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Abstract: The modal ©-valent logic is a logic that contains all the thesis of the classical logical calculus and, besides allows
to express notions of possibility, of necessity, and more others. The modal ©-valent sets are the supports in term of the structure
of the ©-valent rings. A © chr (m©O) is a structure which is rich at the same time of inheritance in the meaning of the romanian
academician Gr. C. Moisil, as the algebraic model of a such logic. The set Z,,z contains the set Z and the elements x,,7 such that
the support of  is not congruent to 0 modulo n. In this paper the purpose is to define on Z,z — Z, p prime, a notion of quadratic
residues and quadratic character which respects its structure of m©s. Hoping that this approach will bring something of interest
to the notion of quadratic residues. First of all, we construct the modal ©-valent congruences of (Z,z, Fy,). We characterize
the mO set (Znz, F,) and we then give some arithmetical and intrinsic m® parameters of Z,z which lead us to the notion of
factorial of m without n in Z,,z, the m® quotient of (Z,z, F,) modulo (pZ,z) and a complete system of m® residues modulo
DZinz, Ny, p. After that, we define a p-valent modal quadratic residue, p prime. We characterize some properties of p-valent
modal quadratic character and p-valent modal quadratic residue of p* which establish the difference between the m© Euler’s
theorem and the Euler’s theorem in the classical arithmetic. Later, we establish the theorem for determining the p-valent modal
quadratic character of a € Z,7 — Z with respect to p". This theorem is a non-classical version of Gauss’s lemma. Finally, we
establish an example introducing the law of quadratic reciprocity of Gauss.

KeyWOI'dS: Modal ©-valent Sets, Modal ©-valent Congruences, Number Theory, p-valent Modal Residues

1. Introduction

Number theory is a branch of pure mathematics devoted
primarily to the study of the integers and integer-valued
functions [1, 2, 3]. It was Gauss who found the first complete
proof of the quadratic reciprocity law [4, 5]. The proof of
the quadratic reciprocity law is based on Gauss’s lemma [16].
The theory of quadratic residues has proved to be very useful
in several areas of mathematics [7, 8, 11, 12]. An integer
a which is not a multiple of a prime p is called a quadratic
residue modulo p if the quadratic equation 22 = a mod p has
a solution [16].

The notion of modal ©-valent set noted (Z,z, Fy) is
defined by F. Ayissi Eteme in [10]. This article presents
the intrinsic methodology of (Z,z, Fi,) as an introductory
example of the use of ©-valent chrysippian modal logic in the
construction, ©-valent chrysippian mathematical structures.

With the hope that these deploy hidden results in the essential
and anatomical inadequacy of the bivalence of classical,
unimodal logic.

Perhaps the most popular of all proofs of the Quadratic
Reciprocity Law [6] is based on a result known as Gauss’
Lemma. The purpose of this paper is to define on the m®
set Zyz — Z, a notion of the quadratic residues which respects
its structure of m© set [9].

In the section 2, these are the preliminaries on the modal
©-valent congruences of (Z,z, F,). Section 3 presents the
notion of m® quadratic residues, afterwards the notion of
p-valent modal quadratic character. Section 4 is devoted
to establish the theorem for determining the m®© quadratic
character.
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2. Preliminaries

2.1. The m® Set (Zyz, Fo) [13]

Let us set w,7 = (p+ar),c; Wwhere z
nZ(x=pn+r;p,reZ;1<r<n-—1).

ZQ
Tnz, € = 1

Loz, = Z.J {an :

e Z\

ifn=2;
ifn>3.

Let us set

= (x=0(modn))}.

We define for all o € I,;
Fal an — ZnZ

a ifa €l
a +—
{bl-'r(xbz ifa=bpz, beZ\nZ

Where b = byn + bg; bo, by € Z; 1 < by <n — 1.
(Zyz, Fy) is amO set such that C(Z,,z, F,) = Z.

2.2. The m® Congruences of (Z,z, Fy)

Let p € N* and let p,, be defined on Z,,7 as follows:

Y,y € Lz, xppy <= Yo € I, Fow = Fyy (modp) .

Proposition 2.1. [14] p, defined on Z,z as above is an
equivalence relation on Z,z compatible with the structure of
mO set (Znz, Fo).

Proof [14]

Notation 2.1. We shall denote zp,y by x = y (pZyz).

Definition 2.1. [14] If p > n, we define the m© quotient of
(Zyz, F) modulo (pZy,z)as follows:

ZnZ { X
pZnZ pZnZ

Proposition 2.2. [15] (Zyz, F,) is the m©O© set of mO
relative integers.

;xEZnZ}.

Va € I,
Fo . ZnZ 5 ZnZ
Plnz " Plnz, Pling
x Fy T _ F,zx
PLinz, PZnz, (I)ZnZ> T pZ
. F, . . . -
Then (pZ =t Z) isam®O setif and only if p > n — 1.
Proof [15]

Lemma2.1. [13] According to the proposition 2.2 above, the
following axioms are equivalent:

l.p>n-—1;

2. Va,B € L, if a#fthen Lo £ T2

Proof [13]

Proposition 2.3. If 2 < n < p, then (pZZ’ffZ, pg Z) is a m®s
which contains np elements.

Proof Let us set Zoo = 7Z and Z,o {zpz; x €

Zandxzr(modn)}withlSrgn—l.
1.Ifr#£7 :0<r, v <n-1, Z.eNZ, @—(Z)

Lo — (=T Zre and card Zu Sy card Z”O

Pz~ T1T=0 plng Plnz, nz '

The m© Quadratic Character in the m© Set Z,,z

: Zoo _ _ T __ Zoo _
In particular, s = pem pZ,therefore card o =
p.
2. Ifx=qgn+randy =¢n+r,with0 <r <n-1,
Tn Ynz Ly — / .
SFe ' 3 -7e <= q = ¢'(modn); therefore
card A e =p.
Hence,
ZTLZ
card = np.
pZnZ

Proposition 2.4. 9] Vx,y € Zyz

1. Ifz € Zand © = y (pZy,z) theny € Z;

2. Ifx ¢ Zand x = y (pZ,z) theny ¢ Z.

Proof [9]

Proposition 2.5. [14] If z,y € Z,z, the following axioms
are equivalent:

1. z =y (pZnz);
x =y (mod p) if x € Z (thereforey € Z);
s(x) =s(y) (modnp) ifx ¢ Z (thereforey ¢ Z).
Proof [14]

Definition 2.2. [10] We shall call:
1. The mO congruence in (Z,z, Fy), the mO equivalence
relation denoted p,,, p € N* and defined as above.
2. A mO integer modulo p (a residual m© class modulo p),
the class of equivalence modulo pZ.,,z, of every x € Zyz,

3. The set of m@ integers modulo p, the MmO set
Zng . _Fo
PLnz’ PLnz |°
4. The set of integers modulo p, the set: C (panZ. pg;) =
L

pL-

5. The a-modality of
follows:
VOé S I*y pZ 2 (prnZ) = paZI € ﬁ

6. A mO representative of —*—, (a € Z,z), every b
element of Z,,7, defined as follows

e If a € 7 (therefore b € 7Z) and then b =
a(modnp).

e Otherwise a ¢ Z (then b ¢ Z) and then [s(a) =
s(b)(modnp) <= b = a(pZnz)].

% , the integer modulo p defined as

Proposition 2.6. If a = b(pZ,z) and a = b(p'Zy,yz) then

a =b(l.cm. (p, p)Znz).
Proof Indeed, if a,b € Z a = b(p) et a = b(p') then

a =b(l.em.(p, p')).
Otherwise, a = b(pZy,z) and a = b(p'Zyz). However

l.e.m.(np, np’) = nl.c.m.(p, p’) therefore s(a) = s(b)(n x

lem.(p, p')).
So

a=b(l.cm. (p, p')Znz).

Definition 2.3. [9] Let a, b € Z,7. We say that a and b are
s-coprime if g.c.d.(s(a), s(b)) = 1 or g.c.d.nz(a, b) = 1,7.

2.3. Some Intrinsic m® Parameters of 7,3,

In Zsz,](5 = 0(mod 2)) whereas 5! = 0(mod 2). In Zag,
5! € 27 whereas 5oy, € Zoy — 7. In Z, the notion of factorial
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loses all interest as soon as m € Z,yz — Z. It is therefore
quite natural to define on Z,,7, a factorial law appropriate to the
structure mOs.

Definition 2.4. [9] Let m € N7 ,. We define factorial of m
without n in Z,,7 as the element of N,,7 noted

1. m! > n < if m € N* with the definition m! > n <=
m! devoid of any multiple factors of n;

2. mlyz > n <if m € N,,z7 — N with the definition

mlz > n <= [(s(m))! > n <Jnz.

Example 2.1. [9]
1. In Zsyz, we have:

Hozloz > 2 <= (5' > 2 <)QZ = (1 X 3 X 5)22 = 1597.
2. In Zsy, we have:
5azlsz >3 <= (5! >3 <)3z = (1 X 2 x 4 X 5)3z.

Definition 2.5. Letn, p € N, 2 < n < p; p # 2. p prime.
(Znz, Fo) amO set. a € Zpz — Z and ](p|s(a)).
Ifr,7=0,1,2, ---, n— 1, we define:

1. Ny, ={a € Znz : s(a) € N, s(a) = r(modn)}; if

r#7, Ny NNy, = 0.

2. Nppp = {a € Ny, s(a) = kn+r k =

0,1,--,p—1} Ny, = U'Z}N,y, and N, ) =
U2 N, -

3. CardNrnp =D C(L’]"dan = np, C(L?“dN:;p = (n —
1)p.

Observation 2.1. When (Z;%’;‘*) , the mO quotient of
(Znz, F,) modulo (pZ,z) is defined, N,, , is a complete
system of m® residues modulo pZ,z. In general, s(N,, ,,) =
{s(z), z € N,,_ ,} is not a complete system of residues modulo
np, prime with np. However, s(Nj, ) is a complete system of
residues modulo p?, prime with p2. In particular if p is prime,
p >3, s(N;p) is a complete system of residues modulo p?,
prime with p?.

Remark 3.2. In extension, we have:

In the whole sequence n = p prime p > 3, because
1(pls(a)) and T(p*|s(a)). So I, € Nj s(ty) =
s(a)(mod p?).

Ve e Ny, 32’ e Ni o s(x)s(2) = s(a)(modp?)
means that s(z2’) = s(a) (mod p?). Thus

reNy = 32’ €Ny such that xz' = a(pZyyz).

3. mO Quadratic Residues

Definition 3.1. For p a prime, an mO© integer a € Z,z —
Z such that ](p|s(a)), is called a p-valent modal quadratic
residue p, aR,Z,y, if the congruence 2?> = a(pZ,z) has a
solution.

Otherwise it is called a p-valent modal quadratic nonresidue
P, aNpZyyz, this means thatif z € N then dz’ € Ny, — {z}
such that za’ = a(pZyz).

Remark 3.1. In either case, if z, 2/ € Ny , and zx' =
a(pZ,z), we say that x’ is the p-valent modal associate of x
with respect to p.

Theorem 3.1. Let x € Ny . p prime, and a € Zyz — Z
such that ](p|s(a)). The congruence z* = a(pZ,z) admits
two solutions xo and p* — xo in N .

Proof Indeed, > = a(pZy;) means that s(z?)
s(a)(mod p?) therefore (s(z))? = s(a)(mod p?).

(s(p* —2))? = (p* — 5(x))* = p* — 2p%s(2) + (s(2))* =
s(a)(mod p?), thus (s(p? — 1))? = s(a)(modp?) = p* —
z = a(pZyz). If 2° = a(pZyz) then (p? — 2)? = a(pZyz).
So the congruence z?> = a(pZ,z) admits two solutions in
N .

Conversely if x; and z, are two solutions modulo (pZ,z) of
22 = a(pZyz) thatis 23 = a(pZ,z) and 23 = a(pZyz,).
(s(x1))? = s(a)(modp?) and (s(z2))? = s(a)(mod p?).

Thus, (s(22))* — (s(21))? = (s(22) + s(21))(s(z2) —
s(z1)) = 0(modp?). So, either zo = z1(pZyz) or z2 =
—21(pLpz) = p* — 2(pLpz).-

p(p—1)—2
s(Ny ) = {s(z1), p* = s(@)}U ( |J {si), swhh).
i=1
Vied{l, -, 1’(1’_721)_2}, vi,y; € Ny, — {1, p? —x1}; yi # vl such that s(y;)s(y)) = s(a)(mod p?).

Thus s(z1) = s(x1)(mod p?), p* — s(x1) = —s(x1)(mod p?) means that

s(21)(p? = s(21)) = —(s(21))* = —s(a)(modp?).

It follows that

p(p—1)—2
2

[ stusti =

with
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Corollary 3.1. If there is 2 € N such that 2% = a(pZ,;z) then

p(p—1)
H r=—-a 2 (pZpz).

zeNy

Proof According to the previous remark

p(p—1)—2
2

Ny, =A{e, p” 23U | Awi viD)-
i=1

p(p—1)-2 p(p—1)
Thus, [T, c. 5(2) = s(@)s(? — o) [T s(w)s() = —s(a) " (00,
So,
p(p—1)
H r=—a 2 (pZpyz).

z€Ny

3.1. p-valent Modal Quadratic Character

The data remains the same: 3 < p, p prime and a € Z,z — Z : ](p|s(a)) =>](p?|s(a)). We have the following equivalence:
1. a p-valent modal quadratic residue of p;

2. s(a) quadratic residue of p?.
We thus have the following definition

(s(a)) B { 1 if s(a)Rp?

p2 | | -1 ifs(a)Np?

Definition 3.2. We call p-valent modal quadratic character of a relatively to p the element of Z,7 denoted <;> and defined
pZ
as follows
g - { ]-pZ if CLRprZ
p (_1)pZ if aNprZ
pZ
By definition

()-4.

Remark3.3. 1. If a = b(pZ,z) then (%)pz = (%)pz.
. a p(p—1)
2. if aRpZ,y then erN; JT= - (;)pza (PZypz).
If a = 1z, 12, = 1,z 50 125 = 1 (pZys), 1z RpZyz and thus (122) = 1,7,
Therefore
H Tr = —1pz(pzpz).
zeNy
Theorem 3.2. It follows that
1 7 -1 7 p(p—1)
(%)pz = 1yz(pZyz), ( pp )pZ =(-1pz) = (PZpz)-
_ p(p—1) _ a p(p—1) _
Proof We know that HazeN;,p r=—a 2z (ply) = _(E)pz = (pZyz) and HzeN;p x = —1p7(pZpz),. So
a p(p—1)
(];)pza 7 = —1yu(plpz).
If @ = 1,7, we have IP%Z o = 1,2(pZyz) and (%) = 1(mod p?)
—1,z

p(p—1) _ p(p—1)
. )pZ =(—1pz)" = (pZpz) and (1721) = (—1)"= (modp?).
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Observation 3.1.
max s(N?

_ 2
p,p)*p(pf]-)‘Fp*l*p - L

Example 3.1. HEGN;‘,) r=(p* = 1)pzlpz >p <= ((p* —=1)! > p <)pz and HEGN;J) s(z) = (p* —1)! >p <.Forp =3,

* —
N33 =

II =

z€N3 5

{3332; >3 <}

{13z, 232, 432, b3z, T37, 832}

(32 — 1)32!32 >p <= ((32 — 1)! >3 <)SZ

= (I1x2x4x5x7Tx8)3z=—13z2(3Z3z)

3.2. p-valent Modal Quadratic Residue of p*

Definition 3.3. More generally, if 3 < p, p prime, Vk € N*
we note respectively:

L. Noppr = Npp_y ={0, 1, --- , pk—1}.

2. N = {a € Ny s(a) = kKp+m k' =

0,1, ,p—1,---,pF —1}. Ifr € {1,---,p—
1}, Ny = {a € Zyz — Z; s(a) € N, s(a) =
r(modp)}.

3. Nppre = U2 Nopprs N2 = UPZ) Ny

We have cardN,,r = p*, card Nz = p",
cardNy . = (p— 1)p*.

N;pk is a complete system of p-valent modal residues
modulo p*Z,z. s(N*

PP
M1 prime with p*tt. Thus if z € s(NF L),

k+1

) is a complete system of residues
modulo p
s(xN;,pk) also is a complete system of residues modulo p
prime with p**1. So, if a € Z,z — Z and ](p|s(a)),
1(p*|s(a)): Vo € Ny ., 32’ € Ny, such that s(zz’) =
s(a)(mod p¥*1). Therefore,

zz' = a(mod pZ,z).

Definition 3.4. We say that a is:

1. p-valent modal quadratic residue of p* if and only if
e N; 0 2 = a(modp*Zy).

2. non p-valent modal quadratic residue of p* if and
only if Vo € Ny ., Ja’ € Ny . — {z} such that
zx' = a(mod p*Z,yz).

Observation 3.2. We observe that the congruence 2 =

a(mod p*Zyz) admits two solutions in N* , if we can find

Theorem 3.3. It follows that

Lpz k —
= 1pz(p"Zpz),
(pk )pz P P ( P
Pk p—
Proof We know that [T . L T=—a Ea (P*Zpz) =

pk

a

—(

(i)™
p

ay in NX . such that 2?2 = a(modp*Z,yz). Then we get

either Jz € N;’pk,mQ =
( k

p—1)p
[ en . s(x) = —s(a)” = (modp
P, P

(p=1)pk

two cases: a(mod p*Z,z) and

k+1)

0 [ [en LT
P, P

— {=}

(mod p*Z,z); or Va € Ny v, Jz € Ny,
such that zz’ = a(mod p*Z,7z).

In either case, =’ (¢’ = z or 2’ # ) is said to be the p-valent
modal associate of x with respect to p”.

But in this second case (2’ # x)

(p=1p*
e, 8(2) = s(a) “ 3" (modp**!);
p,p™
(»=1)p*
HQ:EN; 2

Definition 3.5. We call:
1. quadratic character of s(a) relatively to p**!

() -{ L,

2. p-valent modal quadratic character of a with to p*.
It is the element of Z,7, denoted (k) , and defined as

Z
follows:
a
(ﬁ)pz = {

Remark 3.4. We have

T=a (mod p*Z,7,).

pk

if s(a) Rp*+!
if s(a) Npktl

]-pZ if aRkapZ
— lpZ if aNkapZ

a
S(F)pz

Il
/N
D w

T~
te
~—

If a = b((mod p*Z,7z) , then (z%)pz = (pi)pz'

PP p-1)

)pZ = (—lpz) > (ka;DZ)'

PP -1
2

k) 0 (P*Zpz) and [T ey 2= ~1z(pP*Zpz). So

= —1pz(pkzpz).
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If a = 1,7, we have (1 ) v = = 1,2(p*Zyz) and (p%) = 1(mod p**1).

PP p-1)

1y Z)pZ = (*1192) 2

If a = —1,7, we have (

(p* Zypz) and (;71)

kp—1
(=1)" 5 (mod p**1).

Observation 3.3. maxN; o= pk(p -1) +p’€ —1= pk+1 -1,

[ «=

N*
S . ok

[(pk"'1 —-DI>p<

pZ

Remark 3.5. ((p’“’1 -DI>p< > = —1,2(p*Zyz) and (p*1 — 1)! > p <= —1(mod p*+1).
Z

P
None of these results is remotely Wilson’s theorem.

4. Theorem for Determining the m®
Quadratic Character

The data is the same p € N* p > 3, p prime; k € N*;
a € Zyz — Z and |(p|s(a)).

Definition 4.1. s(a) admits a unique residue modulo p*+!
comprised between —1p**! and 1pF+!, because —3p~t! +
p*t1 = 1pk+l called minimal remdue of s(a) modulo pk+?

Observation 4.1. 1. It is positive if the smallest positive
residue of s(a) modulo p**! is between 0 and 1p**!
and it is the smallest positive residue.

2. It is negative if the smallest positive residue of s(a)
modulo p**1 is between 1p**! and p**! and it is then
the opposite of this smallest residue.

The following theorem is a non-classical version of Gauss’s

lemma, it is the theorem for determining the p-valent modal
quadratic character of a € Z,7 — Z with respect to p*.

[pk is the number of gs(a), 1 < ¢ < 3(p — 1)p*, whose
smallest residue modulo p**! is greater than 1p**1.

Proof Through observation 4.1, we can consider the %(p —
1)p* elements of Z,z — Z as follows

{aq: qg=1,2,---, %(p_]-)pk}‘
We have two cases:

L. rq, 72, -+, rx,, the minimum residues modulo pFt1of
the qs( ) of smallest positive residue modulo p*+!
than $p~+1.

2. _Th -

k+1

less

ka the minimum residues modulo

of the gs(a) of smallest positive residue modulo
1 greater than p~T!.
We thus have i + upk = %(p — 1)pk.

Vi, s ifi #j

Theorem 4.1. Let p > 3, p prime; kK € N*; a € Zyz — Z
such that |(p|s(a)); Consequently, 1, 72, -+ , a0, —Th, =15, -+, =1, i
a 1y a rearrangement of the integers q: ¢ = 1, 2, - -+, 3(p — 1)p".
o) =ik Since
p
L(p-1)p* 1
IT (s@) = (s(a)ztr=br (5(10— 1)p*)!
q=1
)\pk Hpk
= (=r5) (mod p**1)
i=1  j=1
= (—1)He -1
(1 (3o - 1)

50 (s(a))2@=DP" = (—1)ker (mod p*+1) and a2 P~ DP"
therefore (% )pZ = (—1)}3" (modp*Zyz).
By definition, (%) 2 € {1,2, —1,z} then

p

= (—1)"* (mod p*Z,z). Or, az(P=P" = (%)pz (mod p*Z,z,),

p

(55),z = (=1
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Example 4.1. If a = 2,7, p > 3 then

{gs(a) :

q:1727"'

Obviously, Ay, = & [1pFH!

Since p > 3:

: %(p — 1)p*}

1
{20:9=12,5(p—1)p"}

17

{2v47 e (p— 1)pk}'

|, where [z] denotes the integer value of z. So, Ay, = [$p*!] and Ay = 3(p—1)p* — [1p*+1].

1. Either p = 1(mod4), sop = 4m + 1, p* = pF*t! = 1(mod 4).

pk+1 = 4n + 1 thus %pk+1 =n4+ i and [ipk—ﬁ-l] =n =
Thus if p = 1(mod 4) then p,, = (P — 2pF + 1).

e if K = 0(mod?2),

—

k+1_q
4

Or p = 3(mod4), p* = 1(mod 4); p**+1 = 3(mod 4) respectively if k = 0(mod2), k = 1(mod 2).

PPl = 1(mod4) p* = 4n + 1; pFtt = 3(mod4), pPT = dm + 3; [pFT] = m = B SO ik =
(" —2pF +3), p=3(modd),
k = 0(mod?2).
o If k= 1(mod?2), p* = 3(mod4), p**! = 1(mod4)
PPl =dm/ +1, [$pM] =m/ = ﬁ. Then pip, = 3 (P — 2p% +3), p = 3(mod4),
k= 1(mod?2).

Since <p,€2+1> = (—1)Hrk, <pk2+1> =l

(—=1)Hrk =1 <= ppr = 0(mod 2).

3. If p = 1(mod 4) then § (p* ™ — 2p* + 3) = 0(mod 2), p* — 2p* + 3 = 0(mod 8).
Thus, <p"2“> = land p = 1(mod4) = pFtt — 2p* + 1 = 0(mod8), p = 1(mod4).

5. Conclusion

This note shows that the study of the notion of quadratic
residues [4, 6] on the mO set Z,z — 7Z, p prime, leads to
the notion of p-valent modal quadratic character. The p-
valent modal quadratic character is a ©-valent modal version
of Legendre’s symbol [8]. The results contained in this article
have no place in classical arithmetic [5], however constitute
an extension in Zpz. These results are also widely used in the
intrinsic arithmetic of Z,z namely the Fermat-Euler theorem
in Zyz, in quotient p-valent modal rings.

At the end of this study, some interesting problems remain to
be solved:
1. We would like to establish the m®© quadratic reciprocity
law and give it a proof by the Gauss’s Lemma.

2. We should give a suggestive description of m© Euler’s

function and m© Mgobius function.
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