝑒−1
(𝑥) 𝑑𝑥 =

ℎ

2
  

we have: 

𝐹1
𝑒 = −𝑒−𝑥𝑚 ⋅

ℎ

2
, 𝐹2

𝑒 = −𝑒−𝑥𝑚 ⋅
ℎ

2
  

Thus: 

F𝑒 = −𝑒−𝑥𝑚
ℎ

2
[
1
1
]  

3.2.6. Assembly and Boundary Conditions 

The global stiffness matrix K and load vector F are assem-

bled by summing element contributions: 

𝐾𝑖𝑗 = ∑ 𝐾𝑖𝑗
𝑒

𝑒:  𝑖,𝑗∈𝛺𝑒
, 𝐹𝑖 = ∑ 𝐹𝑖

𝑒
𝑒:  𝑖∈𝛺𝑒   

To enforce Dirichlet boundary conditions 𝑈0 = 1  and 

𝑈𝑁 = 𝑒−1, we modify the system: 

𝐾0,𝑗 = 0 for all 𝑗, 𝐾0,0 = 1, 𝐹0 = 1

𝐾𝑁,𝑗 = 0 for all 𝑗, 𝐾𝑁,𝑁 = 1, 𝐹𝑁 = 𝑒−1  

The resulting system KU = F  is solved using Gaussian 

elimination or other direct solvers. 

3.3. Finite Difference Method (FD) 

3.3.1. Grid Discretization 

We discretize the domain [0,1] into 𝑁 = 50 intervals with 

grid spacing: 

ℎ =
1

𝑁
= 0.02  

The grid points are: 

𝑥𝑖 = 𝑖ℎ, 𝑖 = 0,1, … , 𝑁  

3.3.2. Central Difference Approximation 

The second derivative is approximated using the central dif-

ference formula. Starting from Taylor expansions: 

𝑢(𝑥𝑖+1) = 𝑢(𝑥𝑖) + ℎ𝑢′(𝑥𝑖) +
ℎ2

2
𝑢″(𝑥𝑖) +

ℎ3

6
𝑢‴(𝑥𝑖) +

𝑂(ℎ4)  

𝑢(𝑥𝑖−1) = 𝑢(𝑥𝑖) − ℎ𝑢′(𝑥𝑖) +
ℎ2

2
𝑢″(𝑥𝑖) −

ℎ3

6
𝑢‴(𝑥𝑖) +

𝑂(ℎ4)  

Adding these equations: 

𝑢(𝑥𝑖+1) + 𝑢(𝑥𝑖−1) = 2𝑢(𝑥𝑖) + ℎ2𝑢″(𝑥𝑖) + 𝑂(ℎ4)  

Solving for 𝑢″(𝑥𝑖): 

𝑢″(𝑥𝑖) =
𝑢(𝑥𝑖+1)−2𝑢(𝑥𝑖)+𝑢(𝑥𝑖−1)

ℎ2 + 𝑂(ℎ2)  

This is a second-order accurate approximation. Substituting 

into the PDE 𝑢″(𝑥𝑖) = 𝑒−𝑥𝑖: 

𝑢𝑖+1−2𝑢𝑖+𝑢𝑖−1

ℎ2 = 𝑒−𝑥𝑖   

Rearranging: 

𝑢𝑖−1 − 2𝑢𝑖 + 𝑢𝑖+1 = ℎ2𝑒−𝑥𝑖   

3.3.3. Linear System Formulation 

For interior points 𝑖 = 1,2, … , 𝑁 − 1, we have: 

𝑢𝑖−1 − 2𝑢𝑖 + 𝑢𝑖+1 = ℎ2𝑒−𝑥𝑖   

For boundary points: 

𝑢0 = 1, 𝑢𝑁 = 𝑒−1  

This leads to the linear system Au = b, where: 
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𝐀 =

[
 
 
 
 
 
1 0 0 ⋯ 0
1 −2 1 ⋯ 0
0 1 −2 ⋱ ⋮
⋮ ⋱ ⋱ ⋱ 1
0 ⋯ 0 1 −2 1
0 ⋯ 0 0 0 1]

 
 
 
 
 

, 𝐛 =

[
 
 
 
 
 

1
ℎ2𝑒−𝑥1

ℎ2𝑒−𝑥2

⋮
ℎ2𝑒−𝑥𝑁−1

𝑒−1 ]
 
 
 
 
 

  

The matrix A  is tridiagonal, symmetric, and diagonally 

dominant, ensuring stability and efficient solution via Thomas 

algorithm or direct solvers. 

3.3.4. Truncation Error Analysis 

The local truncation error of the central difference scheme 

is 𝑂(ℎ2). By the Lax Equivalence Theorem, for a consistent 

and stable scheme, the global error also converges as 𝑂(ℎ2) 

[25]. For ℎ = 0.02, we expect errors on the order of 10−4 to 

10−3, depending on the smoothness of the solution. 

4. Neural Network Architecture 

4.1. Network Topology 

The PINN architecture consists of a fully connected feed-

forward neural network with the following specifications: 

1) Input Layer: 1 neuron (spatial coordinate 𝑥). 

2) Hidden Layers: 3 layers, each with 10 neurons. 

3) Output Layer: 1 neuron (network output 𝑁(𝑥;  𝜃)). 

4) Activation Function: 𝜎(𝑧) = sin(𝑧) for all hidden lay-

ers. 

5) Total Parameters: (1 × 10 + 10) + (10 × 10 + 10) ×

2 + (10 × 1 + 1) = 10 + 10 + 110 + 110 + 11 =

251 parameters. 

4.2. Weight Initialization 

Proper initialization is critical for training deep networks. 

We employ He initialization [26], which is designed for net-

works with ReLU-like activations but also works well for sine 

activations. For a layer with 𝑛in  input neurons, weights are 

initialized as: 

𝑊𝑖𝑗 ∼ 𝒩 (0,
2

𝑛
in

)  

where 𝒩(𝜇, 𝜎2) denotes a Gaussian distribution with mean 

𝜇  and variance 𝜎2 . The factor 2/𝑛in  ensures that the vari-

ance of activations remains approximately constant across 

layers, preventing vanishing or exploding gradients [26]. 

Derivation of He Initialization: 

Consider a layer with input x ∈ ℝ𝑛in and output z = Wx +

b. Assume x has zero mean and unit variance, and 𝑊𝑖𝑗 are 

i.i.d. with zero mean and variance 𝜎𝑊
2 . The variance of 𝑧𝑖 is: 

Var(𝑧𝑖) = Var(∑ 𝑊𝑖𝑗
𝑛

in
𝑗=1 𝑥𝑗) = ∑ Var

𝑛
in

𝑗=1 (𝑊𝑖𝑗)Var(𝑥𝑗) =

𝑛
in
𝜎𝑊

2   

To maintain Var(𝑧𝑖) = 1, we set: 

𝜎𝑊
2 =

1

𝑛
in

  

For ReLU activations, which zero out half the neurons on 

average, the factor is adjusted to 2/𝑛in to compensate for the 

reduced effective fan-in. Although sine activations do not 

have this property, empirical evidence suggests He initializa-

tion still performs well [15]. 

Biases are initialized to zero: 

𝑏𝑖 = 0  

4.3. Sine Activation Function 

The sine activation function is defined as: 

𝜎(𝑧) = sin(𝑧)  

Properties: 

1) Smoothness: sin(𝑧) is infinitely differentiable, which is 

beneficial for computing higher-order derivatives in 

PINNs. 

2) Periodicity: The periodic nature can help capture oscil-

latory solutions. 

3) Bounded Derivatives: |sin′(𝑧)| = |cos(𝑧)| ≤ 1 , which 

helps prevent exploding gradients. 

Derivative: 

𝑑𝜎

𝑑𝑧
= cos(𝑧)  

Second Derivative: 

𝑑2𝜎

𝑑𝑧2 = −sin(𝑧)  

These derivatives are used in automatic differentiation to 

compute 𝜕𝑁/𝜕𝑥 and 𝜕2𝑁/𝜕𝑥2. 

4.4. Architecture Diagram 

The PINN architecture is illustrated in Figure 1, showing 

the flow from input 𝑥 through the neural network block, trial 

solution construction, automatic differentiation, physics resid-

ual computation, and loss function evaluation. The diagram 

also indicates the comparison with FEM, FD, and exact solu-

tions. 
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Figure 1. Completely overlap between PINN-FEM-Exact-FD methods. 

 
PINN Architecture 

Figure 2. PINN architecture for solving the second-order BVP 𝑢″(𝑥) = 𝑒−𝑥. The input 𝑥 is processed through three hidden layers with sine 

activation, producing the network output 𝑁(𝑥;  𝜃). The trial solution 𝐺(𝑥;  𝜃) automatically satisfies boundary conditions. Automatic differ-

entiation computes 𝐺𝑥 and 𝐺𝑥𝑥, which are used to evaluate the PDE residual 𝑓 = 𝐺𝑥𝑥 − 𝑒−𝑥. The loss function 𝐿 = mean(𝑓2) is minimized 

using the L-BFGS optimizer. 

5. Training Procedure 

5.1. Optimization Algorithm 

We employ the Limited-memory Broyden–Fletcher–Gold-

farb–Shanno (L-BFGS) algorithm [27], a quasi-Newton 

method that approximates the inverse Hessian using a limited 

history of gradient information. L-BFGS is particularly effec-

tive for PINNs because: 

1) Second-Order Information: It uses curvature information 

to accelerate convergence compared to first-order meth-

ods like Adam or SGD. 

2) Memory Efficiency: The limited-memory variant stores 

only the most recent 𝑚 gradient and parameter updates 

(typically 𝑚 = 10), making it scalable to large parame-

ter spaces. 

3) Line Search: L-BFGS incorporates a line search to en-

sure sufficient decrease in the objective function, im-

proving robustness. 

L-BFGS Update Rule: 

At iteration 𝑘, given the current parameters 𝜃𝑘 and gradi-

ent 𝑔𝑘 = 𝛻𝜃ℒ(𝜃𝑘), L-BFGS computes a search direction 𝑝𝑘 

by approximating: 
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𝑝𝑘 ≈ −𝐻𝑘𝑔𝑘  

where 𝐻𝑘 is an approximation to the inverse Hessian. The pa-

rameters are updated as: 

𝜃𝑘+1 = 𝜃𝑘 + 𝛼𝑘𝑝𝑘   

where 𝛼𝑘  is the step size determined by line search (e.g., 

Wolfe conditions). 

The inverse Hessian approximation is updated using the 

BFGS formula: 

𝐻𝑘+1 = (𝐼 −
𝑠𝑘𝑦𝑘

𝑇

𝑦𝑘
𝑇𝑠𝑘

)𝐻𝑘 (𝐼 −
𝑦𝑘𝑠𝑘

𝑇

𝑦𝑘
𝑇𝑠𝑘

) +
𝑠𝑘𝑠𝑘

𝑇

𝑦𝑘
𝑇𝑠𝑘

  

where 𝑠𝑘 = 𝜃𝑘+1 − 𝜃𝑘  and 𝑦𝑘 = 𝑔𝑘+1 − 𝑔𝑘 . The limited-

memory variant stores only the most recent 𝑚 pairs (𝑠𝑘 , 𝑦𝑘) 

and reconstructs 𝐻𝑘 recursively [27]. 

5.2. Training Configuration 

The training procedure is configured as follows: 

1) Collocation Points: 𝑁𝑐 = 10  Sobol quasi-random 

points in (0,1) 

2) Boundary Points: 𝑥0 = 0  and 𝑥1 = 1  (satisfied auto-

matically by trial solution) 

3) Maximum Iterations: 100 

4) Optimality Tolerance: 10−3 

5) Gradient Computation: Automatic differentiation with 

higher-order derivatives enabled. 

Hyperparameters: 

Table 1. Hyperparameter Settings of the Physics-Informed Neural 

Network (PINN). 

Parameter Value 

Number of layers 3 

Neurons per layer 10 

Activation function Sin(z) 

Weight initialization He (𝜎𝑊
2 = 2/𝑛in) 

Bias initialization Zero 

Optimizer L-BFGS 

Max iterations 100 

Collocation points 10 (Sobol) 

5.3. Loss Function Evaluation 

At each iteration, the loss function is evaluated as: 

ℒ(𝜃) =
1

𝑁𝑐
∑ [

𝜕2𝐺(𝑥𝑖; 𝜃)

𝜕𝑥2 − 𝑒−𝑥𝑖]
2

𝑁𝑐
𝑖=1

  

The gradient 𝛻𝜃ℒ(𝜃)  is computed via backpropagation 

through the automatic differentiation graph. The computa-

tional cost per iteration is 𝑂(𝑁𝑐 ⋅ 𝑃), where 𝑃 = 251 is the 

number of parameters. 

5.4. Convergence Criteria 

Training terminates when one of the following conditions 

is met: 

Maximum Iterations: 100 iterations reached 

Optimality Tolerance: ∥ 𝛻𝜃ℒ(𝜃) ∥< 10−3 

Function Tolerance: Change in loss function |ℒ(𝜃𝑘) −

ℒ(𝜃𝑘−1)| < 10−6 

In practice, L-BFGS typically converges within 50-100 it-

erations for this problem, achieving loss values on the order 

of 10−6 to 10−8. 

6. Results and Discussion 

6.1. Numerical Accuracy 

We evaluate the accuracy of each method using the relative 

𝐿2 error: 

𝜖 =
∥𝑢

pred
−𝑢

exact
∥2

∥𝑢
exact

∥2
  

where: 

∥ 𝑢 ∥2= √∑ 𝑢
𝑁

test
𝑖=1 (𝑥𝑖)

2  

is the discrete 𝐿2  norm evaluated at 𝑁test = 500  uniformly 

spaced test points. 

Results: 

Table 2. Performance Comparison of PINN, FEM, and Finite Differ-

ence Methods in Terms of Accuracy and Computational Time. 

Method Relative 𝑳𝟐 Error 
Computational 

Time 

PINN 8.42 × 10−4  12.3 s 

FEM (50 ele-

ments) 
6.67 × 10−4  0.08 s 

FD (50 intervals) 6.67 × 10−4  0.05 s 

Exact  0 — 

All three methods achieve errors below 10−3, demonstrat-

ing excellent agreement with the exact solution. FEM and FD 

produce nearly identical results due to the equivalence of lin-

ear finite elements and central differences for this problem 

https://www.sciencepg.com/journal/sdp


Science Discovery Physics https://www.sciencepg.com/journal/sdp 

 

127 

[28]. The PINN error is slightly higher, likely due to the lim-

ited number of collocation points (𝑁𝑐 = 10) compared to the 

50 discretization points used by FEM and FD. 

6.2. Solution Profiles 

Figure 2 compares the solution profiles obtained by PINN, 

FEM, FD, and the exact solution 𝑢(𝑥) = 𝑒−𝑥 . All methods 

produce smooth, monotonically decreasing curves that are vis-

ually indistinguishable from the exact solution. The PINN so-

lution, evaluated at 500 test points, exhibits no oscillations or 

spurious features, indicating successful training. 

Observations: 

1) Boundary Condition Satisfaction: The PINN solution 

exactly satisfies 𝑢(0) = 1  and 𝑢(1) = 𝑒−1  by con-

struction, as does FEM and FD through direct enforce-

ment. 

2) Interior Accuracy: All methods accurately capture the 

exponential decay in the interior, with maximum 

pointwise errors below 10−3. 

3) Smoothness: The PINN solution is smooth due to the 

continuous nature of the neural network, whereas FEM 

produces a piecewise linear approximation (though with 

50 elements, the piecewise structure is not visible at the 

plotting resolution). 

6.3. Convergence Analysis 

PINN Training Convergence: 

The PINN loss function decreases rapidly during the first 

20 iterations, reaching ℒ(𝜃) ≈ 10−6 by iteration 50, and plat-

eaus thereafter. The L-BFGS optimizer exhibits superlinear 

convergence, characteristic of quasi-Newton methods. The 

gradient norm ∥ 𝛻𝜃ℒ(𝜃) ∥  decreases below the optimality 

tolerance of 10−3 by iteration 80. 

FEM and FD Convergence: 

For FEM and FD, convergence is determined by the mesh 

size ℎ. The theoretical convergence rate for linear finite ele-

ments and second-order finite differences is 𝑂(ℎ2) [25, 28]. 

With ℎ = 0.02 , we expect errors on the order of ℎ2 =

4 × 10−4 , which is consistent with the observed errors of 

6.67 × 10−4. 

Comparison: 

1) PINN: Convergence depends on network capacity, col-

location point distribution, and optimization algorithm. 

Increasing 𝑁𝑐 or network size can improve accuracy but 

increases computational cost. 

2) FEM/FD: Convergence is systematic and predictable 

based on mesh refinement. Doubling the number of ele-

ments reduces error by a factor of 4 (for 𝑂(ℎ2) meth-

ods). 

6.4. Computational Efficiency 

Computational Time: 

1) PINN: 12.3 seconds for 100 L-BFGS iterations. 

2) FEM: 0.08 seconds for assembly and direct solve. 

3) FD: 0.05 seconds for assembly and direct solve. 

FEM and FD are significantly faster for this small 1D prob-

lem due to the efficiency of direct solvers for tridiagonal sys-

tems. However, PINNs offer advantages in higher dimensions, 

complex geometries, and inverse problems where traditional 

methods become prohibitively expensive [3, 29]. 

Scalability: 

1) PINN: Computational cost scales with the number of 

collocation points 𝑁𝑐  and network parameters 𝑃 . For 

higher-dimensional problems, 𝑁𝑐 can be kept relatively 

small (e.g., 103  to 104 ) compared to the exponential 

growth of grid points in FEM/FD. 

2) FEM/FD: Computational cost scales with the number of 

degrees of freedom 𝑁 . For 2D problems with 𝑁 × 𝑁 

grids, the system size is 𝑁2; for 3D, it is 𝑁3, leading to 

the “curse of dimensionality.” 

6.5. Advantages and Limitations 

PINN Advantages: 

1) Mesh-Free: No need for domain discretization or mesh 

generation, which is particularly beneficial for complex 

geometries [30]. 

2) Automatic Differentiation: Exact computation of deriv-

atives without numerical approximation errors. 

3) Flexibility: Easy incorporation of boundary conditions, 

initial conditions, and physical constraints through the 

loss function [31]. 

4) Inverse Problems: Natural framework for parameter es-

timation and data assimilation by adding data terms to 

the loss function [3]. 

5) Continuous Solution: The neural network provides a 

continuous, differentiable approximation that can be 

evaluated at any point in the domain. 

PINN Limitations: 

1) Training Time: Optimization can be slow, especially for 

complex problems or large networks [11]. 

2) Hyperparameter Sensitivity: Performance depends on 

network architecture, activation functions, initialization, 

and collocation point distribution [12]. 

3) Non-Convex Optimization: The loss landscape is non-

convex with multiple local minima, requiring careful in-

itialization and advanced optimizers [13]. 

4) Theoretical Guarantees: Convergence theory for PINNs 

is less developed compared to classical numerical meth-

ods [2]. 

5) Scalability to Large Systems: For problems requiring 

very high accuracy or fine-scale resolution, PINNs may 

require large networks and extensive training. 

FEM/FD Advantages: 

1) Mature Theory: Well-established convergence theory 

and error estimates [25, 28]. 

2) Efficiency: Fast direct solvers for small to medium-sized 
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problems. 

3) Robustness: Predictable behavior and systematic refine-

ment strategies. 

4) Software Ecosystem: Extensive libraries and tools (e.g., 

FEniCS, deal.II, COMSOL). 

FEM/FD Limitations: 

1) Mesh Generation: Requires domain discretization, 

which can be challenging for complex geometries. 

2) Curse of Dimensionality: Computational cost grows ex-

ponentially with dimension. 

3) Boundary Conditions: Enforcing complex or non-stand-

ard boundary conditions can be cumbersome. 

4) Inverse Problems: Requires separate frameworks for pa-

rameter estimation (e.g., adjoint methods, Kalman fil-

ters). 

6.6. Discussion 

The results demonstrate that PINNs can achieve accuracy 

comparable to traditional numerical methods for second-order 

boundary value problems. The key innovation—automatic 

satisfaction of boundary conditions through the trial solution 

formulation—eliminates the need for penalty terms or La-

grange multipliers, simplifying the loss function and improv-

ing training stability [32]. 

The choice of sine activation functions and He initialization 

contributes to successful training. Sine activations provide 

smooth, periodic basis functions that are well-suited for ap-

proximating solutions to differential equations [15]. He initial-

ization ensures that gradients neither vanish nor explode dur-

ing the initial training phase [26]. 

The use of Sobol quasi-random collocation points improves 

coverage of the domain compared to uniform or random sam-

pling. Low-discrepancy sequences have been shown to en-

hance PINN performance, particularly for higher-dimensional 

problems [21, 23]. 

The L-BFGS optimizer is critical for achieving fast conver-

gence. First-order methods like Adam often require many 

more iterations and careful tuning of learning rates [13]. L-

BFGS leverages second-order curvature information to take 

larger, more informed steps in parameter space [27]. 

Despite these successes, PINNs face challenges in scaling 

to very large or complex problems. Recent advances address 

these limitations through domain decomposition [4], adaptive 

sampling [22], multi-fidelity modeling [33], and physics-in-

formed neural operators [34]. These extensions expand the ap-

plicability of PINNs to industrial-scale problems in fluid dy-

namics, structural mechanics, and beyond. 

7. Conclusion 

This paper presented a comprehensive comparative study 

of Physics-Informed Neural Networks (PINNs), Finite Ele-

ment Method (FEM), and Finite Difference (FD) methods for 

solving second-order boundary value problems. We focused 

on the canonical problem 𝑢″(𝑥) = 𝑒−𝑥  on [0,1]  with Di-

richlet boundary conditions, which admits the exact solution 

𝑢(𝑥) = 𝑒−𝑥. 

Key Contributions: 

Detailed Mathematical Derivations: We provided rigorous 

derivations of the PINN trial solution formulation, automatic 

differentiation for computing second derivatives, loss function 

construction, FEM weak formulation with stiffness matrix as-

sembly, and FD central difference schemes. 

Implementation and Training: We described a complete 

PINN implementation using a 3-layer feedforward network 

with 10 neurons per layer, sine activation functions, He initial-

ization, Sobol quasi-random collocation points, and L-BFGS 

optimization. 

Quantitative Comparison: Numerical experiments demon-

strated that all three methods achieve relative 𝐿2 errors below 

10−3, with FEM and FD slightly outperforming PINNs due to 

the larger number of discretization points. However, PINNs 

offer unique advantages in mesh-free flexibility, automatic 

differentiation, and natural incorporation of physical con-

straints. 

Main Findings: 

1) PINNs successfully solve the boundary value problem 

with accuracy comparable to traditional methods. 

2) The trial solution formulation automatically satisfies 

boundary conditions, eliminating the need for penalty 

terms. 

3) Automatic differentiation enables exact computation of 

derivatives without numerical approximation errors. 

4) L-BFGS optimization achieves rapid convergence, typi-

cally within 50-100 iterations. 

5) FEM and FD are more computationally efficient for 

small 1D problems but face scalability challenges in 

higher dimensions. 

Future Directions: 

1) Higher-Dimensional Problems: Extend the comparative 

study to 2D and 3D problems to assess scalability and 

computational efficiency. 

2) Adaptive Sampling: Investigate adaptive collocation 

point selection strategies to improve accuracy with fewer 

points [22]. 

3) Domain Decomposition: Apply extended PINNs 

(XPINNs) [4] and parallel training strategies for large-

scale problems. 

4) Inverse Problems: Explore PINNs for parameter estima-

tion and data assimilation in the presence of noisy meas-

urements. 

5) Theoretical Analysis: Develop rigorous convergence 

theory and error estimates for PINNs to match the ma-

turity of classical numerical methods [2]. 

6) Hybrid Methods: Combine PINNs with FEM or FD to 

leverage the strengths of both approaches [35]. 

In conclusion, Physics-Informed Neural Networks repre-

sent a promising new paradigm for solving differential equa-

tions, offering unique advantages in flexibility, automation, 
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and integration with data-driven modeling. While challenges 

remain in optimization, scalability, and theoretical under-

standing, ongoing research continues to expand the capabili-

ties and applicability of PINNs across diverse scientific and 

engineering domains. This work contributes to the growing 

body of evidence supporting PINNs as a viable complement—

and in some cases, alternative—to traditional numerical meth-

ods in computational physics. 

Abbreviations 

PINN Physics-Informed Neural Networks 

PDE Partial Differential Equation 

BVP Boundary Value Problem 

FEM Finite Element Method 

FD Finite Difference 

ODE Ordinary Differential Equation 

AD Automatic Differentiation 

L-BFGS Limited-memory Broyden–Fletcher–

Goldfarb–Shanno 

MSE Mean Squared Error 

GPU Graphics Processing Unit 

CPU Central Processing Unit 
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