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Abstract

Computer controlled systems used in critical care systems often utilize redundancy to achieve the required level of reliability.
However, as highly designed systems become more functionally integrated, they generally consist of several kinds of
components with unique purposes. This kind of fault-tolerant system design is especially crucial for vital applications including
energy systems, medical devices, and aircraft. With extensive applications in engineering systems both in industry and military, a
considerable amount of research has been carried out in the area of redundant systems. The most prevalent kind of redundancy is
k-out-of-n type redundancy. In order to develop high reliability systems, redundant models like k out of n systems have been
developed. In normal circumstances, each component's contribution to system reliability will differ. When a system has weighted
components, each component makes a unique contribution to the system's overall performance. Performance of the system is
influenced by both system operation and the sum of the components that make up it. This survey paper provides a general
overview of the different types of weighted- k-out-of-n: G systems, methods adapted to their reliability assessment, lifetime
distributions and stochastic order of these systems. In order to analyse the various models of weighted k-out-of-n systems, an
in-depth investigation is conducted.
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1. Introduction

Reliability has wide applications in electrical and me-
chanical engineering and even in the process involving hu-
mans. Some are: arrangement of batteries in series-parallel
array which constitute as a backup for emergency power
supply, power plants which supply power to the grid etc. The
performance of any machine is highly influenced by its failure,
particularly by its component failure. The failure of a machine
can be balanced by either repair or by replacement of the
failed component so that the functioning of the system may
not suffer. Redundancy is adopted as a common approach for

the improvement of reliability indices of a system. Even
though it increases the complexity and cost of the system, it is
the most adapted option for a highly reliable system. A wide
and extensive range of research is done in the field of relia-
bility [9, 15, 29].

A k-out-of-n type redundancy is the most adopted type of
redundancy. In (k,n): G systems, minimum k components out
of the n components must be working for the functioning of
the (k,n): G system. In the k out of n system structure, if an
operating component fails, it will be replaced by a standby
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component automatically. Reliability analysis of various types
of k- out-of-n: G system has been carried out by several re-
searchers. Any system with spares can be given as an illus-
tration for the by the k out of n: G system structure. If we
consider any automobile with four tires, one additional spare
tire will be always equipped on the vehicle. It is very well
known that the vehicle can be driven whenever at least four
out of the five tires are in working condition [9]. This can be
considered as 4 out of 5 system. Number of components such
as k and n should be decided in the early stages of designing
phase itself, to conform the required specifications [13]. In the
case of flight control system for air crafts and controllers in
nuclear power plants, computers are used to control the sys-
tem. There, by considering the minimum constitution to
submit the correct output, the number k is determined. The
maintenance cost and availability of the system decides the
value of ‘n’, the number of components. If the value of ‘n’, is
increased, then the maintenance cost of the redundant com-
ponent will become higher. But, as nuclear plants are to be
highly reliable, large n is highly recommendable for the tol-
erance of high risk.

Over the past few decades, several authors analysed
k-out-of-n system structure. [14, 15, 18, 20, 21, 37]. Estima-
tion of reliability of k-out-of-n structures by generating algo-
rithm is done by Arulmozhi [7]. The reliability evaluation of
consecutive-k-out-of-n: G systems with repair facilities [34,
38], k-out-of-n: G retrial systems with Bernoulli shocks [33],
and k-out-of-n: G systems with cold standby units [2] has
been investigated by researchers. Evaluation of MTTF of k
out of n: G systems with different groups of components is
done by [36]. Recently, research applications of k-out-of-n
reliability models in modern devices such as fire alarms,
phased mission systems, high altitude unmanned platforms
etc. [1, 3, 28] are published. All these studies are based on the
assumption that the working times, failure times and repair
times of the components have independent and identical dis-
tribution.

In most of the studies of reliability analysis, the compo-
nents are considered to be statistically independent. But in real
scenario, when any one of the components fails, the surviving
components may face a significant change in the stress be-
cause of the change in number. This in turn will affect the
reliability of the system. For example, consider the overhead
lines working in parallel to ensure the continuity of power
supply. If any one of the lines fails, the other lines have to
carry the extra load so as to maintain the supply until the fault
is repaired. This can be considered as an illustration of a load
sharing system. Consider a ventilation facility where the room
temperature should be kept below a certain temperature. The
units which are used to provide this facility is a miniature for a
weighted (k,n) system. Any model, in which the components
make unequal contributions for a specific requirement, then
the concept of system with weighted components can be ap-
plied.
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2. Weighted (k,n): G System

In real world, for the performance of any system, the con-
tributions by each component is in different ways. The effec-
tiveness of a system relies on its overall operation and the role
each individual component. For the better performance of the
system, the system must function and the sum of contributions
of the components of the system must be above some thresh-
old value. As a prototype, consider two substations from
network of the distribution of electricity. These substations
have direct connection by different transmission lines (com-
ponents) [30, 32]. The voltage transmitted through each of the
transmission lines can be considered as the weight of the line
(component). Normally a certain minimum level of voltage is
needed for the transmission of electricity from one substation
to the other. This setup is an example of weighted (k,n) system
structure with threshold value k. In this example, the reliabil-
ity of the system should be calculated on the basis of both the
structure and the contributions made by the components. The
structure of weighted k out of n: G system consists of n
number of components. Each component has its own proba-
bility for functioning and weight which is represented as a
positive integer, so that the total weight of the system is W.
The system operates only if the gross weight of the working
components is at the least k [17, 25]. In the weighted k—out—
of-n: G, if the weight of each component is 1, then it will be a
general (k,n): G system.

For a weighted k out of n: G system with fixed weight,
availability and reliability is analysed by several authors. An
algorithm with time complexity O(n,k) to compute the relia-
bility of a weighted (k,n) system is proposed by Wu and Chen
[31]. With further improvement to this, Higashiyama [8, 34]
has pointed to some alternative algorithms to calculate the
reliability of weighted k out of n: G system. Eryilmaz [25]
derived the MTTF of the weighted k-out-of-n system. Mul-
ti-state k-out-of-n: G systems with weighted components have
been examined by Li and Zuo [17]. For the reliability analysis
of weighted k-out-of-n systems, recursive and universal gen-
erating function-based methods is proposed by them. By
considering the failure times of components, an elaborate
investigation is given by Samaniego and Shaked [22]. Com-
ponent importance measures in the reliability evaluation of
weighted (k,n): G systems are studied by Armutkar and
Kamalja [12] and Eryilmaz and Bozbulut [26] As an exten-
sion to this, the multi-state case is introduced by these authors.
A multi-state weighted k-out-of-n systems which is applicable
to transmission lines have been investigated by X Song et al.
[32].

2.1. Weighted (k,n): G System Which Comprises
of Two Different Kinds of Components
Eryilmaz and Sarikaya [24] considered the reliability of a

weighted k out of n: G system in which the components are
classified into two types according to their weight/ capacity. In
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the designing structure of the system, the common weight ® and
reliability p; is assigned to one fixed group of components, while
the components in the other fixed group have equal weight ©*
which is different from ® and reliability p2. Each of these are
different. For the random selection of components to have the
required weight, binomial distribution is used. Using classical
probability techniques, the characteristics of the reliability of the
system, is evaluated. By considering minimum required reliabil-
ity and minimum total acquisition cost, the optimal number of
components to be there in each group are also determined by
using linear programming technique. By doing the evaluation
using component importance, author has analysed that the im-
portance of components in group 1 is the same for all. Similar is
the case for group 2 also. Moreover, it has been shown that the
component with higher weight, need not have more component
importance. Also, the dependency between the components is
also verified by the researcher.

2.2. Weighted (k, n): G system Consisting of Two
Types of Non-identical Components with
Positive Integer-valued Weight

Consider a tile manufacturing process. The raw materials
used to form the tile are mined from the earth’s crust. After
processing the raw material, a number of steps used to get the
ceramic tile. Some of the processes are batching, mixing and
grinding, spray-drying, forming, drying, glazing, and firing.
For all these processes different machines are used with dif-
ferent capacity. Finally, to have a good tile, some machines
have to work with certain capacity of the total capacity. This
can be considered as a (kn): G structure with
weighted-components all of which are non-identical.

Eisa and Meshkat [4] introduced another type of weighted-
k-out-of- n: G system which is constructed from two different
varieties of non-identical components with unequal weights. The
system consists of n components all of which are non-identical
and classified as two categories with respect to their functions
and services. In the first group there are n1 components each
with weight w; and reliability ps1i. where the second group has n;
components and with weight w* and reliability p,. The system
will work only if the gross weight of the working component is

higher than a pre-specified value k which is called as its threshold.

Compared to other studies in the literature, nonidentical com-
ponents are dealt in this work. All possible combinations of the
components to have minimum required weight are considered in
this research work. Survival analysis, component importance and
other reliability parameters are derived in this work.

2.3. Weighted (k, n): G Systems Containing Two
Categories of Components and One Cold
Standby Component

Different types of standby components are used to increase
the system reliability such as hot, cold and warm standby. If
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the switching times between the components is sufficiently
short, then cold standby is preferred compared to hot and
warm standby. Cold standby components do not fail in
standby. C Franko et al., [6] have given a real time situation at
which (k,n): G system having weighted-components and one
component kept in cold- standby is applied. Suppose a com-
pany has n; machines which are having identical failure time
distributions and capacity of production ®. After some time if
the company wants to increase its production capacity, then it
can add n, new machines with capacity of production o* or
simply they can restore the existing machines. But this may
increase the production cost. To overcome this problem, the
factory can keep standby machines which can be used
whenever necessary. [6] has introduced the weighted k out of
n: G system which comprises two groups of components and
one cold standby component. Upon failure of the ' (=1, 2,....,
n) component, this system may fail. The failure of the system
depend on the weights of the components and k, the threshold
value. In this proposed system, if the failure of the system is
occurred by the r™ component fault then, the component
which is in cold standby will come into operating state. Thus,
the system continues its operation with the remaining ‘n-r’
components, together with the replaced component in standby.
With the addition of one cold standby component, the struc-
ture of the system becomes complex and the reliability cal-
culation is done with this complex structure. With the help of
a numerical example, the optimal cost of the system through
the addition of the cold standby component is also derived.

2.4. Weighted (k,n) System Consisting of
Components in Three Different States

In recent research, Eryilmaz and Bozbulut [26, 5] studied a
(k, n) system with components having some assigned weights.
In this model, author has done the reliability analysis of such
systems with its components in three different states. The
three-state classification is done on the basis of functioning of
the states as perfect, partial and complete failure. Here at any
given time, the ‘n’ units of the device could be in any one of
these three different states. If the component ‘i’ is in a per-
fectly functioning state, then it has assigned a weight oi.
Meanwhile weight is wi* for partially functioning component.
Obviously w; is greater than @;*. The system operates only if
the gross weight of all the functioning components is at least k.
A real time illustration is given as a combi boiler. These
boilers are used as a water heater and a central heating boiler
which is used in homes. This combi boiler has many com-
ponents like thermostat, sensors and boiler fan. As time passes,
the degradation of components takes place. It will decrease
the performance of the boiler. But the combi boiler still func-
tions with reduced capacity. It can be modelled as a weighted
system with three-state components.

Here, the author has taken the assumption that, time spent
by components in functioning states i.e. perfect and partial are
dependent to each other and it can be represented as a given
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joint probability distribution. With this assumption, the ex-
pressions for reliability of the system are derived. Recursive
and non-recursive equations for the derivation of the reliabil-
ity of the system are given in this research article.

2.5. Performance Study of a Weighted
k-out-of-n System with Randomly Weighted
Components

All research in reliability analysis of weighted system
which was discussed till now have components with fixed
weights. Eryilmaz [27] introduced k-out-of-n systems in
which the weights of the components are random. In this work,
system performance is measured by counting the working
components and also proper functioning of the components. If
the number of working components is atleast k and the gross
weight of all working components is above c, then the system
is said to be in state c. In the analysis of reliability indices for
such types of systems both the structure of the (k,n) system
and the gross weight of the units which are working is under
consideration. Here, the system functions only if there is a
minimum of k number of working components. Also, if the
gross weight of all the units that are working is at least ‘c’ then,
the device is considered to be in state ‘c’ or above. Real time
examples of such systems are also given by the author. They
are (i) A queueing system which consists of n parallel servers
with random capacities wi,....., Wy Here w; denote the number
of customers served by the ith server on a specific day for
i=1,..., n. The probability of ith server working on a particular
day is denoted with p;. Failure of such a system happens when
either all servers are down or the gross capacity of functioning
servers is below c.(ii) A system which is at the risk of getting
shocks randomly over time periods t = 1, 2,..... The shock
happens periodically in an interval of i, with probability pi.
Here the amount of the shock that is experienced in period i is
designated as wi.

The failure of these types of system happens when there is
at least k shocks, and also the cumulative total of shocks
exceeds the level c.

To analyse the reliability, the structure of the system is
taken under consideration. Also, author assumed the compo-
nents have random weights each of which is obtained by a
given probability distribution of discrete type. Since the ran-
dom variables which denote the order of the lifetimes of
components is statistically dependent, the survival function
cannot be explicitly derived. Therefore, a recurrence formula
for state transition probabilities has been obtained by the
author. By using Monte Carlo simulation, the time span of the
system in each state has been derived in this work.

2.6. k-out-of-n Systems with Weighted
Randomly Chosen Components

Salehi et al. [19] had research to investigate the stochastic
properties and reliability of weighted k-out-of-n systems
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having random number of components. Also, the components
are classified as from two different types. Here the study is
made up on the assumption that the system is constructed by
using two non-identical types of components. The classifica-
tion of the components is done according to the weights of the
components and reliability functions. Randomly a group of
units say M, are assigned from group one and the remaining
components are selected from group two. For modelling de-
pendency among the units, copula functions are one of the
best applied methods. Thus, structural dependency among the
constituent units is derived using copula method. Here prob-
ability mass function of the random variable M is calculated
and the reliability expression is in terms of this probability
mass function This expression for reliability has fixed number
of units of both types and it is a combination of reliabilities of
weighted (k, n) systems of these types. Also, it has been
shown that if the random mechanism of the chosen compo-
nents is stochastically ordered, then the weights and the
components’ lifetimes are also of stochastic order under some
conditions.

2.7. Weighted (k,n) System Where Component
Life-Times Are Statistically Dependent

It should be noted that most of the research in the reliability
analysis of (k, n) systems with weighted components, each of
which is statistically independent. Consider a mechanical
system with various components which suffer from a common
stress. It will be always subjected to regular stress. When the
components are unable to withstand the stress, their support-
ing ability will be collapsed. If the total supporting capacity of
the system gets below some threshold value or some designed
level then, the entire system will break down. Here, if the
stress in one of the components becomes higher, it will be
affecting the other components also. This type of system can
be designated as a weighted system having component life-
times are statistically dependent.

Li et al. [16] studied the weighted (k, n) system with
components having lifetimes which are statistically dependent.
In probability related areas such as evaluation of reliability of
systems, risk assessment etc., stochastic orders have a fun-
damental role. The variation of the gross weight of the system
due to weight of the component is described by vector sto-
chastic orders in this work. In order to take account of the
statistical dependence among component lifetimes, stochastic
arrangement increasing lifetimes of the components and their
weak versions, like multivariate non-parametric dependence
notions due to Cai and Wei [10, 11] are also carried out in this
work.

2.8. Two-Stage Weighted (k,n) Systems with
Common Components

By comprising a number of subsystems, two stage
weighted (k, n) system is formed. Here ‘m’ denotes the count
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of subsystems. If m=1, the two-stage k-out-of-n system with
weighted components will become a weighted (k, n) system.
The structure of each subsystem is a weighted (k,n) structure,
which is named as the second-level structure. The structure in
the first level is a certain kind of coherent structure to show
the inter- relationship between the sub systems. Special case
of two stage weighted k-out-of-n: G system are:

1. Series weighted (k, n) system whose level one is a series
structure,

2. Parallel weighted (k,n) system whose level one is a
parallel structure. Unlike most of the two-stage models
in the literature, the subsystems have some (or all)
components. Therefore, the evaluation of the reliability
of the system cannot be done only by combining the
probability of failure of each subsystem.

Consider a power grid, which is an interconnected network
for electricity distribution. It consists of power stations, elec-
trical substations, electrical power transmission and electric
power distribution. The gross power output from the grid is
calculated as the weighted sum of each of these components.
The reliability of the grid is defined by considering the
structure of the grid and the weighted reliability of its com-
ponents. This is an example of a multi-stage system. Chen and
Yang [35] defined a weighted-k-out-of-n system having
components in two-stage. In this work, the common compo-
nents between the two subsystems are identified by the non-
zero weights in failure condition of each subsystem. To
evaluate the reliability, first minimal paths and minimal cuts
are generated for weighted k-out-of-n: G system with
one-stage. Then, by applying the Boolean algebra, the bounds
for reliability of the dependent failures of the component is
analyzed by the author [35].

2.9. Weighted (k, n) System: Components with
Discrete Lifetimes

Consider the suspension system for cars which are de-
signed to absorb shocks from uneven road surfaces. In
order to keep the automobile body from being too severely
damaged when it strikes a bump, the suspension sys-
tem—which consists of springs, dampers, and other
parts—absorbs the shock. In this scenario, the suspension's
response to the sudden forces (shocks) delivered through

the wheels and tires would be described by the shock model.

These models are used by engineers to determine the op-
timal spring constants and damping coefficients to reduce
discomfort and avoid vehicle damage. Eryilmaz [23]
modeled such system with n components where each
component is subjected to periodic shocks. A shock that
strikes during period i has a probability of pi for the ith
component and non-fatal with probability 1-pi and such
shock occurrences are modelled by discrete time shock
processes. The component lifetimes have a geometric dis-
tribution in this specific shock model. The system's dy-
namic behavior during the successive failures has been
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examined. Failures of components may happen at the same
time in the discrete scenario. Using analytical approach, the
overall system weight or performance at the end of the tth
period is computed if the shocks happen independently
throughout the periods. Thus, the mean of the lost capacity
of the system during multiple failures have been derived in
this model.

3. Conclusion

If we consider a production unit, the lifetime distribu-
tions of the components in the unit will not be the same. It
may be because of the difference in material supplied,
available human resources, and unstable conditions in the
industry or because of some other factors. Reliability
analysis deals with the working conditions and failure time
distributions of different types of components in the system,
Also, sometimes they will be following different proba-
bility distributions. When a system has weighted compo-
nents, each component makes a different contribution to
the system's overall performance. Therefore, it is important
to analyse such system. This paper tried to survey the re-
cent literature on (k,n) systems with weighted components
and collected the methods adopted in the reliability evalu-
ation of such kind of systems. These types of weighted
systems are also terminated as threshold systems. Currently,
k-out-of-n systems are used to model case studies in high
altitude unmanned platforms, unmanned aerial vehicles
(UAVs), wireless sensor networks, phased mission systems,
fire alarm systems, etc. Future studies can use (k,n) mod-
eling to expand to dynamic voltage and frequency scaling,
sustainable Cloud-Fog deployments, and 10T applications
with multi-agent microservices. A comprehensive list of
references is provided which will enable us to do further
research on related fields.

Abbreviations

(k,n) k-out-of-n

IoT Internet of Things

UAV Unmanned Aerial Vehicles

MTTF
MTBF

Mean Time to Failure
Mean Time Between Failure
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