Mathematics and Computer Science
2023; 8(2): 62-67
http://www.sciencepublishinggroup.com/j/mcs

doi: 10.11648/j.mcs.20230802.15

ISSN: 2575-6036 (Print); ISSN: 2575-6028 (Online)

[N J' V. r
otlencePl

Science Publishing Group

The Free Boundary Problem of a Predator-Prey Model with
Fear Effect and Stage Structure

Chao Shao, Jingfu Zhao

College of Science, Zhongyuan University of Technology, Zhengzhou, China

Email address:
819322837@qq.com (Chao Shao), zhengqing1102@163.com (Jingfu Zhao)

*Corresponding author

To cite this article:
Chao Shao, Jingfu Zhao. The Free Boundary Problem of a Predator-Prey Model with Fear Effect and Stage Structure. Mathematics and
Computer Science. Vol. 8, No. 2, 2023, pp. 62-67. doi: 10.11648/j.mcs.20230802.15

Received: March 25, 2023; Accepted: April 15,2023; Published: April 23,2023

Abstract: In this paper, fear effect and stage structure are introduced in a free boundary problem of a prey-predator model.
This system simulates the spread of an invasive or newly introduced predator species, taking into account the presence of both
immature and mature stages of prey that are affected by fear of the predator. The predator's predation behavior on adult prey
induces fear in the prey, which in turn causes the prey to seek out safer habitats. While this short-term survival strategy may be
effective, it ultimately leads to a decrease in the prey's long-term survival fitness, including reduced reproductive ability.
Consequently, the overall population of prey is expected to decline over the long term. The existence and uniqueness of the
solution is given, and the comparison principle is used to discuss the long-term behavior of the solution by constructing a
sequence of upper and lower solutions. We obtain a spreading—vanishing dichotomy for this model, in other words, when the
predator can only spread in a limited area, the predator will eventually become extinct, the population density of the two stages
of prays will tend to two positive constants, and when the predator can spread to infinity, the predator ultimately survives, and
their population density, defined as (u, v, w) will eventually tend to (", v', w") which we defined blow.
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predator changes its growth and development rules, which
becomes the main reason for the extinction of the prey. The
species itself has multiple stages, and the predatory structure at
different stages may not be the same [8-10].

This paper investigates a prey-predator model with a fear
effect and stage structure by studying its free boundary
problem. By combining free boundary, fear effect, and stage
structure, we provide a comprehensive analysis of this model.

1. Introduction

In recent years, the introduction of free boundary into
prey-predator models [1-3] can better describe the dynamics of
invading predator and prey, and is helpful to predict and
prevent the invading predator. Due to the increasingly in-depth
discussion of prey-predator models, more and more elements
have been introduced into the model. By introducing the fear
effect [4-7], it is concluded that the fear of the prey for the
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where u,vare the population densities of immature and mature ~ and predator environmental factors respectively, [ is the
prey, respectively, w is the density of the predator, b is the  predatory coefficient between two species, x = g (¢),x = 4 (r)
birth rate of the immature prey, 1/(1+kw) is the fear factor,  are the invading front and evolves according to the Stefan
%, 1y,7; are mortality rates, @ is the probability of the prey  condition, and the initial functions satisfy

transforming from immature to mature, A,77 are adult prey

Uy, vy UCy(R), ug >0,v, >0,x0OR, w, DW;([—hO,hO]), wy >0, x O (=hy,hy), wy(£hy) = 0.

g.h —
2. Existence and Uniqueness bt =i0<t=T.g(®<x<h(n),

a
2+a,l+—

Theorem 2.1 establishes the existence and uniqueness of a ¢, =G, ([0,T1*XR)NC,,, ?
local solution, which can be extended to infinity and estimated
from Theorem 2.2. The proofs of Theorem 2.1 and Theorem

((0,T1xR).

Theorem 2.1 For any given a[(0,1) and p > 3 ,

2.2 are similar to them of Theorem 1.1 in [11], Theorem 2.2 1-a
and Theorem 3.1 in [12]. For convenience, we first give some  there exists a 7 >0 such that the problem (1) exists an
symbols. unique solution (u,v,w, g, h) satisfying

I+a

a
—1 _ +=
(v w2, ) O(€, ) x| W2(DEY A 2 (DEM) [X[C 2 ((0,TDT,

Moreover
u,v>0in[0,T]XR, w>0in DTg’h, g' () <0,h'(t)>0in[0,T].
Theorem 2.2 For any given a [1(0,1), the problem (1) exists an unique global solution (u,v,w,g,h) satisfying

0 <u(t,x),v(t,x) <M, ,(t,x)0[0,T]1xR, 0<w(tx) <M1,(t,x)EID§;"h, g'®)<0,h'(t)>0,t>0.

g0 <010 >0,>0, [l gy F1&-Aleran gy SCs 121 ()

3. Long Time Behavior

This section is devoted to the analysis of the long-term behavior of the solution. For convenience, we first give some symbols.

ﬁab ﬁrz r p_g_kgz ﬁZZ
= 9:_+_ = - = 2
P /7/](1”14'0’)’ /],7 ,7: f(2) 1+ iz ,7/], A=k(n+a)An+B°),
B =(d, +a)(An + Akry + kB + B*), C==abB+(rnB+An)n+a),

If C <0, then (1) has an unique positive constant equilibrium.

S = bBw —br, o= Bw' —r, W= -B++/B*-44C
A +kw" ) +a) A 24 '

Theorem 3.1 Suppose that (u,v,w,g,h) is the solution of problem (1). If 4, =g, <o, then

! in;”W(t’ Oeqcaoman =%
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uniformly in any bounded subset of (—0,00).
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Proof. Theorem 2.2 implies that 0 <w <M, for ¢ >0,g(¢) <x <h(?). And w satisfies

w, —dyw,, 2 —(r; +NM 1w,
w(t, g(1)) = w(t,h(t)) =0,

g'() = —puw, (t,8(0)), h'(t) 2 = pw, (¢, h(1)),
2(0) = ~h, 1(0) = hy, w(0, ) = wy (%),

We can easily obtain lim 4'(¢) =0 by using A, <o and
(2). According to Proposition 2 in [13] and Theorem 2.2, we
can see that

tlirg Maxy e <pnyW(t,x) =0

For any ¢ >0, there exists T >0such that w(t,x) <& for
t 2T . We consider Cauchy problem

bv
== ~nHu—-au,

o= t>0,x0R,
1+ke

u,~du
vimdyy o =au-Av—ny-fev  1>0,x0R,

Initial conditions are u(0,x) =u,(x),v(0,x) =uy(x) . By
applying the comparison principle, we can conclude that

u(t,x) 2 u(t,x),v(t,x) 2 v(¢,x) . Note that Theorem 1.1 in [14],

the solution of the above Cauchy problem satisfies

. b ba
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2 Grarre 2

uniformly in any bounded subset of (—c,). Due to the
arbitrariness of &, we have

hm "u(t E"R —(
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uniformly in any bounded subset of (—oc0,0).
Theorem 3.2 Assume that (u,v,w,g,h)is the solution of

problem (1) and the conditions o > 8,kp+ 5> /nA <1 hold. If
8o = —,h, =0 then

limu(t,x) = u 11m v(t,x) = v’ llm w(t,x) = w (6)
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For any &£>0 , there exists 7 >0 such that

v(t,x)<v +& for t>T,x0OR . The problem
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t>0,
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uniformly in any bounded subset of (—c0,00).
Next, we are going to consider the ODE problem

i, =bv—nu—ai, t>0; u(0)=|u,,
“)

V== =y, >0, (0)= v -
Applying the comparison principle, we  have
u(t,x)<u(t),v(t,x)<v(t) for ¢0[0,0), xR , where

(u(#),v(¢)) isthe solution of (4). According to theorem 2.1 in
[15], it is found that the positive constant equilibrium of (4) is
globally asymptotically stable, so

. b ba
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Combining (3) and (5), we can see that
—rz) hm"v(t SHR ——( —rz)
t>T

wy, = B, +EW—nw’ —ryw,
w(T) = M,.

exists an unique positive equilibrium ¢, which is globally

asymptotically stable. According to the comparison principle,
we easily see that w(t,x)<w(t) for ¢>T , therefore

lim w(z,x) < w . Due to the arbitrariness of &, we have

t—>o00

3_/0 f:=w. (7

limsup w(z,x) < -
t—oo n
forall xOR.
Step 2 Note that (7), for any € >0, there exists 7 >0
such that w(t,x)<w, +& for =T . By virtue of a similar
analysis of (3), we can conclude that
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uniformly in any bounded subset of (—o0,0),and u <u,y <V,.

For any given small enough positive constants &, and large enough positive constant L, /5 is defined by Proposition 8.1
in[12]with d =d,, a=p(v, —&)—r;, 8=n.Note that (8), there exists 7 >0 suchthat v=y —& for (¢,x)O[T,0)x[-l5,15].
Therefore w satisfies

w, —dyw,, 2 B(v, —E)w—-nw* —rw, 2T, x0[-l;,15],
{w(t,ilﬁ)zo, t=T.

Applying Proposition 8.1 in [11], we can see that liminf w(z,x)2[B(v —&)—r]/n uniformly in[—L,L]. Due to the
t -0

arbitrariness of L, &,0 , we have

liminf w(t,x)> 2L = f(im) = w
t -0
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moreover 0<w; <w.
Step 3 For any given large enough positive constant L and small enough positive constant &, there exists 7 >0 such that
w(t,x)=2w —¢€ for (¢,x)U[T,0)x[-L,L]. Then (u,v) satisfies

bv
XXS—
T+ k(w; —)

v, —d,v,, <au-M -y = Bv(w, — &), t=2T,x0(-L,L),
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and u(t,xL)<M,,v(t,xL)<M, for t=T. We can obtain the desired result by following the same arguments as presented in
Proposition 8.1 of [12].
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5) _IBV_"lj =v,

uniformly in any bounded subset of (=%,%), and ¥ Su, Su;,y SV, <.

For any given small enough positive constants &, and large enough positive constant L, /5 is defined by Proposition 8.1
in [12] with d =d,, a=B(v,+&)—r;, 8=n. There existsT >0 such that v<v,+& for (f,x)O[T,0)x[~l5,/5]. Therefore
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{Wt —d,w,, < BV, —é‘)w—/]w2 —BwW,

w(t,+l,) < M,
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Applying Proposition 8.1 in [12], we see that limsup w(t,x)<[B(v, +&)—r]/n uniformly on [-L,L]. Due to the
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Step 4 Repeating the procedure above, we can find six sequences {u,},{v,}, {w,}, {u,},{v,}, {w,} satisfying
< .
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Note that |f’(z)| <k,0+—/]<1 for z>0 , we obtain
n

We =W, =w* therefore
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(6) holds.

4. Conclusion

This paper investigates a free boundary problem in a
prey-predator stage-structured model with a fear effect. Our
main results include the existence and uniqueness of solutions
(Theorems 2.1-2.2), the spreading-vanishing dichotomy, and
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the long-term behavior of solutions (Theorems 3.1-3.2).
Biologically, incorporating stage structure and fear effects
into the model increases its realism. Our results suggest that
the introduction of stage structure and fear effect can provide
more flexible control over the vanishing and spreading of
species. To facilitate species spreading, one can increase the
birth rate b of the immature or reduce the fear rate k.
Although our work provides some insights into the
prey-predator stage-structured model with fear effect, there
are still some unresolved issues. For instance, it would be
interesting to establish the sharp criteria for spreading and
vanishing and to determine the spreading speed when
spreading occurs. These problems are left for future work.
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